
Local Test for Unitarily Invariant Properties

of Bipartite Quantum States

Kean Chen ∗ Qisheng Wang † Zhicheng Zhang ‡

Abstract

We study the power of local test for bipartite quantum states. Our central result is that, for
properties of bipartite pure states, unitary invariance on one part implies an optimal (over all
global testers) local tester acting only on the other part. As an application, we demonstrate

• Purified samples offer no advantage in property testing of mixed states.

• A matching lower bound Ω(r2/ε2) for testing the Schmidt rank of bipartite states with
perfect completeness, settling an open question raised in the survey of Montanaro and de
Wolf (ToC 2016).

• A lower bound Ω((
√
n +

√
r) ·

√
r/ε2) for testing whether an n-partite state is a matrix

product state of bond dimension r or ε-far, improving the prior lower bounds Ω(
√
n/ε2)

by Soleimanifar and Wright (SODA 2022) and Ω(
√
r) by Aaronson et al. (ITCS 2024).

• A matching lower bound Ω(d/ε2) for testing whether a d-dimensional bipartite state is
maximally entangled or ε-far, showing that the algorithm of O’Donnell and Wright (STOC
2015) is optimal for this task.

We also show other applications in sample complexity and query complexity. In addition, our
central result can be extended when the tested state is mixed: one-way LOCC is sufficient to
realize the optimal tester.
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1 Introduction

Bipartite quantum states are the most basic objects for quantum entanglement (cf. [HHHH09])
to manifest (e.g., EPR pairs [EPR35]) and to be exploited (e.g., superdense coding [BW92] and
quantum teleportation [BBC+93]). In this paper, we consider the task of testing a property P =
(Pyes,Pno) of bipartite pure states; that is, given samples of a bipartite pure state, determine which
one of the disjoint sets Pyes or Pno it falls in. There is a folklore duality:

P is unitarily invariant on one part ⇐⇒ P is locally testable on the other part. (1)

This duality, however, does not concern the complexity of the local tester. Is it efficient? To this
question we give a very positive answer:

• Local tester is able to achieve the optimal sample complexity over all global testers.

Furthermore, one may wonder if this optimality still applies when the provided states are mixed
rather than pure (while the property to be verified, i.e., Pyes, remains pure). In this case, we show
that one-way LOCC (local operations and classical communication) suffices for an optimal tester.

1.1 Motivations

The concern of the complexity of local testers for bipartite quantum states is further motivated by
four explicit questions of individual interest. The first question is about purified samples in testing
properties of mixed quantum states and the last three questions are about testing properties of the
entanglement spectra of bipartite pure states. They will be finally addressed by our central result.

Purified samples in mixed state testing. Property testing of bipartite quantum states is
closely related to that of mixed quantum states via the following observation. Testing the property
of a mixed state given its purified samples (which are bipartite states) is always no harder than
given mixed samples directly, as one can just ignore the ancilla qubits of the purification and use
the ordinary tester for mixed states. Although mixed state testing has been extensively studied in
the literature, e.g., [MdW16, OW15, BOW19], to the best of our knowledge, we are not aware of
any mixed state testing problem that could benefit from using purified samples of mixed states.
We therefore ask the following question.

Question 1. Can we test mixed states more efficiently given purified samples?

Entanglement spectrum. A bipartite pure quantum state can be expressed via the Schmidt
decomposition as:

|ψ⟩AB =
∑
j

λj |ϕj⟩A|γj⟩B (2)

for some orthonormal bases {|ϕj⟩A} and {|γj⟩B}. The set of Schmidt coefficients {λj} is known
as the entanglement spectrum, which generalizes the entanglement entropy [BBPS96] and encodes
richer information of the bipartite entanglement [LH08, CL08, YQ10].

Testing properties of entanglement spectra is of great interest in quantum physics, e.g., as
a probe to test topological properties of many-body quantum states [KP06, LW06, PTBO10].
From the perspective of quantum computational complexity, a fundamental problem is how many
samples of a bipartite pure state are required to test a property of its entanglement spectrum. This
is generally known as the sample complexity for quantum property testing [MdW16]. The sample
complexity of many property testing problems related to the entanglement spectrum are not yet
well understood. In the following, we introduce three representative questions in this area.
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• Schmidt rank. The Schmidt rank of a bipartite pure state is the number of its non-zero
Schmidt coefficients, which can be understood as a measure of entanglement — the entangle-
ment entropy induced by the Tsallis entropy [Tsa88]. Hence, testing the Schmidt rank is a
way to quantify the quantum entanglement. An approach to this problem is by reducing to
testing the rank of the reduced density operator of the bipartite state, and the latter can be
done by the rank tester proposed in [OW15]. However, there is no known general lower bound
for this problem other than the trivial Ω(1). Regarding the importance of this problem, it
was raised as an open question in [MdW16].

Question 2 ([MdW16, Question 8]). Can we show a general lower bound for testing the
Schmidt rank?

• Bond dimension of matrix product states. A generalization of the Schmidt rank to the
multipartite case is the bond dimension of matrix product states (MPS, cf. [PGVWC07]).
Any n-partite pure state can be represented in the form of MPS: as a sequential contraction
of n local tensors (see Equation (87) for the formal definition). The bond dimension of an
MPS is the maximum dimension of the shared indices between neighboring tensors, which
is also a measure of the strength of entanglement. When n = 2, the bond dimension is
exactly the Schmidt rank. Testing whether a state is an MPS of bond dimension r or ε-far
(in trace distance) is of great interest. In [SW22], they provided a tester for this task with
sample complexity O(nr2/ε2) (with perfect completeness); they also showed an Ω(

√
n/ε2)

lower bound. Later in [ABF+24], they proved an Ω(
√
r) lower bound.

Question 3. Can we show a better lower bound for testing MPS?

• Maximal entanglement. A bipartite pure state is maximally entangled if and only if its
reduced density operator (on either part) is maximally mixed. Hence, the tester proposed
in [OW15] for the maximal mixedness of d-dimensional mixed states with sample complexity
O(d) directly implies a sample upper bound O(d) for testing the maximal entanglement of
bipartite pure states.

Question 4. Can we test the maximal entanglement more efficiently by a global tester on
bipartite states instead of on reduced states?

1.2 Our Results

In this paper, we show that, for properties of bipartite pure states, unitary invariance on one part
implies an optimal (over all global testers) local tester acting only on the other part. This suggests a
canonical local tester for entanglement spectra and reveals the limitations of purifications, allowing
us to give answers to the aforementioned questions as well as to prove new lower bounds for a series
of quantum property testing problems.

To illustrate our results, we first introduce the notions of local testers and unitarily invariant
properties (see Section 2.2 for general definitions).

Definition 1.1 (Local testers for bipartite states). Let HAB = HA ⊗ HB be a bipartite Hilbert
space. A (global) tester T with sample complexity N for bipartite states in HAB acts on H⊗N

AB . The
tester T is local on HA, if it acts non-trivially only on H⊗N

A .

Definition 1.2 (Unitarily invariant properties). A property P = (Pyes,Pno) of bipartite pure
states in HAB is unitarily invariant on HA, if (UA⊗IB)|ψ⟩AB ∈ PX for every |ψ⟩AB ∈ PX , unitary
operator UA on HA, and X ∈ {yes,no}, where IB is the identity operator on HB.
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Now we formally state the central result as follows.

Theorem 1.1 (Unitary invariance implies optimal local testability, Theorem 3.1 restated). For
any property P of bipartite pure states in HAB, if P is unitarily invariant on HB, then there is a
local tester on HA for P with optimal sample complexity (over all global testers) with any soundness
and completeness.

Our central result in Theorem 1.1 is non-trivial, and significantly relies on (i) the unitary
invariance of P on one part (HB); and (ii) P is a property of bipartite pure states. To see the
necessity of condition (i), note that not all properties of bipartite pure states have a local tester.
For example, consider property P with Pyes = {|ψ⟩A⊗|ϕ⟩B : |ψ⟩A ∈ HA} and Pno = {|ψ⟩A⊗|γ⟩B :
|ψ⟩A ∈ HA} for some fixed states |ϕ⟩B ̸= |γ⟩B. Then P does not satisfy condition (i), and it
is easy to see there is no local tester on HA for P, because the tester has to obtain knowledge
about Bob’s system. To see the necessity of condition (ii), consider, for example, property P of
mixed quantum states in D(Cd ⊗ Cd) with Pyes = {|ψ⟩⟨ψ|AB : |ψ⟩AB is maximally entangled} and
Pno = {IA/d ⊗ IB/d}. Then P does not satisfy condition (ii), and there is also no local tester for
P, because the reduced density operator of any state in Pyes or Pno on Alice’s system is IA/d.

It is natural to consider whether Theorem 1.1 can be extended to the case when the tested
bipartite quantum state is a mixed state. As will be shown later in Section 1.2.5, in this more
general case, as long as Pyes only consists of pure states, one-way LOCC tester (with details
explained in Section 1.2.5) suffices to achieve the optimality.

Moreover, Theorem 1.1 leads to a series of implications and applications:

• We identify a canonical tester for entanglement spectra (in Section 1.2.1);

• We reveal the limitations of purifications in mixed state testing (in Section 1.2.2);

• We prove new sample lower bounds for bipartite/multipartite state testing (in Section 1.2.3);

• We prove new query lower bounds for unitary property testing (in Section 1.2.4).

