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Abstract

We present an inverse-free algorithm for pure quantum state estimation that achieves Heisen-
berg scaling. Specifically, let |ψ⟩ be an unknown d-dimensional state and suppose we are given
black-box query access to a unitary process U that prepares it. Our algorithm estimates the state
|ψ⟩ to within trace distance error ε using O(min{d3/2/ε, d/ε2}) forward queries to the state-
preparation unitary U . This surpasses the classical scaling O(d/ε2) in the sample-access model,
and complements the prior best Heisenberg scaling result O(d log(d)/ε) due to van Apeldoorn,
Cornelissen, Gilyén, and Nannicini (SODA 2023), which, by contrast, requires both forward
and inverse queries. Moreover, our result implies a query upper bound O(min{d3/2/ε, 1/ε2}) for
inverse-free amplitude estimation, improving the prior best upper bound O(min{d2/ε, 1/ε2})
based on optimal unitary estimation by Haah, Kothari, O’Donnell, and Tang (FOCS 2023), and
disproving a conjecture posed in Tang and Wright (2025).

1 Introduction

Given access to an unknown d-dimensional quantum state |ψ⟩, how efficiently can we estimate |ψ⟩
to within trace distance error ε? This state estimation problem has been extensively studied in
quantum information and quantum learning theory, and can be categorized into two settings. In
the sample-access setting, one assumes access to multiple copies of the unknown state |ψ⟩ and the
sample complexity has been shown to be Θ(d/ε2) [Hay98, Wer98, BM99, KW99, SSW25] (see also
[Key06, HHJ+16, OW16, OW17, GKKT20, Yue23, SSW25, PSW25] for the mixed state case). In
contrast, the query-access setting assumes access to a state-preparation unitary U of |ψ⟩. In this
model, van Apeldoorn, Cornelissen, Gilyén and Nannicini [vACGN23] showed that Õ(d/ε)1 queries
suffice if both forward and inverse queries to U are available. The key distinction between these
two models lies in their error scaling: the query model achieves the Heisenberg scaling Θ(1/ε),
whereas the sample model is limited to the classical scaling Θ(1/ε2).

Many studies have explored and established the theoretical advantages of inverse queries in
quantum learning and metrology tasks (e.g., [FK18, CSM23, SHH25, TW25]). Recently, Tang
and Wright [TW25] established that, in the absence of inverse query access, quantum amplitude
estimation requires a query complexity of Ω(min{d, 1/ε2}). This stands in sharp contrast to the
well-known upper bound of O(1/ε) [BHMT02], which assumes access to both forward and inverse
queries. It therefore reveals that disallowing inverse access incurs an additional Ω(d) overhead in
order to go beyond the classical scaling Θ(1/ε2).

Conversely, for the unitary estimation task, Haah, Kothari, O’Donnell, and Tang [HKOT23]
showed that inverse access is not necessary to achieve the optimal query complexity Θ(d2/ε) (see
also the work by Yang, Renner, and Chiribella [YRC20] for unitary estimation under an average-case
distance). Based on this, [TW25] conjectured that the query complexity of inverse-free amplitude
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estimation is Θ(min{d2/ε, 1/ε2}), suggesting that achieving inverse-free Heisenberg scaling requires
estimating the entire unitary. The intuition behind this conjecture is a two-regime characterization
of the inverse-free setting:

• Estimating all Θ(d2) features of a unitary can be done coherently with a Θ(1/ε) scaling;

• Estimating one desired feature of the unitary cannot be done better than the naive incoherent
Θ(1/ε2) algorithm.

1.1 Our results

In this paper, we study the quantum state estimation problem in the query access model. We
present an inverse-free state estimation algorithm with query complexity O(min{d3/2/ε, d/ε2}).
This further implies a query upper bound O(min{d3/2/ε, 1/ε2}) for inverse-free amplitude estima-
tion by combining it with the naive O(1/ε2) amplitude estimation. Our results demonstrate that,
for both state and amplitude estimation, Heisenberg scaling can be achieved without incurring
a Θ(d2) overhead in the inverse-free setting, and thereby disproving the conjecture proposed in
[TW25] (see Section 1.4 for further discussions). We formalize the problem and our main results
as follows.

Problem 1.1 (State estimation). Let H ∼= Cd be a d-dimensional Hilbert space with an orthonormal
basis {|1⟩, |2⟩, . . . , |d⟩}. Suppose U is an unknown unitary on H. The goal is to estimate the state
U |d⟩2 to within trace distance error ε using only forward queries to U .

Theorem 1.2. There is a quantum algorithm that uses n forward queries to U and outputs a
classical description of a unit vector |ψ⟩. The output |ψ⟩ is random and satisfies

1− E
|ψ⟩

[
|⟨ψ|U |d⟩|2

]
≤ O

(
d3

n(n+ d2)

)
. (1)

By Theorem 1.2, we can easily obtain the following corollaries.

Corollary 1.3. The inverse-free state estimation problem can be solved using O(min{d3/2/ε, d/ε2})
queries.

Proof. Using Theorem 1.2 and letting n = O(min{d3/2/ε, d/ε2}), we can obtain a random unit
vector |ψ⟩ such that 1−E|ψ⟩

[
|⟨ψ|U |d⟩|2

]
≤ ε2/100, which means Pr[1− |⟨ψ|U |d⟩|2 ≤ ε2/10] ≥ 2/3.

Note that ∥|ψ⟩⟨ψ| −U |d⟩⟨d|U †∥1 = 2
√
1− |⟨ψ|U |d⟩|2 where ∥ · ∥1 denotes the trace norm. Thus the

trace distance error is at most ε with probability at least 2/3.

Then, we introduce our result for amplitude estimation.

