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Abstract

Quantum error correction (QEC) is essential for scalable
quantum computing, yet repeated syndrome-measurement
cycles dominate its spacetime and hardware cost. Although
stabilizers commute and admit many valid execution or-
ders, different schedules induce distinct error-propagation
paths under realistic noise, leading to large variations in log-
ical error rate. Outside of surface codes, effective syndrome-
measurement scheduling remains largely unexplored. We
present AlphaSyndrome, an automated synthesis framework
for scheduling syndrome-measurement circuits in general
commuting-stabilizer codes under minimal assumptions: mu-
tually commuting stabilizers and a heuristic decoder. Al-
phaSyndrome formulates scheduling as an optimization prob-
lem that shapes error propagation to (i) avoid patterns close
to logical operators and (ii) remain within the decoder’s
correctable region. The framework uses Monte Carlo Tree
Search (MCTS) to explore ordering and parallelism, guided
by code structure and decoder feedback. Across diverse code
families, sizes, and decoders, AlphaSyndrome reduces log-
ical error rates by 80.6% on average (up to 96.2%) relative
to depth-optimal baselines, matches Google’s hand-crafted
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surface-code schedules, and outperforms IBM’s schedule for
the Bivariate Bicycle code.

CCS Concepts: -+ Computer systems organization —
Quantum computing; « Hardware — Quantum error
correction and fault tolerance; « Software and its engi-
neering — Compilers.
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1 Introduction

Quantum error correction (QEC) [23, 41] is the mechanism
that makes scalable quantum computation physically plau-
sible. Physical qubits inevitably suffer from decoherence,
control imperfections, leakage, and measurement noise, so
raw error rates compound quickly with circuit depth. QEC
counters this by encoding a logical qubit into a structured,
redundant subspace and continually detecting and removing
errors without disturbing the encoded information. When
paired with fault-tolerant implementations of logical opera-
tions [24], QEC allows logical error rates to be suppressed —
often exponentially with code distance — provided the under-
lying physical error rates are below threshold and sufficient
overhead is invested. As a result, any architecture aiming
at reliable, large-scale quantum algorithms must devote the
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Figure 1. (a) Two different schedules of the same ZZZZ
syndrome measurement circuit. (b) The logical error rates
of two different syndrome measurement circuit schedules.
The numbers in the surface code patches represent the time
steps when the corresponding Pauli check between the cor-
responding data qubit and ancilla qubit is executed.

bulk of its spacetime and hardware resources to QEC. Re-
cently, early QEC experiments have been demonstrated on
various hardware platforms [1, 2, 6, 14, 35, 45, 56].

In the widely adopted stabilizer-based QEC, protection is
realized through repeated syndrome-measurement cycles.
Each cycle measures a mutually commuting set of stabilizer
generators whose outcomes (the syndrome) reveal the pres-
ence and type of physical errors while leaving the logical
state unchanged. A standard, hardware-agnostic realization
uses ancilla-mediated measurement: prepare an ancilla; ap-
ply a sequence of two-qubit Pauli checks that entangle the
ancilla with the data qubits in the support of a stabilizer
(implemented with CNOT/CZ gates and simple single-qubit
pre/post rotations for X, Y, or Z checks); measure and re-
set the ancilla; and stream the results to a classical decoder.
These subroutines dominate the spacetime footprint of an
error-corrected program and are executed at high repetition
rates across many rounds.

The design space for implementing the syndrome measure-
ment circuit of one QEC code is extremely large. Different
from a normal quantum circuit, where the quantum gates do
not commute most of the time, there exists great commuta-
tivity in the syndrome measurement circuit. For most QEC
codes, all the stabilizers are constructed to commute with
each other so that their corresponding syndrome measure-
ment circuits also mostly commute. Moreover, those Pauli
checks between the data qubits and the ancilla qubit inside
one syndrome measurement circuit also mostly commute. If
there were no errors in the physical circuit, many orders of
executing the Pauli checks and the syndrome measurements
in the large design space would be essentially the same -
doing nothing to the logical state.

However, unlike the ideal case, the inevitable physical er-
ror makes different orderings of the syndrome measurement
circuits behave significantly differently. The reason is that
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the errors may propagate from one qubit to another qubit via
the two-qubit gates in the syndrome measurement circuits.
For example, an error happens in the middle of a 4-qubit
syndrome measurement on the ancilla qubit can propagate
to two different data qubits under the two different schedules
shown in Figure 1 (a). The order of the gates will affect the di-
rection in which errors may propagate and will significantly
impact the final logical error rate. Figure 1 (b) shows the
logical error rate of syndrome measurement for a distance-3
rotated surface code. The logical error rate under a trivial
syndrome measurement circuit schedule can be 9X worse
than that under the good schedule designed by Google [1].

It turns out that, to the best of our knowledge, the schedule
of the syndrome measurement circuit is mostly hand-crafted
and not well-optimized. Common approaches include the
trivial qubit index ordering [49, 59] as well as the lowest
depth scheduling [30, 40], which aims to minimize the ef-
fect of decoherence. Google has carefully developed good
manual designs [1, 27] for the rotated surface code by lever-
aging its well-known background topology and the transla-
tional invariance property. Yet, most QEC codes do not have
such good properties, and the syndrome measurement circuit
schedule for the surface code cannot be directly generalized
to other codes. Moreover, the non-uniformity in the device
noise and the approximation in the decoding algorithm, both
of which are inevitable in practice, are not yet considered.

In this paper, we address this open problem and propose
AlphaSyndrome, a synthesis framework that can automati-
cally synthesize and optimize the syndrome measurement
circuit schedule for QEC codes with very minimal and widely
held assumptions - all stabilizers commute with each other,
and the decoder is heuristic. First, we formulate the prob-
lem of scheduling the syndrome measurement circuit in the
general case and made a key observation that the error propa-
gation should be optimized towards two objectives: the error
should propagate to an error pattern that is 1) not close to
a logical operation, and 2) within the correct decoding capa-
bility of the heuristic decoder. Optimizing towards these two
objectives will lower the logical error rate and improve the
performance of the QEC codes. Second, based on this key
observation, AlphaSyndrome employs a Monte-Carlo-Tree
Search-based framework to learn to optimize the schedul-
ing of the gates in syndrome measurement circuits. Such a
data-driven approach can learn from the code structures and
decoding algorithms under a given noise model, considering
all the factors to schedule the syndrome measurement circuit
with much lower logical error.

We evaluated AlphaSyndrome on various QEC codes of
different code families, sizes, and decoders. The results show
that optimizing for the lowest depth is not necessarily a good
design choice, and AlphaSyndrome can outperform lowest
depth baseline schedules with a logical error rate reduction of
80.6% on average (up to 96.2%). In particular, AlphaSyndrome
can match the performance of the known good schedule on
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rotated surface codes designed by Google, and outperform
IBM’s schedule on the bivariate bicycle code.
Our major contributions can be summarized as follows:

1. We propose AlphaSyndrome, a synthesis framework
to automatically optimize the schedule of syndrome
measurement circuits for QEC codes based on the
selected decoder and the noise model.

2. We made the key observation that lowest depth sched-
ules can be far from performance-optimal implemen-
tations, and summarize two optimization objectives
with respect to the code structure and the decoder,
respectively.

3. We design a Monte-Carlo Tree Search (MCTS) based
synthesis framework to synthesize and optimize the
syndrome measurement circuit for various QEC codes
and corresponding decoders under a given noise model.

4. Evaluation results show that our synthesized syn-
drome measurement circuit schedule can outperform
the lowest depth schedules for various QEC codes of
different families, sizes, and decoders. In particular, we
can match the performance of Google’s schedule for
rotated surface codes and outperform IBM’s schedule
for the bivariate bicycle code.