1.2.1 Entanglement spectrum testing

Testing properties of entanglement spectra is a basic problem in bipartite state testing. Exam-
ples include the aforementioned questions: testing the Schmidt rank (Question 2) and maximal
entanglement (Question 4) of bipartite pure states. In the following, we characterize a canonical
tester for entanglement spectra of bipartite pure states, which can be taken to consist of locally
performing weak Schur sampling and classically postprocessing the results.

Corollary 1.2 (Optimal canonical tester for entanglement spectra). There is an optimal canonical
tester for entanglement spectra consisting of locally performing weak Schur sampling and classically
postprocessing the results with any soundness and completeness.

Proof sketch. This can be shown by Theorem 1.1 and by noting that any property of the en-
tanglement spectrum of a bipartite pure state in HAB is unitarily invariant both on HA and on
HB, together with the canonical tester for unitarily invariant properties of mixed states given in
[MdW16, Lemma 20].
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1.2.2 Mixed state testing with purifications

Testing properties of mixed states has been extensively studied in the literature (cf. [MdW16,
Section 4.2]). However, it is unclear if purified samples of mixed states would aid testing, as raised
in Question 1.

For a property Q = (Qyes,Qno) of mixed states, its purified version is defined by Purify(Q) =
(Purify(Qyes),Purify(Qno)), where for a set R of mixed states,

Purify(R) = { |ψ⟩AB ∈ HAB : trB(|ψ⟩⟨ψ|AB) ∈ R} . (3)

The consideration of the purified version Purify(Q) can be understood by the observation that
a purification should contain more information than the mixed state itself (and therefore may
be exploited in the property testing). An immediate relation is that the sample complexity (see
Definition 2.2) of Purify(Q) is no greater than that of Q as one can always ignore the ancilla
system and solve Purify(Q) directly via the tester for Q. Surprisingly, it turns out that the extra
information in the purifications do not benefit mixed state testing, thereby giving a negative answer
to Question 1.

Corollary 1.3 (Purified samples offer no advantage in mixed state testing). For every property Q
of mixed quantum states, Purify(Q) and Q have the same sample complexity with any soundness
and completeness.

Proof sketch. This can be shown by Theorem 1.1 and by noting that Purify(Q) is unitarily invariant
on the ancilla qubits of purifications.

Corollary 1.3 bridges two property testing scenarios: bipartite state testing and mixed state
testing. This connection allows us to lift a series of sample lower bounds for mixed state testing to
those for bipartite/multipartite state testing, which will be introduced in Section 1.2.3.

1.2.3 New sample lower bounds

We obtain new sample lower bounds for testing bipartite pure states by lifting the sample lower
bounds for their corresponding properties of mixed states. The first three give answers to Ques-
tions 2 to 4, of which the importance has been already introduced in Section 1.1. The fourth can
be applied to prove a new quantum query lower bound in Section 1.2.4 later.

Schmidt rank. We show the first general lower bound for testing the Schmidt rank of bipartite
pure states, thereby giving a positive answer to Question 2.1

Corollary 1.4 (Schmidt rank, Theorem 4.1 restated). Any tester for determining whether the
Schmidt rank of a bipartite pure state is at most r or ε-far (in trace distance) requires sample
complexity Ω(r/ε2). Moreover, when perfect completeness is required, it requires sample complexity
Ω(r2/ε2).

Using the method proposed in [OW15] for testing the rank of mixed states, we can test the
Schmidt rank of bipartite pure states with prefect completeness with sample complexity O(r2/ε2)
(see also [SW22]), which is shown to be optimal by Corollary 1.4.

Moreover, Corollary 1.4 can be generalized to multipartite case later in Corollary 1.5.

1A closely related problem was considered in [ABF+24, Lemma 13]. They showed that, determining whether a
d-dimensional bipartite state has Schmidt rank at most 2polylog(log(d)) (which is negligible compared to d) requires
sample complexity ω(polylog(d)).
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Bond dimension of matrix product states. We show lower bounds for testing MPS (with
open boundary condition [PGVWC07], defined by Equation (87)).

Corollary 1.5 (Bond dimension of MPS, Theorem 4.3 restated). For any n ≥ 2 and r ≥ 2, any
tester for determining whether an n-partite pure state is an MPS of bond dimension r or ε-far (in
trace distance) requires sample complexity Ω((

√
nr + r)/ε2). Moreover, when perfect completeness

is required, it requires sample complexity Ω((
√
nr + r2)/ε2).

Previously in [SW22], they showed an Ω(
√
n/ε2) lower bound for testing n-partite MPS of bond

dimension r, while leaving the r-dependence open. Later in [ABF+24], they showed an Ω(
√
r) lower

bound as long as r ≤ 2n/8. In Corollary 1.5, we improve both the lower bounds in [SW22, ABF+24]
by a factor of

√
r and our lower bound requires no restrictions between r and n.

When perfect completeness is required, a tester in [SW22] was proposed with sample complexity
O(nr2/ε2). In Corollary 1.5, we show a matching lower bound Ω(r2/ε2) with respect to both r and
ε for any n ≥ 2 and r ≥ 2.

Maximal entanglement. We show a matching lower bound for testing whether a bipartite
pure state is maximally entangled, implying that the tester of [OW15] for mixedness with sample
complexity O(d/ε2) is optimal for testing maximal entanglement, thereby giving a negative answer
to Question 4.2

Corollary 1.6 (Maximal entanglement, Theorem 4.10 restated). Any tester for determining whether
a bipartite pure state in Hilbert space Cd ⊗ Cd is maximally entangled or ε-far (in trace distance)
requires sample complexity Ω(d/ε2).

Compared to the full entanglement spectrum, the entanglement entropy is a more concise quan-
tification of the strength of entanglement. We also show a lower bound for testing whether the
entanglement entropy is low or high.

Corollary 1.7 (Entanglement entropy, Theorem 4.11 restated). For any constant α > 0, any tester
for determining whether the α-Rényi entanglement entropy of a bipartite pure state in Hilbert space
Cd ⊗ Cd is low (≤ a) or high (≥ b) requires sample complexity Ω(d/∆ + d1/α−1/∆1/α), where
∆ = b− a. Note that α = 1 means the case for the von Neumann entanglement entropy.

The sample lower bound in Corollary 1.7 will later be used to prove new query lower bounds in
Section 1.2.4.

Uniform Schmidt coefficients. We show a matching lower bound for distinguishing between
the cases when the entanglement spectrum is uniform on r or r+ ∆ non-zero Schmidt coefficients,
implying that the tester of [OW15] for distinguishing between the cases when the spectrum is
uniform on r and r + ∆ eigenvalues with sample complexity O(r2/∆) is optimal for the bipartite
case.

Corollary 1.8 (Uniform Schmidt coefficients, Theorem 4.12 restated). Any tester for determining
whether the entanglement spectrum of a bipartite pure state is uniform on r or r + ∆ Schmidt
coefficients requires sample complexity Ω∗(r2/∆).3

2In [HMT06, AHL+14], they consider testing whether a bipartite pure state is the specific maximally entangled
state 1√

d

∑
i|i⟩|i⟩ with LOCC or few qubits communication. The lower bound in Corollary 1.6 does not apply to their

case, because the property they considered is not unitarily invariant on either part.
3Ω∗(·) suppresses quasi-polylogarithmic factors, e.g., ro(1).
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Productness. A multipartite pure state is product if it can be written as a tensor product of
local states. A state that is not product is actually entangled. Testing the productness was first
discussed in [MKB05] and later extensively analyzed in [HM10, SW22, JW24]. It is known that
productness can be tested with sample complexity O(1/ε2) by the tester in [HM10] (cf. [MdW16]).
We show a matching lower bound for testing the productness, which was already noted in [SW22].4

Corollary 1.9 (Productness, Theorem 4.13 restated). Any tester for determining whether a bi-
partite pure state is a product state or ε-far (in trace distance) requires sample complexity Ω(1/ε2).

1.2.4 New query lower bounds

Beyond the aforementioned new quantum sample lower bounds, we also obtain new quantum query
lower bounds.

Entanglement entropy. The entanglement entropy problem with query access to a reflection
oracle studied in [SY23] is given as follows. Let UAB = IAB − 2|ψ⟩⟨ψ|AB be a unitary operator on
HAB, where |ψ⟩AB ∈ HAB. For α > 0 and 0 < a < b ≤ ln(d), let QEntanglementEntropyα,a,b

be the problem to determine which is the case (promised that it is in either case):

• Low entropy: Eα(|ψ⟩AB) ≤ a;

• High entropy: Eα(|ψ⟩AB) ≥ b,

where Eα(·) is the α-Rényi entanglement entropy. The quantum query complexity for the entan-
glement entropy problem was recently studied in the literature (for the case of α = 2):

• It was shown in [SY23] that Q(QEntanglementEntropy2,a,b) = Ω(ea/4), which implies an
Ω( 4

√
d) lower bound when a is close to ln(d);

• It was shown in [WZ23] that Q(QEntanglementEntropy2,a,b) = Ω̃(1/
√

∆) where ∆ =
b− a, and this was later improved to Ω(1/

√
∆) in [Weg24].