Problem 1.4 (Amplitude estimation). Let H ∼= Cd be a d-dimensional Hilbert space with an
orthonormal basis {|1⟩, |2⟩, . . . , |d⟩}. Suppose U is an unknown unitary on H and Π is an orthog-
onal projector onto a subspace of H. The goal is to estimate the amplitude of U |d⟩ on Π, i.e.√
⟨d|U †ΠU |d⟩, to within error ε using only forward queries to U .

Corollary 1.5. The inverse-free amplitude estimation problem can be solved using O(min{d3/2/ε, 1/ε2})
queries.

2We consider the estimation of U |d⟩ rather than other U |i⟩, simply because this choice is more convenient within
the conventional notation of the Gelfand–Tsetlin basis used later in this work.
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Proof. By Fact 5.1, any state estimation algorithm with trace distance error ε is also an amplitude
estimation algorithm with error O(ε). Therefore, Corollary 1.3 combined with the naive O(1/ε2)
amplitude estimation can imply an O(min{d3/2/ε, 1/ε2}) query upper bound for the inverse-free
amplitude estimation.

1.2 Related work

State estimation with Heisenberg scaling. Van Apeldoorn, Cornelissen, Gilyén and Nan-
nicini [vACGN23] developed a family of quantum state estimation algorithms using state-preparation
unitaries, based on block encoding techniques [LC19, CGJ19, vAG19] and quantum singular value
transformation [GSLW19]. They showed that O(d log(d)/ε) queries to the state-preparation unitary
and its inverse suffice, and established a nearly tight lower bound Ω̃(d/ε). This result achieves a
quadratic improvement in the dependence on the error parameter, reducing the classical scaling of
Θ(1/ε2) (in the sample access model) to Θ(1/ε), thereby achieving what is known as Heisenberg
scaling. Moreover, they also provided algorithms applicable to estimating a mixed state ρ of rank r,
assuming that the state-preparation unitary produces a purification of ρ. In this case, they showed
that O(dr polylog(d)/ε) queries are sufficient. However, since their methods are based on quantum
singular value transformation, the use of inverse queries appear to be an inherent limitation of their
approach.

Power of inverse queries. The power of inverse queries has been extensively investigated across
a wide range of quantum information tasks. A particularly relevant and directly related question,
known as unitary time-reversal, asks how to simulate a single call to the inverse unitary U−1 us-
ing only forward queries to U . It was recently established that this task has query complexity
Θ(d2) [CML+24, OYM25, CYZ25], implying that an exponential overhead is unavoidable when at-
tempting to directly simulate an algorithm involving inverses in an inverse-free setting. Exponential
separations between the inverse-ful and inverse-free models have also been demonstrated in several
other contexts, including quantum learning [CSM23, SHH25] and preimage finding with an in-place
permutation oracle [FK18]. Notably, amplitude estimation—a fundamental problem that serves as
a key subroutine in many quantum algorithms—has been shown to require inverse access. Tang and
Wright [TW25] established a query lower bound Ω(min{d, 1/ε2}) in the inverse-free model, thereby
separating it from the O(1/ε) scaling achievable when inverse queries are available [BHMT02].

In contrast, for the unitary estimation task [Hay06, Kah07, Hay11, Hay16, YRC20, HKOT23,
GL25, YYM25], one can achieve optimal query complexity without using inverses. Kahn [Kah07]
showed an inverse-free unitary estimation algorithm with query complexity O(f(d)/ε), where the
estimate achieves an entanglement infidelity error ε2 and f(d) was left unspecified. Notably, in 2020,
Yang, Renner, and Chiribella [YRC20] were able to fully determine the scaling to be O(d2/ε) (see
also [YYM25] for an improved characterization of f(d)). More recently, Haah, Kothari, O’Donnell,
and Tang [HKOT23] proved that the scaling O(d2/ε) even holds for diamond-norm error ε, along
with a matching lower bound Ω(d2/ε), even when inverses are allowed. These findings highlight
that the power of inverse queries varies substantially across tasks. A general understanding of when
and how an advantage exists remains an open question.

1.3 Overview of techniques

The estimation algorithm is conceptually simple. We apply U⊗n in parallel to a suitably chosen
probe state |p⟩ ∈ H⊗n and then perform an appropriate measurement on the resulting state to
extract the desired information. The design of the probe state and the measurement is based on
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representation-theoretic techniques, inspired by the works [Kah07, YRC20]. However, different
from them, we are only interested in the last column of U (i.e., U |d⟩), thus the probe state should
be tailored to extract information exclusively from that column. Guided by this intuition, we
construct a family of semistandard Young tableaux Γi defined in Figure 1a, whose corresponding
Gelfand–Tsetlin basis vectors |Γi⟩ possess the desired properties. The probe state |p⟩ is then
constructed as a superposition of these vectors with carefully chosen coefficients, enabling a partial
yet efficient estimation of the target unitary U .

We provide here some intuition about the state |Γi⟩. Consider the subgroup Ud−1 ⊂ Ud consist-
ing of unitaries that fix the vector |d⟩. By the definition of Gelfand-Tsetlin basis, the action of any
V ∈ Ud−1 on |Γi⟩ corresponds to the action of V in the 1-dimensional Ud−1-representation labeled
by the Young diagram of d− 1 rows and L columns, which simply multiplies |Γi⟩ by a global phase
det(V )L. This means, for any U, V ∈ Ud such that U |d⟩ = V |d⟩, we have U †V ∈ Ud−1 and so the
actions of U and V on |Γi⟩ differ only by the phase det(U †V )L. Therefore, |Γi⟩ probes information
solely from the last column.

One can also interpret it using dual representations. For convenience, let us assume the unitary
U has determinant 1 (i.e., U ∈ SUd). When restricting to SUd-representations, we can discard the
first i full-length columns of Γi. Then, let λ be the Young diagram with d−1 rows and 1 column and
let Si be the semistandard Young tableau obtained from λ by filling it with the integers {1, . . . , d}\i.
There is a natural isomorphism between SUd-representations Qd

λ → Qd
−□ : |Si⟩ 7→ (−1)d−i|i⟩, where

Qd
−□ is the dual representation of Qd

□
∼= H, |i⟩ ∈ Qd

−□ is the covector corresponding to |i⟩ ∈ Qd
□.