2 Background

This section provides background knowledge about quantum
computing, QEC, stabilizer formalism, and Monte Carlo tree
search. We do not cover the quantum computing basics, and
we recommend [41] for more details.

2.1 Quantum Error Correction Basics

In the real world, the environment can easily affect quantum
information, and this fluctuation disrupts computation by
causing quantum errors. When transmitting or computing
on a state |¢/), a set of errors {E;} could randomly apply
to the state with probability {p;}. The random operations
represent quantum errors, and our goal is to detect a spe-
cific E; that has occurred to the state and correct it. Classical
methods won’t apply, as the no-cloning theorem [41] forbids
us from duplicating quantum information to confront error,
and measuring the state voids the internal information. Thus,
a dedicated quantum error correction system is devised to
detect, correct, and counter quantum errors. The system con-
sists of two parts: a quantum error correction code (QECC)
that encodes information redundantly, and an error correc-
tion process that recovers the polluted information.

2.1.1 Quantum Error Correction Code (QECC). A QECC
C encodes k logical qubits using n physical qubits. Mathemat-
ically, a 2¥-D subspace of the 2"-D state space of n physical
qubits is used to represent the 25-D Hilbert space of k logical
qubits. The subspace is called the code space.

The rest of the state space is used to detect errors by
performing projection measurements onto it. This projective

measurement process is called syndrome measurement. The
projective measurement allows us to tell whether errors
happened (leave the code space) without touching the exact
state. Subsequently, according to the measurement results, a
classical decoder is applied to decide what errors occurred
on the physical qubits. Inverse error gates are then applied
and controlled by the decoder. The two processes together
form the error correction procedure of a QECC.

2.1.2 Stabilizer Code. Almost all QECCs are stabilizer
codes. A stabilizer code of n physical qubits is defined by
a group G generated by r commuting and algebraic inde-
pendent (cannot be expressed by the production of other
elements) Pauli strings G = (S, ..., Sy). They form the sta-
bilizer group under multiplication, and elements in G are
the stabilizers of the code. The code space is defined as the
common +1 eigenspace of stabilizers, that is, spanned by
{l¥) | VSi € G,Si [¥) = |¢)}. Each Pauli string S; € G splits
the Hilbert space by half, thus the subspace is of dimension
2" /2" =2"77 and encodes k = n — r logical qubits.

For example, the rotated surface code is shown in Figure 2
(a). It has 25 data qubits (dots) and 24 stabilizers (the red
and blue colored squares in the middle and semicircles at the
edges), encoding 25—24 = 1logical qubits. For each stabilizer,
it is either X-type (red) or Z-type (blue), meaning that we
have X or Z operators on the data qubits at the corners of
the red or blue squares/semicircles, respectively.

Any quantum error E that anticommutes with a stabi-
lizer S; (ES; + S;E = 0) causes the state to fall into the —1
eigenspace of S; and can be detected by projective measuring
S;, yielding an outcome of —1 instead of +1. The whole error
correction process involves measuring all stabilizers and in-
terpreting the measurement outcome to determine the exact
combination of errors that occurred. However, if an error
commutes with all stabilizers and itself is not in G, it can
not be detected, causing a logical error. The code distance
of a stabilizer code is the minimal weight d of a Pauli string
that commutes with all stabilizers but does not belong to the
stabilizer group. It is considered to be the smallest error that
the code cannot detect. The notation [[n, k, d]] denotes a
stabilizer code that encodes k logical qubits with n physical
qubits and has a distance d.

2.1.3 Logical Operation and Logical Error. A logical
operation on a QECC is a gate U that operates on data
qubits, mapping the code space C to itself. Similarly, if a set of
errors on data qubits behaves the same as a logical operation,
they become a logical error. They should commute with all
stabilizers, which ensures the state stays in the +1 eigenspace
of stabilizers after U. On the logical level, U performs a
specific gate operation Uy, over the encoded logical qubits.
The concrete semantics correspondence between U and Up
usually depends on the encoding isomorphism between the

code space and the logical space H?", and the code structure.
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Figure 2. Example of logical X and Z operations on (a)
[[25,1,5]] rotated surface code and (b) [[19,1,5]] hexag-
onal color code, each polygon is an X and Z stabilizer. Two
Zys on the rotated surface code are equivalent by multipling
the starred stabilizers.

In a particular QECC, one logical operation would have
many different equivalent forms of realization. That is, mul-
tiplying any element S € G in the code’s stabilizer group
to the logical operation U will yield another logical oper-
ation U’ = SU performing the same logical gate: V |¢) €
C, U |yy =SU|y)y = US|¢) = U |¢). For example, on the
rotated surface codes in Figure 2 (a), we usually pick the
vertical multi-qubit X Pauli string (red) and horizontal multi-
qubit Z Pauli string (blue) as the logical X; and Z; gate. The
two Pauli string anticommute just like the single-qubit X and
Z gate, and it is easy to verify they commute with all stabiliz-
ers. Another Z] (purple) is equivalent to Z; by multiplying
the starred stabilizers. Actually, in the surface code patch,
any chain of physical single-qubit Z gates connecting the left
and right edges realizes the same logical Z; gate. Similarly,
any chain of physical single-qubit X gates connecting the
top and bottom edges will realize the same logical X; gate.

Note that the structure of logical operations on a rotated
surface code is clear, but cannot be directly generalized to
other QECCs. For example, Figure 2 (b) shows that the logical
Z; and Xj gates on the [[19, 1,5]] hexagonal color code can
be realized as a chain of physical Z and X gates, respectively.
For general QECC, the equivalent logical operations can be
derived by multiplying elements in the stabilizer group, but
we usually do not have an intuitive interpretation of the
logical operation structures like those of surface code.

2.2 Syndrome Measurement and Decoding

QECC protects the quantum information by repeatedly exe-
cuting the error correction process throughout the compu-
tation. As shown in Figure 3, the error correction process
of a stabilizer code contains two stages: (1) detect error syn-
dromes through a syndrome measurement circuit, and (2)
apply appropriate error correction gates through a classical
procedure called decoder. The syndrome measurement cir-
cuit measures all the stabilizers of the QECC using ancilla
qubits, and the decoder [4, 26, 36-38, 42, 48, 53] takes the
syndrome measurement results as input and determines the
type of errors that occurred on each data qubit, then applies
the inverse as corrections.
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Figure 3. Error correction process of a QECC. (1) syndrome
measurement, and (2) decoder and correction.

In syndrome measurements, we need to measure all the
stabilizers by performing (multi-)Pauli checks on data qubits
using ancilla qubits. For each stabilizer S = o,,...01 (0; €
{I, X, Z}), we introduce one ancilla qubit gy, for the mea-
surement to collect result by preparing it into |0). Iterate
through S, for o; # I, a short circuit is applied between the
data qubit g; and the ancilla qubit g4y, to perform a par-
tial stabilizer measurement, as shown in Figure 4. We will
call it a partial Pauli-o; check. Finally, we perform a Z-basis
measurement on the ancilla qubit qgnciizq-

The order to measure all stabilizers, particularly all Pauli
checks, is not unique. Under an ideal error-free scenario, as
long as the anticommutation relationship is satisfied [5, 20]
on the overlapped data qubits for different stabilizers, either
order yields an identical outcome, and a trivial lexical or
lowest depth order is often implemented in experiments.

/Z , /X /Z
ill ! ancilla {H H=
anci aT:E : ancilla I S
X H Z X
q — q N
o=17 H oc=X

Figure 4. Two different Pauli checks: Z check and X check,
and how error propagation during a Pauli-X or Z check. No-
tice the Hadamard gate (yellow) changes an error between
being X and Z.