We show a query lower bound for the entanglement entropy problem for general α by lifting the
sample lower bound given in Corollary 1.7 via quantum sample-to-query lifting [WZ23].

Corollary 1.10 (Entanglement entropy problem, Theorem 5.1 restated). For any constant α > 0,
any tester for QEntanglementEntropyα,a,b requires query complexity Ω̃(

√
d/∆+

√
d1/α−1/∆1/α),

where ∆ = b− a.

We can see that all prior lower bounds only consider the case of α = 2. By comparison,
Corollary 1.10 gives lower bounds for any α > 0; especially, for the case of α = 2, it gives a
lower bound Ω̃(

√
d/∆), which covers the aforementioned lower bounds Ω( 4

√
d) and Ω̃(1/

√
∆) by

[SY23, WZ23, Weg24]. Moreover, it is worth noting that the query lower bound in Corollary 1.10
is multiplicative in d and ∆.

4The matching lower bound was noted in the paragraph after [SW22, Proposition 1.2]. Here, we prove it by
a different reduction from purity testing. Note that a product state is actually an MPS of bond dimension r =
1. However, the lower bound Ω(r/ε2) given in Corollary 1.5 does not imply the lower bound Ω(1/ε2) for testing
productness because the condition r ≥ 2 is required in the proof of Lemma 4.4.
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1.2.5 Extension to bipartite mixed states

In the above we are only concerned about bipartite pure quantum states. What if the tested
quantum states can be mixed states? Here, unitarily invariant properties in Definition 1.2 can
be naturally extended to mixed states (see Definition 2.3). We prove the following theorem as
an extension of Theorem 1.1: as long as Pyes only consists of pure states (while Pno can contain
mixed states), the unitary invariance on one part still implies an optimal one-way LOCC tester
(see Definition 2.5) over all global testers.

Theorem 1.11 (Unitary invariance implies optimal LOCC tester for mixed input, Theorem 6.1
restated). For any property P = (Pyes,Pno) of bipartite mixed states that is unitarily invariant on
HB, if Pyes only consists of pure states, then there is a one-way LOCC tester for P with optimal
sample complexity (over all global testers).

The LOCC setting (cf. [Wat18, CLM+14]) has been widely studied in the context of property
testing of bipartite quantum states. For example, the verification of bipartite pure state was
considered in [HMT06, AHL+14, WH19, ZH19, PLM18], i.e., verifying whether a given quantum
device successfully produces a designated bipartite state. In [HMT06], the designated state is the
standard maximally entangled state, which was further studied by [AHL+14] using communication
with few qubits. Other tasks have also been studied, e.g., purity testing [Mat10] and inner product
estimation [ALL22].

1.3 Techniques

Now let us give a brief overview of the main techniques used in this paper to obtain the optimalities
of local testers for pure states and one-way LOCC testers for mixed states. Our results are based
on an extended Schur-Weyl duality on bipartite systems (see Lemma 2.8), which decomposes the
tensor product of N bipartite systems into irreducible spaces of the group SN × SN × Ud × Ud
(the direct product of symmetric groups on N letters and unitary groups on d-dimensional Hilbert
space), where the first SN and the first Ud act on Alice’s system, and the others act on Bob’s
system. Specifically,

H⊗N
AB

(SN×SN )×(Ud×Ud)∼=
⊕

λ1,λ2⊢(N,d)

Vλ1,A ⊗ Vλ2,B ⊗Wλ1,A ⊗Wλ2,B, (4)

where Vλ,A = Vλ,B := Vλ and Wλ,A = Wλ,B := Wλ are irreducible representations of SN and Ud,
respectively.

Local tester for pure states. Our construction builds on two key observations.

1. Our first observation is that if the property is unitarily invariant on Bob’s system, we can
safely “discard” those irreducible spaces of Ud possessed by Bob (see Equation (5)), and force
it to be maximally mixed states. This does help to decouple the bipartite states to some
extent. However, it is not yet sufficient for us to locally test the states on Alice’s part, since
Bob’s irreducible spaces of SN may still be entangled with Alice’s system.

2. Our second observation is that the pure tested state obeys a normal form on these irreducible
spaces (see Lemma 3.6), due to the invariance of the tensor product of N pure samples under
the group actions of (π, π) ∈ SN × SN , called simultaneous-permutations. Then, we can see
that the tensor state in any irreducible representation of SN×SN must be maximally entangled
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in the standard basis, and therefore the isotypic representations (with respect to SN ) of Alice
and Bob can only be coupled when they are isomorphic (this fact was previously observed
in [MH07] and is closely related to the (GLn,GLm)-duality [How87] in classical invariant
theory). Therefore, we can define a local tester that mimics the behavior of the global tester
acting and post-selecting on these maximally entangled states (see Equation (5)), which also
has exactly the same sample complexity as the global tester.

Specifically, suppose that T is a (global) tester with sample complexity N for a property P of
bipartite pure states that is unitarily invariant on HB. Then, one can construct the following local
tester on HA:

T̂ :=
∑

λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
·

H⊗N
A︷ ︸︸ ︷

IVλ,A
⊗ trWλ,B︸ ︷︷ ︸

Observation 1

[
⟨⟨IVλ

|
(∫

U∈Ud

U⊗N
B T U †⊗N

B

)
|IVλ

⟩⟩︸ ︷︷ ︸
Observation 2

]
⊗

H⊗N
B︷︸︸︷
IB ,

(5)
and it can be shown that T̂ is a local tester for P with sample complexity N .

Applications in proving new lower bounds. The local tester allows us to investigate the lower
bounds for property testing problems regarding bipartite pure states by reductions of property
testing of mixed states (as shown in Section 1.2.3). For example, the rank of mixed states reduces
to the Schmidt rank of bipartite pure states. Furthermore, these new sample lower bounds for
testing bipartite pure states imply new query lower bounds when the oracle is a reflection operator
by the sample-to-query lifting [WZ23] (as shown in Section 1.2.4).

One-way LOCC tester for mixed states. When the provided states are mixed, the previous
normal form no longer exists, as the tensor product of samples of a mixed state only commutes with
the actions of simultaneous-permutations but is not invariant under them. Nevertheless, we can
still make use of this property. That is, we can define a new tester that commutes with both the
actions of Ud on Bob’s system and the actions of simultaneous-permutations (see Equation (150)).
Notably, we prove that this tester can be embedded with a purity-tester [Mat10] without affecting
its success probability (see Lemma 6.4); here, the purity-tester can be viewed as the projector onto
the subspace spanned by the samples of bipartite pure states, or the symmetric subspace if we
consider the bipartite system as a whole system. The embedded tester turns out to have a normal
form that fixes a maximally entangled state on each isomorphic pair of the irreducible spaces of
SN , and such maximally entangled state can be approximated by one-way LOCC as suggested in
[HMT06]. Therefore, the embedded tester can be implemented through one-way LOCC in a similar
manner, with only an overhead of a constant factor in the sample complexity (see Lemma 6.5).

1.4 Related Work

1.4.1 Comparison with [SW22]

A result prior to Theorem 1.1 was given in [SW22, Theorem 5.2], where they also showed an optimal
local tester for unitarily invariant properties. However, their result requires unitary invariance on
both parts. By contrast, our stronger result applies to the case of single-part unitary invariance,
which provides the following advantages.

1. Better lower bounds: we are able to prove a better lower bound of Ω((
√
nr + r)/ε2) (see

Corollary 1.5) for testing matrix product states than the lower bound Ω(
√
n/ε2) in [SW22,

Theorem 1.4]. More technical details can be found in Section 4.2 (especially Lemma 4.6).
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2. More applications: we are able to show that purified samples offer no advantage in property
testing of mixed states (see Corollary 1.3); and our result was recently applied to complexity
theory for quantum promise problems [CCHS24] (see recent developments in Section 1.4.2).

1.4.2 Recent Developments

After the work described in this paper, there have been several recent developments.
Liu, Gong, Du, and Cai [LGDC24] further investigated the property testing of a mixed state

with and without its purifications. In particular, their Theorems 1 and 2 show that the purified
samples can provide certain exponential advantages over the mixed samples when (i) the ancilla
system for the purification is of constant dimension and (ii) only incoherent measurements are
allowed. Intuitively, such advantage relies on that when the ancilla dimension is constant, certain
quantities like tr(ρt) for integer t can be estimated by performing measurements only on the ancilla
system.

Lovitz and Lowe [LL24] further investigated the sample complexity of testing tree tensor network
states (TTNS), with MPS a special case of TTNS. In particular, their Theorem 1.1 implies a
matching (up to a logarithmic factor) lower bound Ω(nr2/(ε2 log n)) for the MPS testing with one-
sided error (i.e., perfect completeness; see Definition 2.1), thereby showing the optimality of the
one-sided error algorithm in [SW22]. However, it is still open whether there exists a lower bound
for the case of two-sided error (i.e., the default setting [MdW16]; see Definition 2.1) better than
the Ω((

√
nr + r)/ε2) provided in our Corollary 1.5.

Chia, Chung, Huang, and Shih [CCHS24] established the separation of quantum promise com-
plexity classes (pBQP/poly ⊊ pBQP/qpoly and mBQP/poly ⊊ mBQP/qpoly), and resolved an open
problem in [MNY24] concerning unconditional secure quantum commitment schemes, where our
result (Theorem 3.7) is used in their proof as an important step.