Thus, under these isomorphisms, we can interpret Γi as

,

where the gray region contains multiple Sd arranged horizontally, the white region labeled by d
(d) contains boxes filling with d (d), the final tableau represents a mixed semistandard Young
tableau [GBO24, Ngu24]. This means |Γi⟩ can be viewed as an irreducible components in

|d⟩⊗L−i ⊗ |d⟩⊗N−i ∈ (Qd
−□)

⊗L−i ⊗ (Qd
□)

⊗N−i.

Note that U acts as U∗ on Qd
−□. Thus, we can see that the action of U on |Γi⟩ depends only on

U |d⟩.
Then, we use the pretty good measurement (PGM) [HW94, Bel75a, Bel75b, BK02] to extract

information from the state U⊗n|p⟩. Specifically, we consider it as a state discrimination problem
where our goal is to identify the label U from the ensemble {(dV, V ⊗n|p⟩)}V ∈Ud

with dV denoting

the Haar measure. Let Û denote the measurement outcome. We set Û |d⟩ as the estimate of U |d⟩,
and show that the expected infidelity of this estimator can be upper bounded by O(d3/(n2+nd2)),
thereby establishing Theorem 1.2.
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Inverse-free Inverse-ful

Unitary estimation Θ(d2/ε) [HKOT23]

State estimation
O(min{d3/2/ε, d/ε2}) (This work)

Θ̃(d/ε) [vACGN23]
Ω̃(d/ε) [vACGN23]

Amplitude estimation
O(min{d3/2/ε, 1/ε2}) (This work)

Θ(1/ε) [BHMT02]
Ω(min{d, 1/ε2}) [TW25]

Table 1: Query upper and lower bounds for unitary, state and amplitude estimation in inverse-free
and inverse-ful settings.

1.4 Discussion

Table 1 summarizes the existing results of unitary, state and amplitude estimation in both inverse-
free and inverse-ful settings. In this table, we conjecture that our upper bound for inverse-free
state estimation is tight. We also conjecture that the query complexity of inverse-free amplitude
estimation is Θ(min{d/ε, 1/ε2}). Let us consider the additional overhead if one aims to achieve
Heisenberg scaling but removes inverse access. If our conjectures hold, then the corresponding
overheads are: Θ(1) for unitary estimation; Θ(

√
d) for state estimation; and Θ(d) for amplitude

estimation. These might suggest that, rather than exhibiting a sharp transition between estimating
all features and estimating a single desired feature, the benefit of inverse access may increase
smoothly as the number of features to be estimated decreases.

2 Preliminaries

2.1 Young diagrams and Young tableaux

A Young diagram λ consisting of n boxes and ℓ rows is a partition (λ1, . . . , λℓ) of n such that∑ℓ
i=1 λi = n and λ1 ≥ · · · ≥ λℓ > 0. The i-th rows consists of λi boxes. By convention, the Young

diagram is drawn with left-justified rows, arranged from top to bottom. For example, the Young
diagram λ = (4, 3, 1) is drawn as:

.

We use ℓ(λ) to denote the number of rows of λ. We use λ ⊢ n to denote that λ is a Young diagram
with n boxes and use λ ⊢d n to denote that λ ⊢ n and ℓ(λ) ≤ d.

Let µ, λ be Young diagrams. We write µ↗ λ or λ↘ µ if λ can be obtained from µ by adding
one box. We also write λ ≿ µ or µ ≾ λ if ℓ(µ) ≤ ℓ(λ) =: ℓ and

λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ λℓ ≥ µℓ,

where we define µi = 0 if i > ℓ(µ). Equivalently, this means the row-lengths of λ and µ interlace
and we say µ interlaces λ. An example is (4, 3, 1) ≿ (3, 3, 1) ≿ (3, 1) ≿ (2):

≿ ≿ ≿ . (2)
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A semistandard Young tableau of shape λ ⊢ n and alphabet [d] is a filling of λ using the integers
from [d], such that the entries weakly increase from left to right in each row and strictly increase
from top to bottom in each column. An example of semistandard Young tableau of shape (4, 3, 1)
and alphebet [4] is

1 1 2 4

2 3 3

3

. (3)

We use SSYT(λ, d) to denote the set of semistandard Young tableaux of shape λ with alphabet [d].
We also use Sh(S) to denote the shape of the semistandard Young tableau S.

2.2 Gelfand-Tsetlin basis

Let H ∼= Cd be a d-dimensional Hilbert space with an orthonormal basis {|1⟩, |2⟩, . . . , |d⟩}. Let Ud
denote the group of d× d unitary matrices on H and Sn denote the group of permutations of set
[n] = {1, 2, . . . , n}.