2.3 Monte Carlo Tree Search

Monte Carlo tree search (MCTS) is a heuristic search al-
gorithm. It operates by iteratively building a search tree,
exploring promising moves more deeply while maintaining
a balance between the exploration of new states and the
exploitation of already known good states.

The optimization problem MCTS operates on is formu-
lated into several key concepts:

1. States: the feasible region of the problem can be cap-
tured by finite and discrete states R = {S}.

2. Moves: a move m transforms a state S into another
state §: S - S’. Given S, its possible moves are mou(S) =

{m|3S €R S5 '}
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Figure 5. Four phases of MCTS. (a) Selection. (b) Expansion.
(c) Simulation. (d) Backpropagation.

3. Termination: a state S is a termination state if it has
no possible moves. That is, mov(S) = 0.

4. Evaluation: a evaluation function eva(S) will give a
score E to S if S is a termination state. The higher E,
the better S.

Starting from an initial state Sy, the ultimate goal is to find

) m; mg—1 . .
apath S — Sy — ... —— Sk towards a termination
state Sk such that it has the best score. Finding the entire
path directly is challenging, and our optimization goal is to
determine the next move my that most likely leads to the
best final state.

MCTS builds a search tree starting from the initial state
So. In the search tree, each node carries a possible state of
the search and two fields: its accumulated evaluation score
E and the number of visits n. The expectation score E of a
state is defined as E/n. Each edge is a valid move. The tree
is constructed with four phases, as shown in Figure 5:

(a) Selection: Starting from the initial state Sy, the algo-
rithm traverses downward the tree by selecting child
nodes that maximize the "upper confidence bound ap-
plied to trees" (UCT) [32]. For the ith child: UCT; =

Ei +c h;l—N where Ei is the expectation score of the

ith child, n; is the number of times the child has been
visited, N is the total number of times the parent node
has been visited, and ¢ is an exploration parameter,
usually V2.

(b) Expansion: The selection is continuously applied
downward to the tree until either a termination or a
not fully explored (it has non-child next states) node
S;. If S; is a termination state, then define S, := S
and proceed to the next step. Otherwise, we create a

new child S,,¢., of S; if Am € mov(S)), S; N Spew and
Snew is not already S;’s child. We set S, := Spew- Se is
referred to as the "expanded node".

(c) Simulation: From S, a "roll-out" is performed to
the termination. Specifically, we continuously select
a random move starting from S, until we reach a
termination state S;.,. An evaluation is applied to
eva(Sser) = E.

(d) Backpropagation: The score S is then propagated
back up the tree from S, to the root Sp. Along the path,

Becomes an X error

Z Hook Error /after Hadamard

ancilla S—P T H —

Ll
- {

Affect multiple

) } data qubits
Figure 6. Syndrome measurement circuit of ZZXZ stabilizer.
A Z hook error on the ancilla qubit propagates to multiple
data qubits, causing Z and X errors.

o

all nodes accumulate the score E and increase their
visit count by 1.

A certain number of iterations will repeat the four phases,
and the best next move my is selected based on maximizing
the expectation score E; of the Sy’s ith child.

3 Problem Formulation and Analysis

The problem of scheduling the syndrome measurement cir-
cuit arises because the circuit itself is prone to errors. Unlike
the ideal error-free case, where different schedules yield
precisely the same results, the inevitable errors in the syn-
drome measurement circuit make different schedules behave
significantly differently. In this section, we formulate this
problem by analyzing the error propagation in the syndrome
measurement and the design objectives we target.

3.1 Errors Propagation in Syndrome Measurement

We first analyze the error propagation in a single Pauli check.
We explain it in a common setting where the physical two-
qubit gate between the data qubit and the ancilla qubit is
CNOT for simplicity, and the discussion can be easily gener-
alized to other two-qubit gates like CZ. As shown in Figure 4,
the CNOT gate with the data qubit as the control and ancilla
qubit as the target qubit implements the Pauli-Z check. In
this case, a Z error in the ancilla qubit can propagate from
the ancilla qubit to the data qubit, and an X error will stay
on the ancilla qubit. In contrast, for the CNOT gate in the
Pauli-X check circuit, the ancilla qubit is the control, and the
data qubit is the target qubit. An X error can propagate from
the ancilla qubit to the data qubit, and a Z error will not. In
summary, a Pauli-o (¢ € {Z, X}) check will propagate a o
error from the ancilla qubit to the data qubit.

We then analyze the error propagation in a syndrome mea-
surement circuit for a stabilizer with multiple Pauli checks.
An example of the syndrome measurement circuit for a stabi-
lizer ZZXZ is in Figure 6. As introduced in 2.2, the order of
implementing the four Pauli checks can be flexible. Suppose
we first do the Pauli-Z checks, followed by the last X check.
Figure 6 shows the circuit of such scheduling. When a Z er-
ror happens after the second check, this error will propagate
to two data qubits through the remaining two Pauli checks,
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Figure 7. (a) clockwise and (b) anti-clockwise measure-
ment order of a rotated surface code; and their logical X, Z
error rates. The numbers represent the order in which the
Pauli check is executed between the ancilla qubit in the cen-
ter and the corresponding data qubit.

causing Z errors on one data qubit and X errors on one data
qubit. Such an error on the ancilla qubits is usually denoted
as a hook error in literature [17]. A hook error is critical to
the QEC performance because it can propagate to multiple
data qubits and significantly increase the logical error rate.

A hook error makes the schedule of the syndrome mea-
surement circuit matter, since the probability of being af-
fected by the hook error for different data qubits can be
affected by the order of executing the Pauli checks. The hook
error can happen anytime during the execution of the syn-
drome measurement circuit. It will only affect the data qubits
whose Pauli checks happen after the hook error and will not
affect the data qubits whose Pauli checks have completed.
As the error effect is equivalent up to a stabilizer, a hook
error can at most affect the second half or the first half data
qubits in the measurement sequence. Therefore, a data qubit
whose corresponding Pauli check is executed later would be
more vulnerable since a hook error is more likely to affect it.
For the example in Figure 6, an error on the second position
affects three data qubits, but by multiplying a stabilizer, it is
equivalent to having a Z error on the first data qubit.

In summary, different scheduling of the syndrome mea-
surement circuit will affect how errors are likely to occur on
different data qubits. Naturally, to reduce the overall logical
error rate, our research question is how we should schedule
the syndrome measurement circuit so that the errors are more
likely to propagate to a ‘good’ pattern that is correctable with-
out causing a logical error. In the rest of this section, we will
analyze this question and give two design considerations on
what a ‘good’ error pattern is.

3.2 Consideration Regarding Logical Operation

Our first insight is that the scheduling of the syndrome mea-
surement circuit should let the error propagate to a pattern
that is not close to a logical operation. We explain this with the
rotated surface code example in Figure 7. Here, we execute
all the Pauli checks of each stabilizer in the same order, and
we tested two orders: (a) clockwise and (b) anti-clockwise,
starting from the top left data qubit. The orders are similar,
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but the logical X and Z error rates on the data qubits after
syndrome measurement, as shown in Figure 7 (decoded by
minimal-weight perfect matching [26]), are significantly bi-
ased. The clockwise order has a low X and high Z logical
error rate, and the anti-clockwise order is the opposite.