1.5 Discussion

In this paper we prove that for properties of bipartite pure quantum states, the unitary invariance
on one part implies the existence of a local tester on the other part that achieves the optimal sample
complexity over all global testers. An implication is that purified samples offer no advantage in
property testing of mixed states, which is then applied to obtain a series of new quantum sample
lower bounds. In particular, we prove the first general lower bound for testing Schmidt rank,
thereby answering an open question in [MdW16]. We improve the prior best lower bounds for
testing MPS by [SW22, ABF+24]; furthermore, when perfect completeness is required, we show
a matching lower bound with respect to the rank and precision. We also show new sample lower
bounds for testing maximal entanglement, entanglement entropy and uniform Schmidt coefficients.
Beyond the sample complexity, we are also able to prove a new quantum query lower bound for the
entanglement entropy problem considered in [SY23]. Finally, we extend our central result to the
case of mixed state input, and show that one-way LOCC is sufficient to realize the optimal tester.

We list several open questions for future works as follows:

1. Theorem 1.1 actually implies the following duality:

unitary invariance on one part ⇐⇒ an optimal local tester on the other part, (6)

which strengthened the folklore duality in Equation (1). In Theorem 1.11, we have shown
that when the tested quantum states are mixed and Pyes only consists of pure states, the
unitary invariance on one part implies the existence of an optimal (over all global testers)
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one-way LOCC tester. Does the converse implication also hold? That is, can we prove that
the existence of an optimal one-way LOCC tester implies both the unitary invariance and
that Pyes only consists of pure states?

2. In addition to the first question, one might be wondering if Theorem 1.1 can be extended
to the property testing of mixed states in a more general sense, without restricting Pyes to
only consisting of pure states. In other words, for any property P of bipartite mixed states
unitarily invariant on one part, is there an optimal (over all global testers) and canonical
tester with some locality constraints for testing P?

3. Corollaries 1.4 and 1.5 provide the lower bounds Ω(r) for testing the Schmidt rank and
Ω(

√
nr + r) for the bond dimension of MPS (with two-sided error), respectively. However,

the current best upper bounds for these two problems are O(r2) due to [OW15, Theorem
1.11], and O(nr2) due to [SW22, Theorem 1.3]. There are still gaps between the upper and
lower bounds. One interesting question is whether our lower bounds can be further improved.
It is worth noting that in [LL24], they showed a matching (up to a logarithmic factor) lower
bound Ω(nr2/(ε2 log n)) for testing MPS with one-sided error.

4. The applications of our results are not limited to the sample complexity of property test-
ing. For example, in Corollary 1.10, a new quantum query lower bound was proved for the
entanglement entropy problem, by applying the quantum sample-to-query lifting [WZ23] to
Corollary 1.7. Can we use similar approaches to show more quantum query lower bounds?

5. The power and limitations of incoherent (single-copy) testers have been studied for different
tasks (e.g., [ACQ22, CCHL22, ALL22, CWLY23, FFGO23, BCO24, LW24]). The optimal
local tester constructed in our paper requires a coherent (multi-copy) measurement on the
local samples possessed by Alice (or Bob). Therefore, one may ask whether the optimality
still holds in the incoherent setting. That is, for unitarily invariant properties, can incoherent
local tester achieve the optimal sample complexity over all incoherent global testers?

1.6 Organization

The remainder of the paper is organized as follows. In Section 2, the basic notations and concepts
of testing quantum states and the representation theory are introduced. The central result (Theo-
rem 1.1) will be presented and proved in Section 3. The limitations of purification (Corollary 1.3)
will be used in Section 4 to obtain a series of new sample lower bounds; and in Section 5, a new query
lower bound will be further derived. Finally, the extension of the central result (Theorem 1.11) will
be presented and proved in Section 6.

2 Preliminaries

2.1 Notations

Suppose H is a Hilbert space of dimension d, equipped with a standard basis (e.g., the computational
basis). We use |ψ⟩ to denote a vector (or, a pure state) in H, and use ⟨ψ| to denote the Hermitian
conjugate of |ψ⟩. A mixed quantum state given by an ensemble {(λj , |ψ⟩j)}j of pure quantum
states, where

∑
j λj = 1 and λj ≥ 0, can be described by a density operator ρ =

∑
j λj |ψj⟩⟨ψj |.

For two mixed quantum states ρ and σ, their fidelity is defined by F(ρ, σ) = tr[
√√

σρ
√
σ] and

their trace distance is defined by dtr(ρ, σ) = 1
2 tr(|ρ − σ|). The two measures have the following

relation.
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Lemma 2.1 (Fuchs–van de Graaf, [FvdG99, Theorem 1]). For mixed quantum states ρ and σ, we
have

1 − F(ρ, σ) ≤ dtr(ρ, σ) ≤
√

1 − F(ρ, σ)2. (7)

A linear map X : H → H can be turned into a d× d complex-valued matrix with respect to the
standard basis. The set of all d × d complex-valued matrices can be formed as a d2-dimensional
vector space Cd2 by simply flattening the matrices to vectors (row-major). For a d× d matrix X,
we use |X⟩⟩ to denote the corresponding element in this vector space. For example,

||ψ⟩⟨ϕ|⟩⟩ = |ψ⟩|ϕ∗⟩, |XY Z†⟩⟩ = X ⊗ Z∗|Y ⟩⟩, (8)

where |ϕ∗⟩ and Z∗ are the entry-wise complex conjugate of the pure state |ϕ⟩ and linear operator
Z (with respect to the standard basis), respectively. The inner product of this vector space is
thus defined by ⟨⟨A|B⟩⟩ = tr(A†B). We will use IH to denote the identity map on H. Thus,
|IH⟩⟩ =

∑
i|i⟩|i⟩ is a (non-normalized) maximally entangled state with respect to the standard

basis.

Remark 2.1. For convenience, we may use the vertical form
X
Y

to denote the tensor X ⊗ Y . For

example, Equation (8) can be written as

||ψ⟩⟨ϕ|⟩⟩ =
|ψ⟩
|ϕ∗⟩ , |XY Z†⟩⟩ =

X
Z∗|Y ⟩⟩. (9)

2.2 Quantum State Testing

Let D(H) denote the set of mixed states in Hilbert space H. A property of mixed quantum states
in D(H) is a pair of disjoint sets P = (Pyes,Pno) with Pyes ∩Pno = ∅ and Pyes ∪Pno ⊆ D(H). The
notion of quantum testers for properties of quantum states is given as follows.

Definition 2.1 (Testers for properties of quantum states). A tester T is described by a semi-
definite operator 0 ⊑ T ⊑ I, where ⊑ is the Löwner order and I is the identity operator. For
0 ≤ s < c ≤ 1, T is called a (c, s)-tester for property P = (Pyes,Pno) with sample complexity N , if

• Completeness: For every ρ ∈ Pyes, T accepts with probability tr[T ρ⊗N ] ≥ c,

• Soundness: For every ρ ∈ Pno, T accepts with probability tr[T ρ⊗N ] ≤ s.

In particular,

• A tester for P (in the default setting [MdW16]) means a (2/3, 1/3)-tester for P,

• A tester for P with perfect completeness means a (1, 1/3)-tester for P.

Definition 2.2 (Sample complexity). For 0 ≤ s < c ≤ 1, the (c, s)-sample complexity of property P,
denoted by Sc,s(P), is the minimum sample complexity over all (c, s)-testers for P. In particular, we
write S(P) := S2/3,1/3(P) (in the default setting) and S1(P) := S1,1/3(P) (with perfect completeness).

Remark 2.2. The notation S1(·) for the sample complexity with perfect completeness is due to the
same reason for the notation QMA1 for the class of QMA with perfect completeness [Bra11, GN16].
It trivially holds that S(P) ≥ S1(P).

For two properties P and Q, we denote P ⊆ Q if PX ⊆ QX for X ∈ {yes,no}. It is easy to see
that if P ⊆ Q, then any tester for Q is also a tester for P, which implies the following fact.
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Fact 2.2. For properties P and Q, if P ⊆ Q, then Sc,s(P) ≤ Sc,s(Q).

The property induced by a set R of mixed states in D(H) with sensitivity parameter ε is denoted
by Rε = (Ryes,Rno), where Ryes = R and

Rno = R≥ε = { ρ ∈ D(H) : dtr(ρ, σ) ≥ ε for every σ ∈ R} . (10)

Here, dtr(·, ·) is the trace distance. Note that Ryes ∪Rno ⊆ D(H).

Bipartite state testing. Let HAB = HA⊗HB be the Hilbert space of bipartite pure states with
HA = HB = Cd,5 where the subspaces HA and HB are possessed by Alice and Bob, respectively. For
clarity, a pure state in HA is associated with the subscript A, e.g., |ψ⟩A. Moreover, the conjugate of
|ψ⟩A is denoted as ⟨ψ|A, and the density operator of |ψ⟩A is denoted as |ψ⟩⟨ψ|A. Let P = (Pyes,Pno)
be a property of bipartite mixed states in D(HAB). If both Pyes and Pno only consist of bipartite
pure states, then P is called a property of bipartite pure states; in this case, we may assume that
Pyes and Pno are subsets of HAB.

We introduce the notion of unitarily invariant properties of bipartite (mixed) states as follows.