The space H⊗n is a representation of the symmetric group Sn and the unitary group Ud. The
unitary group Ud acts by simultaneous “rotation” as U⊗n for any U ∈ Ud and the symmetric group
Sn acts by permuting tensor factors:

P (π)|ψ1⟩ · · · |ψn⟩ = |ψπ−1(1)⟩ · · · |ψπ−1(n)⟩,

for any π ∈ Sn. By the Schur-Weyl duality (see, e.g., [FH13]), we have the following decomposition

H⊗n Ud×Sn∼=
⊕
λ⊢dn

Qd
λ ⊗ Pλ. (4)

Here, we use Qd
λ and Pλ to denote the irreducible representations of Ud and Sn corresponding to the

Young diagram λ. We remark that in this paper, without loss of generality, all representations are
unitary representations and the homomorphisms between representations preserve inner product.
We use qλ(U) to denote the action of U on Qd

λ. The dimension of Qd
λ can be computed using the

Weyl dimension formula (see, e.g., [EGH+11])

dim(Qd
λ) =

∏
1≤i<j≤d

λi − i− λj + j

j − i
. (5)

Branching rule of Ud. We now look deeper into the structure of Qd
λ. Consider the following

chain of embeddings of groups:
U1 → U2 → · · · → Ud,

where the embedding Ui → Ui+1 is given by

U 7→
[
U 0
0 1

]
,

for any U ∈ Ui. Let λ ⊢i n be a Young diagram of n boxes with at most i rows and Qi
λ be

an irreducible representation of Ui. Then, Qi
λ can be viewed as a representation of Ui−1, which

is called the restriction of Qi
λ to Ui−1 and is denoted by ResUi

Ui−1
(Qi

λ). Note that ResUi
Ui−1

(Qi
λ)
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also decomposes as a direct sum of irreducible representations of Ui−1. Specifically, we have the
following branching rule (see, e.g., [GW09])

ResUi
Ui−1

(Qi
λ)

Ui−1∼=
⊕
µ:µ≾λ

ℓ(µ)≤i−1

Qi−1
µ . (6)

Thus, we can see that Qd
λ decomposes into a direct sum of pairwise non-equivalent irreducible

representations and they are pairwise orthogonal. By iterating this process (i.e., taking further
restrictions onQd

µ), we finally obtain a direct sum of the one-dimensional irreducible representations
of U1 (since U1 is Abelian thus has only 1-dimensional irreducible representations). Therefore,
this process determines an orthonormal basis (up to phases) of Qd

λ and each basis vector can be
parameterized by its branching path:

λ(1) → λ(2) → · · · → λ(d), (7)

where λ(d) = λ, λ(i−1) ≾ λ(i) and ℓ(λ(i)) ≤ i. This basis is called the Gelfand-Tsetlin basis of Qd
λ.

Furthermore, we can see that the path in Equation (7) uniquely corresponds to a semistandard
Young tableau S of shape λ = λ(d), where the integer i is assigned to the boxes in λ(i) \ λ(i−1), in
which λ(i) \ λ(i−1) denotes the shape by removing from the shape of λ(i) all the boxes belonging to
λ(i−1). For example, the chain in Equation (2) corresponds to the semistandard Young tableau in
Equation (3). By this, we can identify a semistandard Young tableau S with alphabet [d] uniquely
by a length-d interlacing sequence of Young diagrams as in Equation (7). Thus each vector in the
Gelfand-Tsetlin basis of Qd

λ is labeled by a semistandard Young tableau S of shape λ with alphabet
[d], and we will use |S⟩ to denote this vector.

2.3 Clebsch-Gordan coefficients

Let us consider the tensor product of the irreducible representations Qd
λ and Qd

□, where □ denotes
the Young diagram with only one box and thus Qd

□
∼= H is just the defining representation of Ud.

This tensor product representation is generally reducible and decomposes as

Qd
λ ⊗H

Ud∼=
⊕
µ:λ↗µ
ℓ(µ)≤d

Qd
µ,

due to the Pieri’s rule (see, e.g., [GW09]). Under this isomorphism, we can write the tensor product
of vectors |S⟩ ∈ Qd

λ and |i⟩ ∈ H, where S ∈ SSYT(λ, d) and i ∈ [d], as

|S⟩ ⊗ |i⟩ =
∑
µ:λ↗µ
ℓ(µ)≤d

∑
T∈SSYT(µ,d)

CS,iT |T ⟩,

where CS,iT is called the Clebsch-Gordan coefficients which can be further expressed as a product
of reduced Wigner coefficients [Har05, BCH07, BCH06] or scalar factors [VK92]. When i = d, the
decomposition has a simpler form:

|S⟩ ⊗ |d⟩ =
d∑

k=1

CSk |Sk⟩, (8)
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where Sk denotes the semistandard Young tableau obtained from S by adding a box filling with
d to the k-th row.3 Let λ(1) → · · · → λ(d) = λ be the interlacing sequence of Young diagrams
corresponding to S, then CSk can be expressed as (see, e.g., Equation 3 in [VK92, Sec. 18.2.10],
and also [PSW25, Sec. 10], [GBO24, Apdx. A]):

CSk =

∣∣∣∣∣
∏d−1
j=1(λ

(d−1)
j − j − λk + k − 1)∏d

j=1,j ̸=k(λj − j − λk + k)

∣∣∣∣∣
1/2

. (9)

3 Estimation algorithm

In this section, we introduce our estimation algorithm. Let H ∼= Cd be a d-dimensional Hilbert
space and U be an unknown unitary on H. We apply U⊗n on a state |p⟩ ∈ H⊗n, called the probe
state. Then we perform a POVM on U⊗n|p⟩, obtaining a “partial” estimate Û of U . Finally, we
set Û |d⟩ as our estimate of U |d⟩.

3.1 A coherent system on Γ-shaped tableaux

Let n be the number of queries. Without loss of generality, we can assume n is a multiple of 2d.
Let

L :=
n

2d
and N := (d+ 1)L =

(d+ 1)n

2d
.

Then, we define a family of semistandard Young tableaux that have “Γ”-like shape.

Definition 3.1 (Γ-shaped tableaux). For any integer i such that 0 ≤ i ≤ L, let Γi and Γ+
i be the

semistandard Young tableaux defined in Figure 1.

(a) Γi (b) Γ+
i

Figure 1: Definition of the semistandard Young tableaux Γi and Γ+
i .

It is easy to see that Γi contains (d−1)L+N = n boxes and Γ+
i contains (d−1)L+N+1 = n+1

boxes. Let γi := Sh(Γi) and γ
+
i = Sh(Γ+

i ) be the shapes of Γi and Γ+
i . Then, |Γi⟩ and |Γ+

i ⟩ are two
vectors in the Gelfand-Tsetlin bases of Qd

γi and Qd
γ+i

, respectively.