The reason for this is that in the worst case, either the
second half of the data qubits (tick 3, 4) or the first half (tick
1, 2) are affected by hook errors (marked by darker bars in
Figure 7 (a) and (b)). In the clockwise order, ticks 1 — 2 and
3 — 4 align with the logical Z operator in Z stabilizer syn-
drome measurement (horizontally). Horizontally propagated
Z errors are closer to a logical Z operator, leading to a higher
logical Z error rate. Similarly, in the anti-clockwise order,
ticks 1 -2 and 3 — 4 align with the logical X operator in the X
stabilizer syndrome measurement. The vertically propagated
X errors cause a higher logical X error rate. The example
suggests that the order should place late Pauli checks “or-
thogonal” to the corresponding logical operations, which is
the insight behind Google’s syndrome measurement circuit
schedule on surface code. In Google’s schedule (see Figure 1),
the physical Z errors are most likely to propagate vertically
(ticks 3 and 4 in the blue Z-type stabilizer), which is perpen-
dicular to the direction of logical Z operations. The physical
X errors are likely to propagate horizontally, which is also
perpendicular to the direction of logical X operations.

Hardness in considering logical operations: Generally,
for QECC other than the surface code, it is usually hard to
have an analytical guideline on how to let the error propagate
so that the error pattern is less likely to be close to a logical
operation. For a [[n, k, d]] QECC, there are k2"~F*! different
implementations of valid logical X or Z} operations over the
k logical qubits. It is highly non-trivial to determine whether
an error pattern is close to one of these logical operations in
this exponentially large set.

3.3 Consideration Regarding Decoder

Our second insight is that the scheduling of the syndrome
measurement circuit should let the error propagate to a pat-
tern that the classical decoder can decode correctly. This comes
from the fact that practical decoders only give approximate
decoding solutions. It has been proven that generally QECC
decoding is an NP-hard problem [28], and hardware plat-
forms usually put strict time constraints on how long a de-
coder can execute to decode one round of syndrome measure-
ment results. In practice, a classical decoder can only employ
a heuristic algorithm to solve this NP-hard decoding problem
with an approximate solution. A heuristic algorithm can not
be good at all inputs when solving an NP-hard problem. It
will inevitably provide good solutions for some inputs, but
bad solutions for others. Therefore, a decoder should be able
to correctly decode some error patterns while failing on some
other error patterns. An example is shown in Figure 8. For a
certain error pattern on the [[19, 1, 5]] hexagonal color code
(X error happens on red data qubits), we tested two different
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Figure 8. X errors happen on the red data qubits. The error
pattern is interpreted differently by the hypergraph union-
find and BP-OSD decoder. Red and blue line marks one logical
X and Z operators. Each polygon is an X and Z stabilizer.

decoders: hypergraph unionfind [4, 38] and BP-OSD [438].
stim [21] simulation shows that BP-OSD gives the correct
output while unionfind fails.

Hardness in considering the decoder: It is crucial to
consider the decoder so that the propagation of hook errors
through syndrome measurement is more likely to be cor-
rectly decoded by the decoder, thereby reducing the logical
error rate afterward. For a specific error pattern, we can
test the heuristic decoding algorithm to determine whether
it decodes this error pattern correctly. However, there are
an exponentially large number of possible error patterns,
making it impractical to check all of them and summarize
analytical guidelines for the syndrome measurement circuit
scheduling. In general, it is hard to tell what error patterns
are good for a specific decoder because we cannot expect an
accurate reference solution for an NP-hard problem.

3.4 Design Objective

Bringing the above insights together, our goal is: given a
commuting-stabilizer code with its stabilizer set {S;}, a physi-
cal noise model, and a heuristic decoder, choose a valid sched-
ule (an ordering and allowed parallelism of Pauli checks and
ancilla readouts within a round) that minimizes the expected
logical error rate. The schedule should shape hook-error
propagation so that (i) the residual data-qubit errors after a
round are far from the support of any logical operator, and
(ii) the resulting error patterns fall in the region that the
decoder can decode correctly with high probability.

4 Data-Driven Scheduling with MCTS

As discussed above, the scheduling problem is both combi-
natorial and analytically intractable: hook error propagation
depends sensitively on order, proximity to logical opera-
tors is code-dependent, decoder behavior is heuristic, and
the number of valid schedules grows rapidly with circuit
size. In practice, this complexity is amplified by device reali-
ties—device non-uniformity—different physical qubits have
different noise variances—so a single rule-based schedule
is unlikely to perform well across all scenarios. Therefore,
our synthesizer AlphaSyndrome adopts a data-driven Monte
Carlo Tree Search (MCTS) scheduler. It utilizes a list-based
circuit representation and applies MCTS to explore efficiently

ticks | 1 1 2 3 4 50
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Figure 9. An example syndrome measurement circuit with
five ticks. Idlings are not all drawn explicitly.
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possible syndrome measurement schedulings. Then, it eval-
uates schedules via noisy simulation rollouts with the de-
coder in the loop, capturing the two aforementioned design
considerations (distance from logical operators and decoder
correctability) while adapting to per-qubit noise variance.
The evaluation through simulation is then used to guide the
search of MCTS.

4.1 Circuit Representation

To represent the syndrome measurement circuit in AlphaSyn-
drome, we split the circuit into several ticks 1 < t; < tpgx.
In each tick, we either perform several Pauli checks or idle.
For a Pauli-o (0 = X or Z) measurement, we use the triplet
to denote: (data, ancilla, o) +— t;, indicating that it will be
performed between the data qubit data, the ancilla qubit
ancilla during tick ¢;. For each stabilizer Sy = oy, ... o; that
will be measured by the ancilla qubit ak, we can collect a
list of triplets (g;, ak, o) for all o; € Sk # I. As all the Pauli
checks commute, we will collect all the triplets, regardless
of the sequence, and eventually each triplet will be assigned
to a tick ¢.

In the same tick, no qubit can be utilized by two Pauli
checks. This means that if we have (d;, a;, 0;) and (d}, aj, o)
both assigned to the same tick ¢, then we must have the
non-conflict condition d; # d; and a; # a;.

As all triplets are assigned to a tick, we can convert it
into a concrete quantum circuit by placing the gates at the
corresponding tick. If a qubit is not involved in a Pauli check
during a tick, then an idling gate I is placed. The example
in Figure 9 shows a five-tick syndrome measurement circuit,
with different qubits idling on different ticks. Notice that on
the fourth tick, the ancilla qubit is idling.

Once we have the syndrome measurement circuit, we can
model the quantum errors, specifically, hook errors, based on
hardware information and gate time. At each tick, quantum
errors are randomly appended to the ancilla qubits based on
the probability (error rate), including idling errors, whose
parameters are calculated from Tj, T,, and the CNOT time.

To further apply MCTS to schedule syndrome measure-
ment and generate a circuit, we also need to formalize the
tree states and an evaluation function for the leaf.



4.2 Stabilizer Partition

For stabilizers with X and Z checks on the same data qubit,
such as XZZX and ZXXZ, their individual Pauli checks
cannot be freely swapped due to the anticommutation re-
lationship [5, 20] and they have to be scheduled separately.
To address this, we will divide the stabilizers into different
partitions using Algorithm 1.

Algorithm 1 Partition stabilizers into scheduling groups
1: AllPar « []

2: Stab « {all stabilizers}
3: while Stab # 0 do

4 Sy < random_pick(Stab)

5: Stab.remove(Sy)

6: Par «— {Sy}.

7: for S € Stab do

8: for S’ € Par do

9: if Vi, —|(c7f, O';Sl #IA Gf * ois') then
10: Stab.remove(S)

11: Par.add(S)

12: AllPar.append(Par)

13: return AllPar
14: // For each Par € AllPar, perform MCTS(Par)

In each partition Par € AllPar, for any two stabilizers S;
and S, if they have Pauli checks on the same data qubit gy,
then they must both perform the same Pauli checks on gy,.
This means their Pauli checks can be exchanged freely. For
example, there are two partitions for CSS codes: all the X sta-
bilizers and all the Z stabilizers. After partition, we perform
MCTS on each partition and obtain a list of partial syndrome
measurement circuits. The entire schedule is obtained by
concatenating these circuits.