Definition 2.3 (Unitarily invariant properties). A property P = (Pyes,Pno) of bipartite mixed

states in D(HAB) is said to be unitarily invariant on HA, if (UA ⊗ IB)ρ(U †
A ⊗ IB) ∈ PX for any

ρ ∈ PX , X ∈ {yes,no}, and any unitary operator UA on HA. The unitary invariance on HB is
defined similarly.

Definition 2.3 extends the definition of unitarily invariant properties (of pure states) in Defini-
tion 1.2 to mixed states.

Definition 2.4 (Local testers for bipartite states). A tester T acting on H⊗N
AB is said to be a local

tester on HA, if T = MA ⊗ IB, where MA is a linear operator on H⊗N
A with 0A ⊑MA ⊑ IA.

We also give the definition of one-way LOCC tester as follows.

Definition 2.5 (One-way LOCC testers for bipartite states). A tester T acting on H⊗N
AB is said

to be a one-way LOCC tester from Bob to Alice, if it can be implemented through the following
strategy:

1. Bob first performs a measurement on H⊗N
B and send a classical message to Alice,

2. Alice then performs a measurement on H⊗N
A and accepts or rejects.

The property induced by a set Q of bipartite pure states in HAB with sensitivity parameter ε
is denoted by Qε = (Qyes,Qno), where Qyes = Q and

Qno = Q≥ε = { |ψ⟩AB ∈ HAB : dtr(|ψ⟩AB, |ϕ⟩AB) ≥ ε for every |ϕ⟩AB ∈ Q} . (11)

Note that Qyes ∪Qno ⊆ HAB.

5Throughout this paper, we assume that HA and HB have the same dimension d for simplicity. Actually, all
results in this paper can be generalized to the general case when HA and HB have different dimensions.
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2.3 Basic Representation Theory

Herein, we recall some basics of representation theory.

Definition 2.6. A complex representation of a group G is a pair (µ,H), where H is a Hilbert space,
and µ : G → GL(H) is a group homomorphism. Here, GL(H) denotes the general linear group of
H, i.e., the group of invertible linear maps H → H.

Remark 2.3. If the context is clear, we will refer to a representation (µ,H) of G by either the
group homomorphism µ, or the space H. We also call µ(g) the action of g ∈ G on H. Moreover,
if the group action is clear in the context or does not particularly concern us, we will directly write
g for µ(g).

For a group G, a sub-representation of (µ,H) is a representation (µ′,H′), where H′ is a subspace
of H and µ′(g) is simply the restriction of µ(g) to H′.

Definition 2.7. A representation H of G is irreducible if the only sub-representations of H are
{0} and H itself.

A representation homomorphism between two representations (µ1,H1), (µ2,H2) of group G is
a linear operator F : H1 → H2 which commutes with the action of G, i.e.,

Fµ1(g) = µ2(g)F. (12)

A representation isomorphism is a representation homomorphism that is also an isomorphism of
vector space (full-rank linear map). Two representations H1 and H2 of a group G are said to be

isomorphic if there exists an representation isomorphism between them, and we write H1

G∼= H2.

Proposition 2.3 (Schur’s lemma, see, e.g. [EGH+11, Proposition 2.3.9]). Let H1,H2 be irreducible
representations of a group G. If F : H1 → H2 is a non-zero homomorphism of representations,
then F is an isomorphism.

In this paper, we mainly focus on representations of finite groups and compact Lie groups. Any
finite-dimensional representation of a finite group or a compact group is isomorphic to a unitary
representation. For example, if G is finite and µ is a representation of G, then we can define a new
representation µ′ by

µ′(g) = M1/2µ(g)M−1/2, where M =
1

|G|
∑
h∈G

µ(h)†µ(h). (13)

Simple calculations show that µ′ is unitary, and M1/2 is an isomorphism. Similarly, for compact
Lie groups, the summation is replaced by integral over the Haar measure [Kir08].

Remark 2.4. Throughout this paper, we assume that all representations are unitary.

Corollary 2.4. Suppose (µ1,H1) and (µ2,H2) are two non-isomorphic irreducible representations
of a finite group G and V1,V2 are vector spaces. Suppose F : V1 ⊗H1 → V2 ⊗H2 is a linear map.
Then,

1

|G|
∑
g∈G

(IV2 ⊗ µ2(g))F (IV1 ⊗ µ1(g))† = 0. (14)

If G is a compact Lie group, the above property still holds except that the average sum is replaced
by the Haar integral over G.
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Proof. Suppose F =
∑

iXi ⊗ Yi where Xi : V1 → V2 and Yi : H1 → H2 are linear maps. We have

1

|G|
∑
g∈G

(IV2 ⊗ µ2(g))Xi ⊗ Yi(IV1 ⊗ µ1(g))† =
1

|G|
∑
g∈G

(IV2 ⊗ µ2(g))Xi ⊗ Yi(IV1 ⊗ µ1(g
−1)) (15)

= 0, (16)

where the first equality is by the unitary representation, and the second equality is by Schur’s
lemma (Proposition 2.3) and the fact that H1 ≇ H2 are both irreducible. Then, Equation (14)
follows immediately.

If G is a compact Lie group, the proof is similar, except that the average summation becomes
Haar integral.

Corollary 2.5. Suppose (µ,H) is an irreducible representation of a finite group G and V1,V2 are
vector spaces. Suppose F : V1 ⊗H → V2 ⊗H is a linear map. Then,

1

|G|
∑
g∈G

(IV2 ⊗ µ(g))F (IV1 ⊗ µ(g))† =
1

dim(H)
trH(F ) ⊗ IH. (17)

If G is a compact Lie group, the above property still holds except that the average sum is replaced
by the Haar integral over G.

Proof. Suppose F =
∑

iXi ⊗ Yi where Xi : V1 → V2 and Yi : H → H are linear maps. We have

1

|G|
∑
g∈G

(IV2 ⊗ µ(g))Xi ⊗ Yi(IV1 ⊗ µ(g))† =
1

|G|
∑
g∈G

(IV2 ⊗ µ(g))Xi ⊗ Yi(IV1 ⊗ µ(g−1)) (18)

=
tr(Yi)

dim(H)
Xi ⊗ IH. (19)

where the first equality is by the unitary representation, and the second equality is by the Schur’s
lemma (Proposition 2.3) and the fact that H is irreducible. Then, Equation (17) follows immedi-
ately.

If G is a compact Lie group, the proof is similar, except that the average summation becomes
Haar integral.

Proposition 2.6. If H1, H2 are irreducible representations of groups G1 and G2, respectively, then
H1⊗H2 is also an irreducible representation of the group G1×G2, and the group action is simply:

(g1, g2)|v1⟩ ⊗ |v2⟩ = g1|v1⟩ ⊗ g2|v2⟩, (20)

where g1 ∈ G1, g2 ∈ G2, |v1⟩ ∈ H1, |v2⟩ ∈ H2.

2.4 Schur-Weyl Duality on Bipartite Systems

Young diagram. A Young diagram λ with N boxes and r rows can be identified by a partition
(λ1, . . . , λr) of N such that

∑
i λi = N and λ1 ≥ · · · ≥ λr > 0. For example, the Young diagram

with 8 boxes and 3 rows, identified by the partition (4, 3, 1) is:

. (21)
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We will write write λ ⊢ N to mean that λ is a Young diagram with N boxes, and write λ ⊢ (N, d)
to mean that λ is with N boxes and with no more than d rows.

Given a Young diagram λ ⊢ N , a standard Young tableau T of shape λ can be identified by
a filling of the N boxes of λ by the integers 1, . . . , N , using each number once and the integers
increase from left to right and from top to bottom. For example, one valid standard Young tableau
with shape (4, 3, 1) is

1 3 4 6

2 7 8

5

. (22)

Schur-Weyl duality. Now, consider the Hilbert space (Cd)⊗N . This space admits representa-
tions of the symmetric group SN and unitary group Ud. The unitary group acts by simultaneous
“rotation” as U⊗N for any U ∈ Ud and the symmetric group acts by permuting tensor factors:

P (π)|ψ1⟩ · · · |ψN ⟩ = |ψπ−1(1)⟩ · · · |ψπ−1(N)⟩, (23)

where π ∈ SN . Two actions U⊗N and P (π) commute with each other, and hence (Cd)⊗N admits a
representation of group SN × Ud. More specifically, we have:

Proposition 2.7 (Schur-Weyl duality [FH13]).

(Cd)⊗N
SN×Ud∼=

⊕
λ⊢(N,d)

Vλ ⊗Wλ, (24)

where Vλ and Wλ are irreducible representations of SN and Ud, respectively, and λ ⊢ (N, d) refers
to the Young diagram with N boxes and with no more than d rows.

Remark 2.5. For clarity, we will use Pλ(π) to denote the action of π ∈ SN on the irreducible
representation Vλ, and use Qλ(U) to denote the action of U ∈ Ud on the irreducible representation
Wλ.

Remark 2.6. We assume that all representations of the symmetric group are real representations,
since they are realizable over the field of real numbers [Ser77].