3Note that Sk may not be a valid semistandard Young tableau, but in such case CS
k = 0.
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We note that these tableaux are related if we consider the tensor product of |Γi⟩ and |d⟩. By
the Clebsch-Gordan decomposition (see Section 2.3), |Γi⟩ ⊗ |d⟩ decomposes into a sum of vectors
corresponding to the semistandard Young tableaux obtained from Γi by adding one box filling with
d. It is easy to see that such box can only be added at the first and the d-th rows. More specifically,
from Equation (8) and Equation (9), we have

|Γi⟩ ⊗ |d⟩ =

∣∣∣∣∣
∏

1≤j≤d−1(N − i+ j)

(L+N + d− 2i− 1)
∏

2≤j≤d−1(N − i+ j − 1)

∣∣∣∣∣
1/2

|Γ+
i ⟩

+

∣∣∣∣∣
∏

1≤j≤d−1(L+ d− i− j − 1)

(L+N + d− 2i− 1)
∏

2≤j≤d−1(L+ d− i− j)

∣∣∣∣∣
1/2

|Γ+
i+1⟩

=

√
N + d− i− 1

L+N + d− 2i− 1
|Γ+
i ⟩+

√
L− i

L+N + d− 2i− 1
|Γ+
i+1⟩. (10)

We define

αi :=
N + d− i− 1

L+N + d− 2i− 1
, βi :=

L− i

L+N + d− 2i− 1
. (11)

Then, Equation (10) can be written as

|Γi⟩ ⊗ |d⟩ =
√
αi|Γ+

i ⟩+
√
βi|Γ+

i+1⟩, (12)

which is also shown in Figure 2.

Figure 2: The decomposition of |Γi⟩ ⊗ |d⟩

3.2 Probe state

Then, we use the Γ-shaped tableaux introduced in Section 3.1 to define the probe state |p⟩. For
each 0 ≤ i ≤ L, fix an arbitrary unit vector |⊥γi⟩ ∈ Pγi , where Pγi the irreducible representation of
Sn labeled by γi. The state |⊥γi⟩ will be used in our definition of the probe state and measurement,
while the final results are independent of the choice of |⊥γi⟩.

Definition 3.2 (The probe state).

|p⟩ :=
L∑
i=0

fi|Γi⟩|⊥γi⟩ ∈ H⊗n, (13)

where fi are real numbers such that
∑L

i=0 f
2
i = 1, and will be determined in Section 4.1.
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3.3 Pretty good measurement

By applying U⊗n to the probe state |p⟩, we obtain a state U⊗n|p⟩ that encodes some information of
U . To extract the information from this state, we view it as a state discrimination problem. That
is, suppose we are given an unknown state drawn from the ensemble {(dV, V ⊗n|p⟩)}V ∈Ud

, where
dV is the Haar measure, and we want to determine which state we have received (i.e., to identify
the corresponding label V ). Our idea is to perform the so-called “pretty good measurement”
(PGM) [HW94, Bel75a, Bel75b, BK02] (recall that given an ensemble {(p1, ρ1), . . . , (pm, ρm)}, the
PGM defines the POVM Ei := E−1/2piρiE

−1/2, where E :=
∑

i piρi).
The PGM with respect to the ensemble {(dV, V ⊗n|p⟩)}V ∈Ud

is defined as a continuous POVM

{EV }V ∈Ud
,

where
EV := dV E− 1

2V ⊗n|p⟩⟨p|V †⊗nE− 1
2 ,

in which dV is the Haar measure, E− 1
2 is the pseudo-inverse of E

1
2 and E is the average of the

ensemble:

E :=

∫
dV V ⊗n|p⟩⟨p|V †⊗n

=

∫
dV

L∑
i,j=0

fifjqγi(V )|Γi⟩⟨Γj |qγj (V
†)⊗ |⊥γi⟩⟨⊥γj |

=
L∑
i=0

f2i
dim(Qd

γi)
IQd

γi
⊗ |⊥γi⟩⟨⊥γi |, (14)

where Equation (14) is by the Schur’s lemma. Thus, we can see that

EV = dV |ηV ⟩⟨ηV |,

where

|ηV ⟩ := E−1/2V ⊗n|p⟩ =
L∑
i=0

√
dim(Qd

γi)qγi(V )|Γi⟩|⊥γi⟩. (15)

3.4 The algorithm

Then, the estimation algorithm is shown in Algorithm 1.

Algorithm 1 Estimating U |d⟩
Input: n forward queries to U .
Output: An estimate of U |d⟩.
1: Prepare the probe state |p⟩. ▷ see Equation (13)
2: Apply U⊗n on |p⟩.
3: Apply the POVM {dV |ηV ⟩⟨ηV |}V ∈Ud

on U⊗n|p⟩ and obtain a classical outcome Û . ▷ see
Equation (15)

4: Return Û |d⟩.

10



4 Bounding the error

In this section, we bound the error of Algorithm 1.
For 0 ≤ i ≤ L, we define

xi :=

√
(N + d− i− 1)(N − i+ 1)

(L+N + d− 2i− 1)(L+N + d− 2i)
,

yi :=

√
(L− i+ 1)(L+ d− i− 1)

(L+N + d− 2i+ 1)(L+N + d− 2i)
.

(16)

Then, we have the following lemma.

Lemma 4.1. Let Û |d⟩ be the output of Algorithm 1. The expectation of fidelity between Û |d⟩ and
U |d⟩ is

E
Û

[∣∣∣⟨d|Û †U |d⟩
∣∣∣2] = f20x

2
0 +

L∑
i=1

(fixi + fi−1yi)
2. (17)

Proof. Consider the probability Pr(Û ;U) of getting the measurement outcome Û when performing
the PGM on the state U⊗n|p⟩:

Pr(Û ;U) = dÛ |⟨η
Û
|U⊗n|p⟩|2

= dÛ

∣∣∣∣∣
L∑
i=0

fi

√
dim(Qd

γi) · ⟨Γi|qγi
(
Û †U

)
|Γi⟩

∣∣∣∣∣
2

.