4.3 Scheduling State

The current state in MCTS represents the state of the sched-
uling process. We use a (possibly incomplete) list L to record
the tick ¢ for each Pauli check (data, ancilla, o). At MCTS
leaves, the list is complete, and all Pauli checks are included,
with a tick assigned to each. The (possibly incomplete) list
should always satisfy the non-conflict condition for Pauli
checks within. This is guaranteed when generating possible
state transitions.

Starting from a non-final state, we can pick any Pauli
check (g, a, o) that is not in the current list L and append it
with a minimum possible tick ¢ to get a new state. To obtain ¢,
let t14x be the max tick of Pauli checks (¢, @', ¢”) in the list L
that shares the same data or ancilla qubit with (g, a, o). Then,
any t > tpay ensures the non-conflict condition. However, to
minimize the idling error rate and achieve the lowest circuit
depth, we pick ¢ = tpax + 1.

Table 1 shows an example of an incomplete list. When the
Pauli check (g1, az, Z) (marked by an arrow) is appended to
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Table 1. Example of MCTS state (incomplete).

tick | data | ancilla | o

1 1 1 X

2 2 1 X

1 2 2 V4

— 2 1 2 Z

the list, rows 1 and 3 share the same data or ancilla qubit with
it, and their minimum tick is 1. Thus, the new measurement
is assigned to tick 2 =1 + 1.

4.4 Evaluation Function

To provide the necessary evaluation score for each final state
in MCTS, we must build a numerical evaluation function
for a complete syndrome measurement circuit, taking into
account the decoder.

MCTS takes a higher score if the final state is “better”
Based on our optimization goal, we take the inverse of the
overall logical error rate 1/(1 - (1 - px)(1—pz)) as the
score, where px and pz are the overall logical X and Z er-
ror rates, obtained by numerical simulation over a sampling
circuit with stim [21], as shown in Figure 10: (1) The circuit
first measures all logical X (or Z) operators, (2) then performs
a syndrome measurement with our custom order and hook
errors. (3) After that, an ideal error correction is performed
with a designated decoder and an error-free syndrome mea-
surement. (4) We eventually measure all the logical X (or Z)
values again and compare them with the first round of values,
determining if a corresponding logical Z (or X) happened by
stim’s OBSERVABLE_INCLUDE instruction.

If a QECC has multiple commuting logical X (or Z) oper-
ators, we measure all of them in steps (1) and (4). We will
sample each circuit multiple times and calculate the error
rate based on the number of logical flipping events that occur.

4.5 Continuous Searching

A complete MCTS process typically begins with a state, re-
ferred to as the initial state, and explores different paths of
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Figure 10. Sampling circuit to calculate logical X (or Z)
error rate. Green indicates the component is error-free; red
indicates that hook errors have been injected.
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moves to leaves for a specified number of iterations. For
each path to a leaf, we calculate the evaluation score of the
leaf and propagate backward through the path. Eventually,
it will provide the best next move. However, our goal is to
develop an entire syndrome measurement schedule, which
is the final state. If we continuously apply MCTS for each
step, then it requires a massive search cost, which takes
#measurements X #iters_pre_step total explorations.

This redundancy can be reduced by recognizing that most
search trees share overlapping elements. That is, every time
we move forward a step, instead of starting a new search from
the next state, we can reuse the subtree from the previous
step and continue searching from the subtree root. As shown
in Figure 11, in the last step, we initiated an MCTS from the
root R and performed #iters explorations. Now, the root R
has been visited #iters times and the algorithm selects the
best child B, which has been visited k times, as the next move.
Instead of initiating another search starting from B, we take
the last subtree with root B (gray triangle) as a new tree
and perform another #iters — k explorations from B. In this
way, the last exploration paths are reserved and the required
iterations are reduced from #iters to #iters — k.

. Root
visited #iters times .
Best child as new root

additional explore #iters — k times

Best child

visited k times

NS \ ] Y \
’ 3 ' l,’/ \\\
\ . e | Y
/ /\ Y \ "l /\ \
Subtree ' Subtree (reuse)

Figure 11. Reuse search subtree in continuous MCTS

5 Evaluation

In this section, we evaluated AlphaSyndrome against multi-
ple baselines on QECCs with different decoders.

5.1 Experiment Setup

5.1.1 QECCs and Decoders. We select multiple QECCs
and decoders as the benchmarks, ranging across codes that
encode single or multiple logical qubits. They include: rotated
surface code [8, 27], color code [7, 47], surface code with de-
fects [31], bivariate bicycle (BB) code [10], hyperbolic surface
code [3, 12], and hyperbolic color code [15, 16, 54]. For the
decoder, we include the minimum-weight perfect match-
ing (MWPM) [26], BP-OSD [48], and hypergraph union-
find [4, 38] decoders.

5.1.2 Error Model. Unless otherwise specified, we apply
an error model adapted from the IBM Brisbane [29] quan-
tum computer in most experiments in this section. CNOT

introduces a depolarizing error with p = 0.0074, and idling
at each tick introduces a depolarizing error with p = 0.0052.
The error rates are uniform for all physical qubits. We use
projected lower error rates in error-scaling experiments and
introduce variance in the physical error rates for different
qubits in the non-uniform error model experiments.

5.1.3 Machine and Software. We implemented our algo-
rithm in Python and executed it on a server equipped with
two Intel Xeon 6960P processors (72 cores per CPU) and 1.5
TB of RAM. The numerical simulation with stim is paral-
leled with 32 processes. The iteration per MCTS step varies
from 4000 to 8000, depending on the code distance.

5.2 Baselines

We compared AlphaSyndrome against several baseline sched-
ules, including the lowest depth schedules [30, 40] in gen-
eral and the known industry hand-crafted schedules for
specific codes.

5.2.1 Low Depth Schedule [30, 40]. For arbitrary stabi-
lizer codes, finding their lowest-depth syndrome measure-
ment schedule is a combinatorial optimization problem. In
this paper, we formulate it via integer programming (IP) [55]
and solve it via the IP solver in the pulp package [18].

We briefly introduce our problem encoding and formula-
tion. For each Pauli check (data;, ancilla;, 0;), we assign an
integer variable t; > 0 representing its tick in the circuit. and
the optimization goal is to minimize tp,x = max(¢;). In order
to express tmax, We introduce a set of constraints: Vi, tyax > t;
where > is implemented by the Big M method [25]. We
also need to apply the non-conflict conditions, that is, no
qubit will be used simultaneously in the same tick. Suppose
(data;, ancilla;, 0;) and (dataj, ancillaj, ;) are assigned at
tick ¢; and ¢;. If we have data; = data; or ancilla; = ancilla;,
then the solution must satisfy t; # t;. The scheduler will iter-
ate over all pairs of Pauli checks and add these constraints.

For the anticommutation relationship [5, 20], the following
contraints are appended if two stabilizers S; and S; have
anticommute checks on the overlapped data qubits {g,, }:

[] & -tH>0

Vqi.€{qm}

The solver will find a schedule with the guaranteed lowest
depth or an approximation before the timeout (1 day).

5.2.2 Industry Hand-Crafted Schedules. We also evalu-
ate the industry hand-crafted schedule for the rotated surface
code and the BB code, as they are actively pursued by Google
and IBM, respectively. Google’s zig-zag schedule [1, 27] for
the rotated surface code can be found at Figure 1 in Section 1.
IBM’s schedule can be found in [9, 10, 58].
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Table 2. Logical error rates and generated circuit depth of AlphaSyndrome against the low depth schedule. Erry, Errz and
Overall represent the logical X, Z and overall error rates, respectively. For the QECCs with multiple logical qubits in one code
block, these rates count for cases where at least one logical qubit has an error. Bold marks the lower error rate.