Schur-Weyl duality on bipartite systems. Now, we consider the Hilbert space H⊗N
AB = (HA⊗

HB)⊗N ∼= (Cd ⊗ Cd)⊗N .
Denote by SN the symmetric group on N letters. We define the action of SN ×SN on the space

H⊗N
AB = (HA ⊗HB)⊗N as

(π, σ) · |ψA,1⟩|ψB,1⟩ · · · |ψA,N ⟩|ψB,N ⟩ = |ψA,π−1(1)⟩|ψB,σ−1(1)⟩ · · · |ψA,π−1(N)⟩|ψB,σ−1(N)⟩, (25)

where (π, σ) ∈ SN × SN . Therefore, the action of (π, σ) is equivalent to PA(π) ⊗ PB(σ) where
PA(π) and PB(σ) acts on H⊗N

A and H⊗N
B , respectively. Moreover, if we identify the group SN as a

subgroup of SN × SN by:
SN ∋ π 7→ (π, π) ∈ SN × SN , (26)

then we obtain an action of SN on H⊗N
A ⊗H⊗N

B called the simultaneous-permutation:

(π, π) · |ψA,1⟩|ψB,1⟩ · · · |ψA,N ⟩|ψB,N ⟩ = |ψA,π−1(1)⟩|ψB,π−1(1)⟩ · · · |ψA,π−1(N)⟩|ψB,π−1(N)⟩, (27)
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where π ∈ SN . In other words, the simultaneous-permutation of π ∈ SN on HAB is thus PA(π) ⊗
PB(π).

Denote by Ud the unitary group of dimension d. We define the action of Ud × Ud on the space
H⊗N

AB = (HA ⊗HB)⊗N as

(U, V ) · |ψA,1⟩|ψB,1⟩ · · · |ψA,N ⟩|ψB,N ⟩ = U |ψA,1⟩V |ψB,1⟩ · · ·U |ψA,N ⟩V |ψB,N ⟩, (28)

where (U, V ) ∈ Ud × Ud. Therefore, the action of (U, V ) is equivalent to U⊗N ⊗ V ⊗N where U⊗N

and V ⊗N act on H⊗N
A and H⊗N

B , respectively.

Lemma 2.8 (Schur-Weyl duality on bipartite system). The bipartite system can be decomposed
into a direct sum of irreducible representations as follows:

H⊗N
AB

(SN×SN )×(Ud×Ud)∼=
⊕

λ1,λ2⊢(N,d)

Vλ1,A ⊗ Vλ2,B ⊗Wλ1,A ⊗Wλ2,B, (29)

where Vλ,A = Vλ,B := Vλ and Wλ,A = Wλ,B := Wλ are irreducible representations of SN and Ud,
respectively, and the spaces notated with A and B are possessed by Alice and Bob, respectively.

Proof. Note that HAB = HA ⊗ HB and HA = HB = Cd. Then, the decomposition into irre-
ducible representations shown in Equation (29) can be seen by combining Proposition 2.7 with
Proposition 2.6.

Remark 2.7. In Lemma 2.8, we write Vλ,A = Vλ,B (or Wλ,A = Wλ,B) to mean that Vλ,A, Vλ,B
(or Wλ,A, Wλ,B) are mathematically the same thing. However, they physically belong to Alice and
Bob, respectively. If we are only interested in their intrinsic mathematical structures, we may omit
the notation A or B in the subscriptions.

Remark 2.8. The similar notation style will be used in other situations. For example, suppose
U ∈ Ud is a unitary matrix. Then, we will use UB to mean that this unitary is acting on Bob’s
system, and use Qλ,A(U) to denote an irreducible action of U corresponding to λ on Alice’s system.
Therefore, for a mathematical object O, adding a subscript A or B is not to change its intrinsic
meaning but only to emphasize which system it is related to.

3 Optimal Local Tester for Bipartite Pure States

In this section, we will show how to construct an optimal local tester for unitarily invariant prop-
erties of bipartite pure states, and thus prove Theorem 1.1. We formally state it as follows.

Theorem 3.1 (Optimal local tester). Let P be a property of bipartite pure states in HAB. If P is
unitarily invariant on HB, then, for any parameters 0 ≤ s < c ≤ 1, there exists a local (c, s)-tester
on HA for P that achieves the sample complexity Sc,s(P).

3.1 Construction (Proof of Theorem 3.1)

To prove Theorem 3.1, let T be a (possibly global) (c, s)-tester for P with sample complexity
Sc,s(P), then we use the following theorem to show the existence of an optimal local tester that
also achieves sample complexity Sc,s(P).

Theorem 3.2. Suppose P is a property of bipartite pure states in HAB that is unitarily invariant
on HB. For any 0 ≤ s < c ≤ 1, if T is a (c, s)-tester for P with sample complexity N , then there
is a local (c, s)-tester T̂ for P on HA that also has sample complexity N .
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Proof. Our construction of the local (c, s)-tester T̂ on HA is given as follows.

1. We first construct a new tester

T̃ :=

∫
U∈Ud

U⊗N
B T U †⊗N

B , (30)

where U is a Haar random unitary matrix, and UB means U is acting on the system HB.

2. Then, we construct a local tester T̂ on HA by localizing the tester T̃ :

T̂ :=

 ∑
λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
·

IVλ,A

trWλ,B

[
⟨⟨IVλ

|T̃ |IVλ
⟩⟩
]


︸ ︷︷ ︸
H⊗N

A

⊗ IB︸︷︷︸
H⊗N

B

, (31)

where Vλ,A = Vλ,B := Vλ and Wλ,A = Wλ,B := Wλ are irreducible representations of SN and
Ud that appear in the decomposition of H⊗N

AB in Lemma 2.8. Here, IVλ
is the identity operator

on Vλ.

To verify our construction, we first show that T̃ is a (c, s)-tester for P with sample complexity
N and derive a formula for the acceptance probability of T̃ in Section 3.2. Since T̂ is local on HA

(by its definition), the proof is completed by showing that T̂ is a (c, s)-tester for P with sample
complexity N . This is done by showing that T̂ behaves identically to the tester T̃ in Section 3.3.

3.2 Acceptance Probability of T̃

In this subsection, we show that T̃ is a (c, s)-tester for P with sample complexity N , and derive an
expression for its acceptance probability. Technical lemmas are postponed in Section 3.4.

Lemma 3.3. Let T̃ be the tester defined by Equation (30). Then,

1. T̃ is a (c, s)-tester for P with sample complexity N .

2. T̃ accepts |ψ⟩AB with probability

tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
=

∑
λ⊢(N,d)

1

dim(Wλ)
tr
[
trWλ,B

[
⟨⟨IVλ

|T̃ |IVλ
⟩⟩
]
· trWλ,B

(|wλ⟩⟨wλ|)
]
, (32)

where |wλ⟩ ∈ Wλ,A ⊗Wλ,B is defined in the decomposition of |ψ⟩⊗NAB in Lemma 3.6.

Proof. Item 1. We first show that T̃ is a (c, s)-tester for P with sample complexity N . If |ψ⟩AB ∈
Pyes, then by the unitary invariance on HB,

c ≤
∫
U∈Ud

tr
[
T U⊗N

B |ψ⟩⟨ψ|⊗NAB U
†⊗N
B

]
=

∫
U∈Ud

tr
[
U †⊗N
B T U⊗N

B |ψ⟩⟨ψ|⊗NAB

]
(33)

= tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
, (34)

Similarly, if |ψ⟩AB ∈ Pno, we have

s ≥
∫
U∈Ud

tr
[
T U⊗N

B |ψ⟩⟨ψ|⊗NAB U
†⊗N
B

]
=

∫
U∈Ud

tr
[
U †⊗N
B T U⊗N

B |ψ⟩⟨ψ|⊗NAB

]
(35)
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= tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
, (36)

Therefore, T̃ is also a tester for P.
Item 2. Now, we will derive a formula for the acceptance probability of T̃ . Note that T̃ is

invariant under the conjugation of U⊗N
B for U ∈ Ud, i.e.,

U⊗N
B T̃ U †⊗N

B = T̃ , (37)

and thus ∫
U∈Ud

U⊗N
B T̃ U †⊗N

B = T̃ . (38)

Now, suppose T̃ acts on N copies of a bipartite state |ψ⟩AB. We can see that

tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
= tr

[
T̃
∫
U∈Ud

U⊗N
B |ψ⟩⟨ψ|⊗NAB U

†⊗N
B

]
. (39)

By Lemma 3.6, we have

|ψ⟩⟨ψ|⊗NAB =
∑

λ1,λ2⊢(N,d)

|IVλ1
⟩⟩⟨⟨IVλ2

|
|wλ1⟩⟨wλ2 |

, (40)

where |wλ⟩ ∈ Wλ,A ⊗ Wλ,B and |IVλ
⟩⟩ ∈ Vλ,A ⊗ Vλ,B is a (non-normalized) maximally entangled

state. Then,∫
U∈Ud

U⊗N
B |ψ⟩⟨ψ|⊗NAB U

†⊗N
B =

∑
λ1,λ2⊢(N,d)

∫
U∈Ud

|IVλ1
⟩⟩⟨⟨IVλ2

|
Qλ1,B(U)|wλ1⟩⟨wλ2 |Qλ2,B(U)†

, (41)

where Qλ,B(U) acts on Wλ,B (i.e., Qλ,B(U)|wλ⟩ = Qλ,A(I) ⊗ Qλ,B(U)|wλ⟩). If λ1 ̸= λ2, then we
can easily see that ∫