Upon getting measurement outcome Û , we set Û |d⟩ as the estimate of U |d⟩. Thus the expectation
of (squared) fidelity is

E
Û

[∣∣∣⟨d|Û †U |d⟩
∣∣∣2] =

∫
dÛ

∣∣∣∣∣
L∑
i=0

fi

√
dim(Qd

γi) · ⟨Γi|qγi
(
Û †U

)
|Γi⟩

∣∣∣∣∣
2

·
∣∣∣⟨d|Û †U |d⟩

∣∣∣2
=

∫
dÛ

∣∣∣∣∣
L∑
i=0

fi

√
dim(Qd

γi) · ⟨Γi|⟨d|qγi
(
Û †U

)
⊗ (Û †U)|Γi⟩|d⟩

∣∣∣∣∣
2

=

∫
dÛ

∣∣∣∣∣
L∑
i=0

fi

√
dim(Qd

γi) ·
(
αi⟨Γ+

i |qγ+i
(
Û †U

)
|Γ+
i ⟩+ βi⟨Γ+

i+1|qγ+i+1

(
Û †U

)
|Γ+
i+1⟩

)∣∣∣∣∣
2

(18)

=

∫
dÛ

∣∣∣∣∣f0α0

√
dim(Qd

γ0)⟨Γ
+
0 |qγ+0

(
Û †U

)
|Γ+

0 ⟩

+
L∑
i=1

(
fiαi

√
dim(Qd

γi) + fi−1βi−1

√
dim(Qd

γi−1
)

)
⟨Γ+
i |qγ+i

(
Û †U

)
|Γ+
i ⟩

∣∣∣∣∣
2

(19)

= f20α
2
0

dim(Qd
γ0)

dim(Qd
γ+0

)
+

L∑
i=1

fiαi
√√√√ dim(Qd

γi)

dim(Qd
γ+i

)
+ fi−1βi−1

√√√√dim(Qd
γi−1

)

dim(Qd
γ+i

)

2

, (20)

11



where in Equation (18) we use Equation (12), in Equation (19) we use the fact that βL = 0,
Equation (20) is by using the fact∫

dÛ qγ+i

(
Û †U

)†
|Γ+
i ⟩⟨Γ

+
j |qγ+j

(
Û †U

)
=

∫
dÛ qγ+i

(
Û
)†

|Γ+
i ⟩⟨Γ

+
j |qγ+j

(
Û
)

= 1i=j
1

dim(Qd
γ+i

)
· IQd

γ+
i

,

due to the invariance of Haar measure and Schur’s lemma. Then, from Fact 5.2 and Equation (20),
we can see that

E
Û

[∣∣∣⟨d|Û †U |d⟩
∣∣∣2] = f20x

2
0 +

L∑
i=1

(fixi + fi−1yi)
2.

4.1 Instantiating fi

In this section, we will give an explicit form of fi such that the expectation of fidelity (see Equa-
tion (17)) is as large as possible. For convenience, we discard the constraint

∑L
i=0 f

2
i = 1 and

consider the homogeneous form of the RHS of Equation (17):∑L
i=0(fixi + fi−1yi)

2∑L
i=0 f

2
i

, (21)

where we set f−1 = 0. Therefore, we need to find a sequence of real numbers {fi}Li=−1 such that
f−1 = 0 and Equation (21) is as large as possible, or equivalently, 1−Equation (21) is as small as
possible.

For −1 ≤ i ≤ L, we set

fi = gi ·

√√√√(L+N + d− 2i− 1)

d−1∏
j=2

(N + j − i− 1)

d−1∏
j=2

(L+ d− j − i), (22)

where g−1 = 0 and for 0 ≤ i ≤ L,

gi = (i+ 1)(L+N + d− i). (23)

Then, we have the following results, where the proofs are based on repeatedly using Fact 5.3
and are deferred.

Lemma 4.2. Using the instantiation of fi in Equation (22), we can show that 1−Equation (21)
equals ∑L

i=0
(gi−gi−1)

2

L+N+d−2i

∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)∑L

i=0

g2i −g2i−1

d−1

∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)

. (24)

Lemma 4.3. Using the instantiation of gi in Equation (23), we can show that Equation (24) equals

d− 1

L+N + d+ 2
d+1NL

. (25)

Then we can prove our Theorem 1.2.

12



Proof of Theorem 1.2. By Lemma 4.3 and noting that N = (d+ 1)L, L = n
2d , we can see that the

expectation of infidelity is

Equation (25) = O

(
d

L(L+ d)

)
= O

(
d3

n(n+ d2)

)
.

5 Deferred lemmas and proofs

5.1 Some facts

Fact 5.1. Suppose |ψ⟩, |φ⟩ are two pure states on a d-dimensional Hilbert space H, and Π is an
orthogonal projector onto a subspace of H. Then we have∣∣∣√⟨ψ|Π|ψ⟩ −

√
⟨φ|Π|φ⟩

∣∣∣ ≤ 1√
2
∥|ψ⟩⟨ψ| − |φ⟩⟨φ|∥1,

where ∥ · ∥1 is the trace norm.