AlphaSyndrome Low Depth Overall
[[nkd]] | Decoder Errx ‘ ]grrz Y | Overall [ Depth Errx [ Erry ‘P Overall | Depth Reduction
Hexagonal Color Code
([7.1.3]] BP-OSD | 4.64x107% [ 578x107% | 1.04 x 1073 14 53x107% [ 1.67x107%2 | 2.2x1072 7 95.26%
o Unionfind | 4.12x107% | 456 x 107% | 8.68 x 10~% 11 523x107° [ 1.67x 1072 | 2.18 x 1072 7 96.02%
[[19.1,5]] BI?-OSD 449%x107 %[ 4.85x107% | 934x107* 14 2.13x1073[3.01x1073 | 5.14%x 1073 7 81.82%
v Unionfind | 7.53 x107% | 6.88 x 107% | 1.44x 1073 17 2.38x107° [ 3.26x1073 [ 5.63x 1073 7 74.42%
([37,1.7]] BI?—OSD 1.24x10°%[132x107% | 256 x 107* 18 1.48 %1073 | 2.38x 1073 [ 3.86 x 1073 13 93.37%
v Unionfind | 4.26 x 107% [ 3.36 x 107% | 7.62x 107% 22 27x1073 [3.28x107% [ 597x1073 13 87.24%
[[61,1,9]] BP-OSD | 56x10™° | 63x10° [ 1.19x107* 21 951x107% [ 1.28x1073 [ 2.23x 1073 15 94.66%
o Unionfind | 1.89 x107% | 1.13 x 107 % | 3.02 x 10~* 19 2.83x1073[331x107° | 6.13%x 10°° 15 95.08%
Square-Octagonal Color Code
(17.1.3]] BIf-OSD 4.35 X 10:1 5.15 X 10:1 9.5 X 10:1 13 5.46 X 10:: 1.68 X 10:2 2.22 X 10:22 7 95.72%
o Unionfind | 3.83 x107% | 4.07 x 10 7.9 x 10 12 5.46 x 1073 [ 1.36 x 10 1.9%x 10 7 95.85%
[[17.1,5]] BP—OSD 55x10°% | 56x107% [ 1.11x 1073 17 6.7x1073 [ 257x1073 [ 9.25x 1073 9 88.00%
v Unionfind | 9.46 x 10~ [ 9.52x107% | 1.9x 1073 18 6.11x1073] 29x1073 | 8.99%x 1073 9 78.89%
[[31,1,7]] BP—OSD 2.33x107% [ 1.63x107% [ 3.96 x10~* 19 297x1073 [ 1.3x1073 [ 4.26x1073 12 90.71%
v Unionfind | 4.79x107% [ 526 x107% | 1.0x 1073 20 5.93x107° [ 279x 1073 | 8.7x1073 12 88.46%
[[49.1,9]] BP-OSD | 1.26 x107% | 7.9x10™> [ 2.05x107* 19 1.31x 1073 | 1.09x 1073 | 2.39x 1073 15 91.44%
v Unionfind | 2.28 x 10~% | 2.88x107% | 5.16 x 107* 20 483x1077 | 3.42%x 1073 | 8.24x 1073 15 93.74%
Hyperbolic Color Code
[[24,8,4]] | Unionfind | 2.42x 1072 ] 2.43 x 1072 | 4.79 x 1072 19 6.32x1072[5.07x1072 [ 1.11 x 107! 11 56.73%
[[32,12,4]] | Unionfind | 3.56 x 1072 | 3.82x 1072 | 7.25 x 1072 19 582x 1072 [ 7.03x1072 [ 1.24 x 107! 14 41.76%
[[40,16,4]] | Unionfind | 6.63 x 1072 | 6.52x 1072 | 1.27 x 10! 25 2.33x 1071 [ 2.08x 1071 [ 3.93x 107! 28 67.63%
Hyperbolic Surface Code
[[30,8,3]] | MWPM | 8.24x1073]9.26 x1073 | 1.74 x 1072 14 235x 1072 [ 201 x107% [ 432 x 1072 8 59.65%
[[36,8,4]] | MWPM | 3.26x1073]9.89x1073 | 1.31 x 1072 16 1.51x1072 | 42x1072 | 5.65x 1072 8 76.76%
[[40,10,4]] | MWPM | 8.26x 1073 | 8.02x 1073 | 1.62x 1072 15 3.07x 1072 [ 3.28x 1072 | 6.25x 1072 7 74.04%
[[60,18,3]] | MWPM | 23x107%2 | 213 x 1072 | 439x 1072 17 5.67x1072 | 7.57x 1072 | 1.28 x 107! 13 65.76%
[[60,8,4]] | MWPM | 6.81x107%]1.96x1073 | 2.64 x 1073 17 3.38x 1073 [ 8.29x 1073 [ 1.16 x 1072 10 77.35%
[[80,18,5]] | MWPM | 6.8x103 | 7.05x 1073 | 1.38 x 1072 18 1.9% 1072 [ 2.41x1072 | 4.26 X 1072 11 67.61%
Defect Surface Code
[[25,2,5]] | MWPM [1.99x1073] 6.0x10°° [ 1.99x 1073 12 526x 1072 [ 7.7x107° [ 5.27 x 1072 5 96.22%
[[41,2,7]] | MWPM |[155x1073 ] 1.0x10°® | 1.55%x 1073 15 212x1072 ] 22x107° [ 212x1072 5 92.67%

5.3

5.3.1 Logical Error Rate Reduction. As shown in Ta-
ble 2, AlphaSyndrome reduces the overall logical error rate
by 80.6% on average across all 32 code/decoder instances of
different code families, code sizes, and decoding algorithms,
with a peak reduction of 96.2%. Although AlphaSyndrome
typically generates syndrome-measurement schedules with
greater depth than the lowest-depth baseline, the net reliabil-
ity still improves substantially because the learned ordering
tunes hook-error propagation, steering faults into patterns
that are away from logical operations and more readily cor-
rected by the decoder. Note that [[9, 1,3]] XZZX code is the
only case where AlphaSyndrome shows similar performance
with the baseline. This is because the code is small, allowing
the baseline to hit a good schedule in its small design space.

Comparing with Lowest Depth Schedules

5.3.2 Space-Time Resource Estimation and Reduc-
tion. Although AlphaSyndrome may produce syndrome-
measurement schedules with moderately increased circuit
depth, its substantially lower logical error rates reduce the

required code distance to achieve a target reliability. Since
the execution cost of fault-tolerant quantum computation is
dominated by repeated syndrome-measurement cycles [19,
22, 34], we evaluate system-level impact using the space-
time volume, defined as the product of physical qubit count
and execution time per syndrome-measurement round.

To make a fair comparison, we normalize all configura-
tions by the achieved logical error rate rather than by fixed
code parameters. Specifically, based on the logical error rates
reported in Table 2, we select, from the hexagonal color code,
square-octagonal color code, and hyperbolic surface code
families, one configuration produced by AlphaSyndrome and
one lowest-depth baseline configuration that achieves the
same or very similar logical error rates. Because baseline
schedules typically yield higher error rates per round, they
must employ larger code distances—and thus more physical
qubits—to reach comparable reliability.