U∈Ud

Qλ1,B(U)|wλ1⟩⟨wλ2 |Qλ2,B(U)† = 0, (42)

by Corollary 2.4, where |wλ1⟩⟨wλ2 | is treated as a linear map: Cdim(Wλ2
)⊗Wλ2 → Cdim(Wλ1

)⊗Wλ1

between representation spaces. Next, if λ1 = λ2 = λ, by Corollary 2.5,∫
U∈Ud

Qλ,B(U)|wλ⟩⟨wλ|Qλ,B(U)† = trWλ,B
(|wλ⟩⟨wλ|) ⊗

IWλ,B

dim(Wλ)
, (43)

where trWλ,B
denotes the partial trace on Wλ,B. Therefore, from Equation (41), we have

∫
U∈Ud

U⊗N
B |ψ⟩⟨ψ|⊗NAB U

†⊗N
B =

∑
λ⊢(N,d)

|IVλ
⟩⟩⟨⟨IVλ

|
trWλ,B

(|wλ⟩⟨wλ|) ⊗
IWλ,B

dim(Wλ)

, (44)

Therefore, combining Equation (39) with Equation (44), we can express tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
(i.e., the

probability of tester T̃ accepting state |ψ⟩⊗NAB ) as

tr
[
T̃ |ψ⟩⟨ψ|⊗NAB

]
=

∑
λ⊢(N,d)

tr

[
T̃ ·

|IVλ
⟩⟩⟨⟨IVλ

|
trWλ,B

(|wλ⟩⟨wλ|) ⊗
IWλ,B

dim(Wλ)

]
, (45)
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=
∑

λ⊢(N,d)

tr

[
T̃λ ·

trWλ,B
(|wλ⟩⟨wλ|)

1
dim(Wλ)

IWλ,B

]
, (46)

where T̃λ := ⟨⟨IVλ
|T̃ |IVλ

⟩⟩ : Wλ,A ⊗ Wλ,B → Wλ,A ⊗ Wλ,B is a linear map. Then, this probability
can be further simplified to

(46) =
∑

λ⊢(N,d)

1

dim(Wλ)
tr
[
trWλ,B

[
T̃λ
]
· trWλ,B

(|wλ⟩⟨wλ|)
]
, (47)

where trWλ,B

[
T̃λ
]
: Wλ,A → Wλ,A is a linear map acting on Alice’s Wλ.

3.3 Validity of T̂

In this subsection, we show that T̂ is a tester for P.

Lemma 3.4. Let T̂ be the tester defined by Equation (31). Then, T̂ is a (c, s)-tester for P with
sample complexity N .

Proof. As the tester T̂ acts trivially on Bob’s part, we just consider the behavior of T̂ on Alice’s
part:

T̂ =
∑

λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
· IVλ,A

⊗ trWλ,B

[
T̃λ
]
. (48)

To show that T̂ is a valid measurement, i.e., T̂ ⊑ I, it suffices to show that trWλ,B

[
T̃λ
]
≤

dim(Wλ) dim(Vλ). Since T̃ ⊑ I, we have∥∥∥T̃λ∥∥∥ =
∥∥∥⟨⟨IVλ

|T̃ |IVλ
⟩⟩
∥∥∥ ≤ ⟨⟨IVλ

|IVλ
⟩⟩ = dim(Vλ), (49)

where ∥ · ∥ is the operator norm. Next, we have

∥∥∥trWλ,B

[
T̃λ
]∥∥∥ =

∥∥∥∥∥∥
∑

|x⟩∈Wλ,B

⟨x|T̃λ|x⟩

∥∥∥∥∥∥ ≤
∑

|x⟩∈Wλ,B

∥∥∥⟨x|T̃λ|x⟩∥∥∥ (50)

≤ dim(Vλ) · dim(Wλ), (51)

where the summation is over an orthonormal basis {|x⟩} of Wλ,B and therefore |x⟩ is a vector on
Bob’s part.

Next, we show that T̂ is a local tester for the property P on Alice’s part (in fact, the local tester
T̂ behaves exactly the same as the global tester T̃ ). First, we can see from Equation (40) that

trB

[
|ψ⟩⟨ψ|⊗NAB

]
= trB

 ∑
λ1,λ2⊢(N,d)

|IVλ1
⟩⟩⟨⟨IVλ2

|
|wλ1⟩⟨wλ2 |

 (52)

=
∑

λ⊢(N,d)

∑
|vλ⟩∈Vλ,B,|wλ⟩∈Wλ,B

⟨vλ|
⟨wλ|

 ∑
λ1,λ2⊢(N,d)

|IVλ1
⟩⟩⟨⟨IVλ2

|
|wλ1⟩⟨wλ2 |

 |vλ⟩
|wλ⟩

, (53)

where {|vλ⟩} and {|wλ⟩} are orthonormal bases of Vλ,B and Wλ,B, respectively. Then,

(53) =
∑

λ⊢(N,d)

IVλ,A

trWλ,B
(|wλ⟩⟨wλ|)

. (54)
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Therefore, combining Equation (54) with Equation (48), we have

tr
(
T̂ trB

[
|ψ⟩⟨ψ|⊗NAB

])
=

∑
λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
tr

[
IVλ,A

trWλ,B

[
T̃λ
]
· trWλ,B

(|wλ⟩⟨wλ|)

]
(55)

=
∑

λ⊢(N,d)

1

dim(Wλ)
tr
[
trWλ,B

[
T̃λ
]
· trWλ,B

(|wλ⟩⟨wλ|)
]

(56)

which is exactly the same as the RHS of Equation (47) (and also Equation (32)). This means the
local tester T̂ behaves identically to the tester T̃ . Thus T̂ is a local (c, s)-tester for P with sample
complexity N .

3.4 Technical Lemmas

Lemma 3.5. Suppose λ ⊢ N is a Young diagram with N boxes, and (Pλ,Vλ) is the irreducible
representation of SN corresponding to λ. Then, we have

1

N !

∑
π∈SN

Pλ(π) ⊗ Pλ(π) =
1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
|, (57)

where |IVλ
⟩⟩ is a (non-normalized) maximally entangled state on Vλ ⊗ Vλ. Moreover, for λ1, λ2 ⊢

N,λ1 ̸= λ2, we have
1

N !

∑
π∈SN

Pλ1(π) ⊗ Pλ2(π) = 0. (58)

Proof. Since Pλ(π) is a real-valued matrix (see Remark 2.6), we have

1

N !

∑
π∈SN

Pλ(π) ⊗ Pλ(π) =
1

N !

∑
π∈SN

Pλ(π) ⊗ Pλ(π)∗. (59)

It is easy to see that this sum results in an orthogonal projector onto the subspace that is invariant
under the action Pλ(π) ⊗ Pλ(π)∗ for all π ∈ SN (see, e.g., the proof of Proposition 1 in [Har13]).
Due to the following equivalence,

∀π, Pλ(π) ⊗ Pλ(π)∗|K⟩⟩ = |K⟩⟩ ⇐⇒ ∀π, Pλ(π)KPλ(π)† = K, (60)

we can thus consider the fixed point problem on the RHS of Equation (60). Then, by Schur’s
lemma (Proposition 2.3), the only possible solution is K = cIλ. Therefore, Equation (57) follows
immediately.

Similarly, Equation (58) results in an orthogonal projector onto the subspace that is invariant
under the action Pλ1(π)⊗Pλ2(π)∗. Thus we consider the fixed point problem ∀π, Pλ1(π)Kµλ2(π)† =
K, which, again by the Schur’s lemma (Proposition 2.3), only has the trivial solution K = 0 since
λ1, λ2 are different irreducible representations. Then, Equation (58) follows immediately.

Lemma 3.6 (see, e.g., [MH07]). Let |ψ⟩AB ∈ HAB be a bipartite state, then |ψ⟩⊗NAB can be written
as

|ψ⟩⊗NAB =
∑

λ⊢(N,d)

|IVλ
⟩⟩ ⊗ |wλ⟩, (61)

where |IVλ
⟩⟩ is a (non-normalized) maximally entangled state on Vλ,A⊗Vλ,B and |wλ⟩ ∈ Wλ,A⊗Wλ,B.
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Proof. We first decompose |ψ⟩⊗N along those irreducible representations in Lemma 2.8

|ψ⟩⊗N =
∑

λ1,λ2⊢(N,d)

|ψλ1,λ2⟩, where |ψλ1,λ2⟩ ∈ Vλ1,A ⊗ Vλ2,B ⊗Wλ1,A ⊗Wλ2,B. (62)

Note that |ψ⟩⊗N is invariant under the action PA(π)⊗PB(π) for π ∈ SN (as a subgroup of SN×SN ),
where PA(π) and PB(π) act on H⊗N

A and H⊗N
B , respectively. Therefore, for every Young diagram

λ1, λ2 ⊢ (N, d), we have
Pλ1,A(π) ⊗ Pλ2,B(π)|ψλ1,λ2⟩ = |ψλ1,λ2⟩, (63)

where Pλ1,A, Pλ2,B are irreducible representations of SN corresponding to λ1, λ2, respectively, and
acting on Alice’s system and Bob’s system, respectively. This means

1

N !