Proof. Let reiθ = ⟨φ|ψ⟩. Then, we have∣∣∣√⟨ψ|Π|ψ⟩ −
√

⟨φ|Π|φ⟩
∣∣∣ = ∣∣∣ ∥Π|ψ⟩∥ −

∥∥∥eiθΠ|φ⟩
∥∥∥ ∣∣∣

≤
∥∥∥Π(

|ψ⟩ − eiθ|φ⟩
)∥∥∥

≤ ∥|ψ⟩ − eiθ|φ⟩∥

=
√

2− 2ℜ(e−iθ⟨φ|ψ⟩)

=
√
2− 2|⟨φ|ψ⟩|

≤
√
2− 2|⟨φ|ψ⟩|2

=
1√
2
∥|ψ⟩⟨ψ| − |φ⟩⟨φ|∥1,

where ∥|ψ⟩∥ =
√

⟨ψ|ψ⟩ is the vector 2-norm.

Fact 5.2. For 0 ≤ i ≤ L, we have

αi

√√√√ dim(Qd
γi)

dim(Qd
γ+i

)
=

√
(N + d− i− 1)(N − i+ 1)

(L+N + d− 2i− 1)(L+N + d− 2i)
,

and for 1 ≤ i ≤ L, we have

βi−1

√√√√dim(Qd
γi−1

)

dim(Qd
γ+i

)
=

√
(L− i+ 1)(L+ d− i− 1)

(L+N + d− 2i+ 1)(L+N + d− 2i)
.

Proof. By Equation (5), we have

dim(Qd
γi)

dim(Qd
γ+i

)
=

(L+N + d− 2i− 1) ·
∏

2≤j≤d−1(N + j − i− 1)

(L+N + d− 2i) ·
∏

2≤j≤d−1(N + j − i)

13



=
(L+N + d− 2i− 1)(N − i+ 1)

(L+N + d− 2i)(N + d− i− 1)
.

dim(Qd
γi−1

)

dim(Qd
γ+i

)
=

(L+N + d− 2i+ 1)
∏

2≤j≤d−1(L+ d− i− j + 1)

(L+N + d− 2i)
∏

2≤j≤d−1(L+ d− i− j)

=
(L+N + d− 2i+ 1)(L+ d− i− 1)

(L+N + d− 2i)(L− i+ 1)
.

Then, combined with Equation (11), we can see

αi

√√√√ dim(Qd
γi)

dim(Qd
γ+i

)
=

√
(N + d− i− 1)(N − i+ 1)

(L+N + d− 2i− 1)(L+N + d− 2i)
,

and

βi−1

√√√√dim(Qd
γi−1

)

dim(Qd
γ+i

)
=

√
(L− i+ 1)(L+ d− i− 1)

(L+N + d− 2i+ 1)(L+N + d− 2i)
.

Fact 5.3. For any integer k ≥ 0 and number a, b, we have

(a+ b+ k + 1)
k∏
j=1

(a+ j)(b+ j) =
1

k + 1

k+1∏
j=1

(a+ j)(b+ j)−
k+1∏
j=1

(a− 1 + j)(b− 1 + j)

 .

Proof.

k+1∏
j=1

(a+ j)(b+ j)−
k+1∏
j=1

(a− 1 + j)(b− 1 + j) =

k+1∏
j=1

(a+ j)(b+ j)−
k∏
j=0

(a+ j)(b+ j)

= ((a+ k + 1)(b+ k + 1)− ab)

k∏
j=1

(a+ j)(b+ j)

= (k + 1)(a+ b+ k + 1)

k∏
j=1

(a+ j)(b+ j)

5.2 Proof of Lemma 4.2

Proof of Lemma 4.2. From Equation (16) and Equation (22), and by direct calculation,

fixi = gi · (N − i+ 1)

√∏d−1
j=2(N + j − i)

∏d−1
j=2(L+ d− j − i)

L+N + d− 2i
,

fi−1yi = gi−1 · (L+ d− i− 1)

√∏d−1
j=2(N + j − i)

∏d−1
j=2(L+ d− j − i)

L+N + d− 2i
.
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Therefore, Equation (21) can be written as∑L
i=0

((N−i+1)gi+(L+d−i−1)gi−1)
2

L+N+d−2i

∏d−1
j=2(N + j − i)

∏d−1
j=2(L+ d− j − i)∑L

i=0 g
2
i (L+N + d− 2i− 1)

∏d−1
j=2(N + j − i− 1)

∏d−1
j=2(L+ d− j − i)

. (26)

Note that the denominator of Equation (26) equals

L∑
i=0

g2i (L+N + d− 2i− 1)

d−2∏
j=1

(N + j − i)

d−2∏
j=1

(L+ j − i)

=
L∑
i=0

g2i
d− 1

d−1∏
j=1

(N + j − i)(L+ j − i)−
d−1∏
j=1

(N + j − i− 1)(L+ j − i− 1)

 (27)

=

L∑
i=0

g2i − g2i−1

d− 1

d−1∏
j=1

(N + j − i)(L+ j − i)−
g2L
d− 1

d−1∏
j=1

(N − L+ j − 1)(j − 1)

=

L∑
i=0

g2i − g2i−1

d− 1

d−1∏
j=1

(N + j − i)(L+ j − i), (28)

where Equation (27) is by using Fact 5.3. Also note that the numerator of Equation (26) equals

L∑
i=0

((N − i+ 1)gi + (L+ d− i− 1)gi−1)
2

L+N + d− 2i

d−2∏
j=1

(N + j − i+ 1)
d−2∏
j=1

(L+ j − i)

=
L∑
i=0

((L+N + d− 2i)gi − (L+ d− i− 1)(gi − gi−1))
2

L+N + d− 2i

d−2∏
j=1

(N + j − i+ 1)
d−2∏
j=1

(L+ j − i)

=

L∑
i=0

(
(L+N + d− 2i)g2i − 2(L+ d− i− 1)gi(gi − gi−1) +

(L+ d− i− 1)2(gi − gi−1)
2

L+N + d− 2i

)

·
d−2∏
j=1

(N + j − i+ 1)
d−2∏
j=1

(L+ j − i)

=
L∑
i=0

(L+N + d− 2i)g2i

d−2∏
j=1

(N + j − i+ 1)

d−2∏
j=1

(L+ j − i) (29a)

+
L∑
i=0

(
−2(L+ d− i− 1)gi(gi − gi−1) +

(L+ d− i− 1)2(gi − gi−1)
2

L+N + d− 2i

) d−2∏
j=1

(N + j − i+ 1)
d−2∏
j=1

(L+ j − i).