We estimate absolute execution time using the IBM Bris-
bane device model, where a two-qubit gate costs approx-
imately 600 ns and a measurement takes approximately
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Table 3. Space-time volume comparison at comparable logi-
cal error rates

[nkd]] | Logical | Time Sf;j‘(;eu';?e
& Depth Error Rate | /ms Jms x #q
Hexagonal Color Code, BP-OSD
AlphaSyndrome | [[7,1,3]],14 | 1.04x107% | 12.4 86.8
Lowest Depth | [[61,1,9]], 15 | 2.23x 1073 | 13.0 793.0
Reduction 89.0%
Square-Octagonal Color Code, BP-OSD
AlphaSyndrome | [[7,1,3]],13 | 9.5x107* | 11.8 82.6
Lowest Depth | [[49,1,9]], 15 | 2.39 X 103 | 13.0 637.0
Reduction 87.0%
Hyperbolic Surface Code, MWPM
AlphaSyndrome | [[36,8,4]],16 | 1.31 x 1072 | 13.6 489.6
Lowest Depth | [[60.8,4]], 10 | 1.16 X 102 | 10.0 600.0
Reduction 18.4%

4000 ns [60]. Single-qubit gate latency is negligible at this
scale. The execution time of one syndrome-measurement
round is therefore computed as: T,ouna = #depth x Top +
Theas, and the corresponding space-time volume is given
by Space-Time Volume = T;oyng X #physical qubits. Table 3
reports both the absolute execution time and the resulting
space—time volume. While AlphaSyndrome sometimes in-
curs a higher depth in terms of two-qubit gates, this does not
significantly increase—and in some cases even reduces—the
absolute execution time required to achieve a given logical
error rate. This effect arises from two factors. First, to reach
comparable reliability, lowest-depth baseline schedules re-
quire larger code distances, whose minimal-depth schedules
themselves have larger circuit depths. Second, syndrome-
measurement rounds are dominated by the ancilla measure-
ment latency, which is substantially longer than two-qubit
gate latency (this holds for most hardware platforms); as a
result, moderate increases in two-qubit gate depth are largely
amortized by the fixed measurement cost.

Overall, AlphaSyndrome reduces the required space-time
volume by 20-90% across the evaluated code families. The
dominant contributor to this reduction is the ability to op-
erate at smaller code distances, which significantly lowers
the physical qubit count, while absolute execution time is
comparable to or smaller than that of lowest-depth base-
lines at similar logical error rates. These results confirm that
optimizing syndrome-measurement scheduling for logical
reliability can yield substantial system-level benefits without
increasing runtime requirements.

5.4 Comparing with Industry Hand-Crafted
Schedules

Figure 12 shows the comparison among AlphaSyndrome,

Google’s schedule, and the lowest depth baseline for the

rotated surface code with MWPM decoder. It can be observed

that AlphaSyndrome’s automatically generated schedule can
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Figure 12. Logical X and Z error rates of AlphaSyndrome
against Google’s schedule on rotated surface codes.
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Figure 13. Logical X and Z error rates of AlphaSyndrome
against IBM’s schedule on [[72, 12, 6]] BB code.

outperform the lowest depth schedule and match the per-
formance of Google’s schedule across different code sizes
and distances, even for rectangular rotated surface code with
biased error correction capability.

Figure 13 shows the comparison between AlphaSyndrome
and IBM’s schedule for the [[72, 12, 6]] BB code with both
BP-OSD and Unionfind decoder. AlphaSyndrome achieved a
44% reduction with BP-PSD, and 10% reduction with Union-
find in overall logical error rate compared to IBM.

5.5 Cross-Decoder Evaluation

In this experiment, we want to test and confirm whether
AlphaSyndrome can tailor its schedule to different decoders:
our hypothesis is that a schedule searched with a decoder
performs best when evaluated with the same decoder and
typically degrades when evaluated with a different decoder.
The cross-decoder study below is designed to validate this
specialization. We compile eight instances of color code using
both BP-OSD and Unionfind decoders, and then cross-test
on the other decoder for the logical error rate.

Table 4 shows that AlphaSyndrome tailors its schedule
to the target decoder. When tested with BP-OSD, sched-
ules compiled using BP-OSD reduce the overall logical error
rate by 25.4% on average compared to schedules compiled
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Table 4. Overall logical error rate of cross-testing schedules compiled under the BP-OSD and hypergraph unionfind decoders.

Testing decoder BP-OSD Unionfind
Scheduling decoder | BP-OSD ‘ Unionfind ‘ < Reduction BP-OSD ‘ Unionfind ‘ — Reduction
Hexagonal Color Code
[[7,1,3]] 1.03x 1073 | 1.36 x 1072 92.43% 9.56x 107* | 8.22x107* 14.01%
[[19,1,5]] 1.1x107% | 1.32x 1073 16.54% 3.01x1073 | 1.48x 1073 50.78%
[[37,1,7]] 1.88x107% | 39x107* 51.79% 1.06 x 1073 [ 7.62 x 10~* 28.24%
[[61,1,9]] 1.32x107% [ 1.12x 1074 -17.86% 524x107% | 3.0x107* 42.75%
Square-Octagonal Color Code
[[7,1,3]] 9.58x107% | 8.5x107% —-12.70% 9.18x107% [ 8.14x 107* 11.33%
[[17,1,5]] 1.18x 1073 | 1.61x 1073 26.77% 2.57 %1073 | 1.93x 1073 25.10%
[[31,1,7]] 3.96 x107% [ 578 x 107* 31.48% 1.88x 1073 [ 1.0x1073 46.58%
[[49,1,9]] 1.86 x107% | 2.18 x 107* 14.68% 1.19x 1073 | 5.3x107% 55.53%

with unionfind, winning in 7/8 instances and peaking at
92.4% reduction on [[7, 1, 3]]. Symmetrically, when tested
with unionfind, schedules compiled using unionfind reduce
errors by 34.3% on average over BP-OSD-compiled sched-
ules, again in 8/8 instances, with a peak of 55.53%. Overall,
cross-testing confirms that using a schedule compiled for a
different decoder generally degrades performance, indicat-
ing that AlphaSyndrome indeed optimizes towards decoder
behavior.

5.6 Low Physical Error Rate Evaluation

In this experiment, we scale down the physical error rate
to test whether AlphaSyndrome is still effective under low
physical error settings. We set the CNOT and idling error
rates to 1072, 1073, 1074, and 107>, and synthesize the syn-
drome measurement circuits of three QECCs. As shown in
Figure 14, AlphaSyndrome is capable to learn the error pat-
tern even when the physical error rate is down to 10>, and
consistently achieves a better result than the lowest depth
baseline. In particular, the trend in Figure 14 shows that our
logical error rate reduction is even more significant as the
physical error rate decreases.

5.7 Non-Uniform Error Model

In the last experiments, we evaluate AlphaSyndrome with
non-uniform error models. We do not compare with the low-
est depth baseline since AlphaSyndrome has already outper-
formed it under the uniform error models. We only compared
with Google’s schedule on the rotated surface code (MWPM
decoder), where AlphaSyndrome demonstrated matching
performance. We add some variance to the error rates in
IBM Brisbane’s base model, as shown in the upper half of
Figure 15. The color shows the related error rates of the
ancilla qubits, on the [[9,1,3]], [[25, 1,5]], and [[49,1,7]]
rotated surface codes.

As shown on the lower half of Figure 15, AlphaSyndrome
can outperform Google’s schedule with significant reduction
in logical error rates The reason is that Google’s schedule
on the rotated surface codes is designed based on a uniform
error model, assuming all qubits are identical regarding error

probability. Its performance degrades in a non-uniform error
model because it does not account for the uneven weights in
the MWPM decoder resulting from the non-uniform error
model. Instead, AlphaSyndrome’s data-driven synthesis can
automatically tailor the scheduling to different error models
and decoders with different weights.