(29b)

The part in Equation (29a) equals

L∑
i=0

(L+N + d− 2i)g2i

d−2∏
j=1

(N + j − i+ 1)

d−2∏
j=1

(L+ j − i)

=
L∑
i=0

g2i
d− 1

d−1∏
j=1

(N + j − i+ 1)(L+ j − i)−
d−1∏
j=1

(N + j − i)(L+ j − i− 1)

 (30)
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=
L∑
i=0

g2i − g2i−1

d− 1

d−1∏
j=1

(N + j − i+ 1)(L+ j − i)−
g2L
d− 1

d−1∏
j=1

(N − L+ j)(j − 1)

=
L∑
i=0

g2i − g2i−1

d− 1

d−1∏
j=1

(N + j − i+ 1)(L+ j − i), (31)

where Equation (30) is by using Fact 5.3. Then, the denominator of Equation (26) minus the
numerator of Equation (26) is therefore (28)− (31)− (29b), which equals L∑

i=0

g2i − g2i−1

d− 1
[(N + 1− i)− (N + d− i)]

d−1∏
j=2

(N + j − i)
d−1∏
j=1

(L+ j − i)

− (29b)

=

 L∑
i=0

(g2i−1 − g2i )
d−1∏
j=2

(N + j − i)
d−1∏
j=1

(L+ j − i)

− (29b)

=
L∑
i=0

(
(g2i−1 − g2i )(L+ d− i− 1) + 2(L+ d− i− 1)gi(gi − gi−1)−

(L+ d− i− 1)2(gi − gi−1)
2

L+N + d− 2i

)

·
d−1∏
j=2

(N + j − i)

d−2∏
j=1

(L+ j − i)

=

L∑
i=0

(L+ d− i− 1)(N − i+ 1)(gi − gi−1)
2

L+N + d− 2i

d−1∏
j=2

(N + j − i)

d−2∏
j=1

(L+ j − i)

=

L∑
i=0

(gi − gi−1)
2

L+N + d− 2i

d−1∏
j=1

(N + j − i)

d−1∏
j=1

(L+ j − i). (32)

Then, 1− Equation (26) is therefore (32)÷ (28), which equals∑L
i=0

(gi−gi−1)
2

L+N+d−2i

∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)∑L

i=0

g2i −g2i−1

d−1

∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)

.

5.3 Proof of Lemma 4.3

Proof of Lemma 4.3. It is easy to see that for 0 ≤ i ≤ L

gi − gi−1 = L+N + d− 2i.

Thus, Equation (24) equals

(d− 1)
∑L

i=0(L+N + d− 2i)
∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)∑L

i=0(gi + gi−1)(L+N + d− 2i)
∏d−1
j=1(N + j − i)

∏d−1
j=1(L+ j − i)

. (33)

The numerator of Equation (33) is

(d− 1)

L∑
i=0

(L+N + d− 2i)

d−1∏
j=1

(N + j − i)

d−1∏
j=1

(L+ j − i)

16



=(d− 1)

L∑
i=0

1

d

 d∏
j=1

(N + j − i)(L+ j − i)−
d∏
j=1

(N + j − i− 1)(L+ j − i− 1)

 (34)

=
(d− 1)

d

 d∏
j=1

(N + j)(L+ j)−
d∏
j=1

(N − L+ j − 1)(j − 1)


=
(d− 1)

d

d∏
j=1

(N + j)(L+ j), (35)

where Equation (34) is by using Fact 5.3. The denominator of Equation (33) is

L∑
i=0

(gi + gi−1)(L+N + d− 2i)

d−1∏
j=1

(N + j − i)

d−1∏
j=1

(L+ j − i)

=
L∑
i=0

gi + gi−1

d

 d∏
j=1

(N + j − i)(L+ j − i)−
d∏
j=1

(N + j − i− 1)(L+ j − i− 1)

 (36)

=
g0
d

d∏
j=1

(N + j)(L+ j)− gL + gL−1

d

d∏
j=1

(N − L+ j − 1)(j − 1) +
L∑
i=1

gi − gi−2

d

d∏
j=1

(N + j − i)(L+ j − i)

=
g0
d

d∏
j=1

(N + j)(L+ j) +
L∑
i=1

gi − gi−2

d

d∏
j=1

(N + j − i)(L+ j − i)

=
g0
d

d∏
j=1

(N + j)(L+ j) +
2

d

L∑
i=1

(L+N + d− 2i+ 1)
d∏
j=1

(N + j − i)(L+ j − i)

=
g0
d

d∏
j=1

(N + j)(L+ j) +
2

d(d+ 1)

L∑
i=1

d+1∏
j=1

(N + j − i)(L+ j − i)−
d+1∏
j=1

(N + j − i− 1)(L+ j − i− 1)


(37)

=
g0
d

d∏
j=1

(N + j)(L+ j) +
2

d(d+ 1)

d+1∏
j=1

(N + j − 1)(L+ j − 1)−
d+1∏
j=1

(N − L+ j − 1)(j − 1)


=
g0
d

d∏
j=1

(N + j)(L+ j) +
2

d(d+ 1)

d+1∏
j=1

(N + j − 1)(L+ j − 1), (38)

where Equation (36) and Equation (37) are by using Fact 5.3. Therefore, Equation (33) equals
(35)÷ (38), which is

d− 1

g0 +
2
d+1NL

=
d− 1

L+N + d+ 2
d+1NL

.
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