6 Related Work and Discussion

Syndrome Measurement Scheduling The syndrome mea-
surement circuit scheduling problem for QEC codes plays
an essential role in realizing fault-tolerant quantum compu-
tation. Some prior works on QEC discuss circuit scheduling
for different QEC codes. For example, [17, 27, 51] examined
circuit scheduling for surface code. In [51], the authors pro-
pose executing the gate following an S- or Z-shape ordering
to minimize the effect of hook error. However, beyond sur-
face code, this problem has not been well optimized. For
instance, [33] adopts a trivial ordering using the qubit index
for measuring syndromes in their color code experiments.
Similarly, [43] also adopts the trivial ordering for their hy-
pergraph product code experiment, though this is a result of
an analysis of hook error on effective code distance on hy-
pergraph product code [39]. Furthermore, [11] designed the
syndrome extraction circuit to have minimal circuit depth for
the BB code. However, these prior works only focus on a spe-
cific family of code, and their manual design approach cannot
be automatically extended to other codes. Moreover, some
works [33, 43] ignore the influence of hook error and focus
only on the overall depth of the circuit. Even for works that
consider hook error [39, 51], their analysis remains at the cir-
cuit level without evaluating the logical error rate. Moreover,
the approximation in the decoder and the non-uniform errors
are not yet considered, leading to performance degradation.
In contrast, the AlphaSyndrome proposed in this paper can
automatically take all these factors into consideration and
yield a syndrome measurement circuit implementation with
much lower logical error rates.

QEC Mapping and Gadget Synthesis Several prior works
develop synthesis techniques for other components of the
QEC stack. QECC-Synth [57] employs MaxSAT to synthesize
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Figure 15. AlphaSyndrome versus Google’s schedule under
a non-uniform error model. Upper half: non-uniform error
rates on ancilla qubits. Lower half: Overall logical error rates.

QEC layouts on sparse hardware architectures by optimiz-
ing qubit placement, routing structures, and ancilla-bridge
usage, while Chiew et al. [13] study SWAP-based embedding
techniques that map fault-tolerant circuits onto constrained-
connectivity hardware while preserving fault-tolerance guar-
antees. These approaches operate at the mapping and layout
layer of the stack and do not modify the internal execution
order of stabilizer measurements.

SAT-based techniques are also used for QEC state prepa-
ration. Peham et al. [44] apply SAT solving to synthesize
fault-tolerant state-preparation and verification circuits for
CSS codes. These circuits perform error detection on a lim-
ited subset of stabilizers and rely on repeat-until-success
execution, which is appropriate for initialization but not for
the repeated, full syndrome-measurement cycles required
during ongoing fault-tolerant computation.

While SAT is a natural choice for scheduling problems
with large combinatorial spaces, it is less well-suited to
the syndrome-measurement scheduling problem considered
here for two reasons. First, a full syndrome-measurement
round may contain a large number of commuting Pauli
checks, yielding an enormous number of valid schedules;

encoding all ordering choices and constraints at this scale
quickly leads to poor solver scalability. Second, the perfor-
mance objective in this setting is not a structural metric such
as depth or gate count, but a decoder-conditioned statistical
logical error rate under realistic noise. This objective depends
on stochastic noise propagation and heuristic decoder be-
havior, and is therefore difficult to express as a tractable
symbolic cost function for SAT or MaxSAT optimization.

MCTS-Based Quantum Synthesis and Routing MCTS
has been applied in several quantum synthesis and optimiza-
tion contexts, including AlphaRouter [50] and other MCTS-
or reinforcement-learning-based approaches for routing and
unitary synthesis [46, 52]. These methods primarily target
NISQ-era circuits and optimize structural metrics such as
gate count, circuit depth, or routing overhead. In such set-
tings, partial constructions admit meaningful intermediate
cost estimates (e.g., remaining routing distance or local gate
overhead), enabling effective guidance of the search before
a circuit is fully specified.

Syndrome-measurement scheduling in fault-tolerant QEC
differs in a fundamental way. While the schedule is con-
structed incrementally, its performance cannot be reliably
assessed until the entire syndrome-measurement round is com-
pleted. The relevant objective—decoder-conditioned statis-
tical logical error rate under realistic noise—emerges only
from the global interaction of all scheduled Pauli checks, fault
propagation, and decoder behavior, and does not admit accu-
rate partial or local cost estimates. As a result, techniques that
rely on informative intermediate metrics are poorly aligned
with this problem. AlphaSyndrome therefore applies MCTS
in a simulation-guided manner over complete schedules, us-
ing full rollouts to evaluate terminal states while restricting
the search space to commutation-preserving reorderings that
maintain fault-tolerance guarantees.
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A Artifact Appendix
A.1 Abstract

This artifact contains the scheduling algorithm of AlphaSyn-
drome, tested QECCs, scheduling results, and evaluation
scripts for reproducing key results in the paper, including all
tables and figures. The software is implemented in Python
and provides instructions to prepare, evaluate, and execute.

A.2 Artifact check-list (meta-information)

Algorithm: AlphaSyndrome, MCTS

Program: Python

Data set: QECCs are in folder /gecc

Run-time environment: Linux, Python

Hardware: x86, RAM > 16 GiB, Disk > 20 GiB
Metrics: Logical error rate

Output: Schedule of syndrome measurement
Experiments: Tables 2, 4, Figures 12, 13, 14, 15.

Disk space required: 20 GiB

Time needed to prepare: 5mins

Time needed to complete experiments: < 1hr
Publicly available: accessed through https://github.
com/acasta-yhliu/asyndrome.git

Code licenses: MIT

e Data licenses: MIT

e Archived: https://doi.org/10.5281/zenodo.18291927

A.3 Description

A.3.1 How to access. The artifact can be downloaded via
public archive from Zenodo: https://doi.org/10.5281/zenodo.
18291927.

A.3.2 Hardware dependencies. Executing the artifact
requires a Linux x86 server with RAM > 16 GiB and disk
> 20 GiB. A graphical interface is not required.

A.3.3 Software dependencies. Executing the artifact re-
quires the user to have a Linux operating system and Python
> 3.9 installed. Other Python packages are listed within the
artifact folder.
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A.3.4 Data sets. The QECCs that are evaluated in our
research are located in the /gecc folder, in the following
JSON format:

e "family": name of the QECC, string.

"n": number of physical qubits, integer.

"k": number of logical qubits, integer.

"d": code distance, integer.

"logical_xs": all logical X operators, list of string.
"logical_zs": all logical Z operators, list of string.

"x_stabilizers,z_stabilizers": all stabilizers, list of string.

A.4 Installation

The user is recommended to use a Python virtual environ-
ment. After downloading the artifact and unzipping it, the
user should navigate to the folder and set up the virtual
environment through:
$ python3 -m venv venv
$ source venv/bin/activate

Then install the necessary Python packages in the acti-
vated virtual environment:

(venv)$ pip3 install -r requirements.txt

A.5 Experiment workflow

After installing the artifact, the user can use artifact.py to
reproduce results. The only argument it accepts is the asset

the user wants to reproduce. For example, if you want to get
Figure 12, use:

(venv)$ python3 artifact.py figurel2

All available options are: table2, table3, figure12, figurel3,

figurel4, figurels.

A.6 Evaluation and expected results

The program will output the corresponding figure/table to
the /result/ folder. The figures are typeset as they are in the
paper, and tables are in KIEX format. There may be numerical
differences due to randomization.

A.7 Experiment customization

The user can use main.py to customize their own schedule.
Use python3 main.py --help for more information and
options.

A.8 Methodology

Submission, reviewing, and badging methodology:

e https://www.acm.org/publications/policies/artifact-review-

and-badging-current
e https://cTuning.org/ae
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