∑
π∈SN

Pλ1,A(π) ⊗ Pλ2,B(π)|ψλ1,λ2⟩ = |ψλ1,λ2⟩. (64)

By Lemma 3.5, we see that |ψλ1,λ2⟩ = 0 for λ1 ̸= λ2. Moreover, for λ1 = λ2 = λ, we have

1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
| ⊗ IWλ,A

⊗ IWλ,B
|ψλ,λ⟩ = |ψλ,λ⟩. (65)

which means |ψλ,λ⟩ = |IVλ
⟩⟩|wλ⟩ for some |wλ⟩ ∈ Wλ,A⊗Wλ,B. Therefore, Equation (61) follows.

3.5 Optimal Local Tester in Average Case

In this section, we use the same techniques in the proof of Theorem 3.2 to give another result
with respect to average-case performance. To this end, we define the notion of unitarily invariant
probability distributions on properties of quantum states, and extend the quantum testers to the
average case.

Definition 3.1 (Unitarily invariant distributions). Let D be a probability distribution on bipartite
pure states in HAB. Then, D is said to be unitarily invariant on HB, if for any measurable subset
S of bipartite pure states in HAB and any U ∈ Ud,

Pr
|ψ⟩AB∼D

[
|ψ⟩AB ∈ S

]
= Pr

|ψ⟩AB∼D

[
|ψ⟩AB ∈ (IA ⊗ UB)S

]
, (66)

where (IA ⊗ UB)S = { (IA ⊗ UB)|ψ⟩AB : |ψ⟩AB ∈ S }.

Definition 3.2 (Average-case testers). Let P = (Pyes,Pno) be a property of bipartite pure states,
and Dyes and Dno be probability distributions on Pyes and Pno, respectively. For 0 ≤ s < c ≤ 1,
a tester T is called an average-case (c, s)-tester for P with respect to (Dyes, Dno) with sample
complexity N , if

E
|ψ⟩AB∼Dyes

[
tr
(
T |ψ⟩⟨ψ|⊗NAB

)]
= c, E

|ϕ⟩AB∼Dno

[
tr
(
T |ϕ⟩⟨ϕ|⊗NAB

)]
= s. (67)

Moreover, if c = 2/3 and s = 1/3, simply call T an average-case tester.

Then, we have the following result which states that the construction in Equation (31) also
leads to the optimality of local tester in an average-case sense.
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Theorem 3.7 (Optimal average-case local tester). Suppose P = (Pyes,Pno) is a property of bi-
partite pure states in HAB that is unitarily invariant on HB, and suppose Dyes, Dno are probability
distributions on Pyes,Pno that are unitarily invariant on HB. Let T be an average-case (c, s)-tester
for P with respect to (Dyes, Dno) with sample complexity N for some parameters 0 ≤ s < c ≤ 1.
Then, there is a local tester T̂ on HA with sample complexity N that is also an average-case (c, s)-
tester for P with respect to (Dyes, Dno).

Proof. Since Dyes is unitarily invariant on HB, then it is easy to see that

E
|ψ⟩AB∼Dyes

[
|ψ⟩⟨ψ|⊗NAB

]
= E

|ψ⟩AB∼Dyes

[∫
U∈Ud

U⊗N
B |ψ⟩⟨ψ|⊗NAB U

†⊗N
B

]
. (68)

For any |ψ⟩AB ∈ Pyes, by Lemma 3.6, we can write |ψ⟩⊗NAB =
∑

λ⊢(N,d) |IVλ
⟩⟩|wλ,ψ⟩. Through a

similar argument in the proof of Lemma 3.3 (from Equation (41) to Equation (44)), we have∫
U∈Ud

U⊗N
B |ψ⟩⟨ψ|⊗NAB U

†⊗N
B =

∑
λ⊢(N,d)

|IVλ
⟩⟩⟨⟨IVλ

|
trWλ,B

(|wλ,ψ⟩⟨wλ,ψ|) ⊗
IWλ,B

dim(Wλ)

, (69)

Then,

E
|ψ⟩AB∼Dyes

[
|ψ⟩⟨ψ|⊗NAB

]
=

∑
λ⊢(N,d)

|IVλ
⟩⟩⟨⟨IVλ

|
E

|ψ⟩AB∼Dyes

[
trWλ,B

(|wλ,ψ⟩⟨wλ,ψ|)
]
⊗

IWλ,B

dim(Wλ)
. (70)

Similarly, we have

E
|ϕ⟩AB∼Dno

[
|ϕ⟩⟨ϕ|⊗NAB

]
=

∑
λ⊢(N,d)

|IVλ
⟩⟩⟨⟨IVλ

|
E

|ϕ⟩AB∼Dno

[
trWλ,B

(|wλ,ϕ⟩⟨wλ,ϕ|)
]
⊗

IWλ,B

dim(Wλ)
. (71)

Therefore, one can easily verify that the construction of T̂ in Equation (31) is a local tester on HA

that achieves the same average-case performance as T .

Theorem 3.7 directly leads to the following result regarding the trace distance between average
states.

Corollary 3.8. Suppose P = (Pyes,Pno), Dyes, Dno are as defined in Theorem 3.7. Let

ρ := E
|ψ⟩AB∼Dyes

[
|ψ⟩⟨ψ|⊗NAB

]
, σ := E

|ϕ⟩AB∼Dno

[
|ϕ⟩⟨ϕ|⊗NAB

]
. (72)

Then, dtr(ρ, σ) = dtr(trB[ρ], trB[σ]).

Proof. By the Helstrom-Holevo bound (Theorem A.1), there is a tester T (note that {T , I −T } is
a POVM) such that

tr[T ρ] − tr[T σ] = dtr(ρ, σ). (73)

By Theorem 3.7, there is a tester T̂ = T̂A ⊗ IB such that tr[T̂A trB[ρ]] = tr[T̂ ρ] = tr[T ρ] and
tr[T̂A trB[σ]] = tr[T̂ σ] = tr[T σ]. Then,

tr
[
T̂A trB[ρ]

]
− tr

[
T̂A trB[σ]

]
= dtr(ρ, σ). (74)

Again by the Helstrom-Holevo bound (Theorem A.1), we have

tr
[
T̂A trB[ρ]

]
− tr

[
T̂A trB[σ]

]
≤ dtr(trB[ρ], trB[σ]). (75)

25



By Equations (74) and (75), we have dtr(trB[ρ), trB[σ]) ≥ dtr(ρ, σ).
On the other hand, dtr(trB[ρ), trB[σ]) ≤ dtr(ρ, σ) due to the contractivity of partial trace.

Therefore, we conclude that dtr(ρ, σ) = dtr(trB[ρ], trB[σ]).

In addition, the prior result in [SW22, Theorem 5.2] (which was used to prove their lower bound
for testing MPS) can be viewed as a direct application of Theorem 3.7.

Corollary 3.9 ([SW22, Theorem 5.2]). Suppose |ψ⟩AB, |ϕ⟩AB ∈ HAB and let

ρ =

∫
U∈Ud

∫
V ∈Ud

(
(UA ⊗ VB) · |ψ⟩⟨ψ|AB · (U †

A ⊗ V †
B)
)⊗N

,

σ =

∫
U∈Ud

∫
V ∈Ud

(
(UA ⊗ VB) · |ϕ⟩⟨ϕ|AB · (U †

A ⊗ V †
B)
)⊗N

.

(76)

If ρ ̸= σ, then any measurement for distinguishing between ρ and σ can, without loss of generality,
act only on either HA or HB.

Proof. Let P = (Pyes,Pno) where

Pyes = { (UA ⊗ VB)|ψ⟩AB : U, V ∈ Ud } , Pno = { (UA ⊗ VB)|ϕ⟩AB : U, V ∈ Ud } . (77)

Let Dyes and Dno be the probability distributions on Pyes and Pno, respectively, induced by the
Haar measure over Ud × Ud. Note that Dyes, Dno are unitarily invariant both on HA and on HB.
Then by Theorem 3.7, for any average-case tester T , there is a local tester T̂A on HA and a local
tester T̂B on HB with the same sample complexity and the same average-case performance.

Note that Theorem 3.7 applies to any distribution that is unitarily invariant only on one part,
which can be further used to give a stronger lower bound for testing MPS (see Lemma 4.6).

4 Quantum Sample Lower Bounds

In this section, we derive a series of sample lower bounds for the property testing of bipartite
quantum states through the tools proposed in Section 3.

4.1 Schmidt Rank

We consider the problem of testing whether the Schmidt rank of a bipartite pure state |ψ⟩AB is at
most r. Formally, we define

SchmidtRankr = { |ψ⟩AB ∈ HAB : the Schmidt rank of |ψ⟩AB is at most r } . (78)

We have the following lower bounds for testing the Schmidt rank.

Theorem 4.1 (Schmidt rank). Any tester for determining whether the Schmidt rank of a bipartite
pure state is at most r or ε-far (in trace distance) requires sample complexity S(SchmidtRankrε) =
Ω(r/ε2). If perfect completeness is required, then we have the lower bound S1(SchmidtRankrε) =
Ω(r2/ε2).

To prove Theorem 4.1, we need the Eckart-Young theorem.
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Lemma 4.2 (Eckart-Young [EY36], see also [SW22, Lemma 3.1]). Let |ψ⟩AB ∈ HAB := HA ⊗HB

with ∥|ψ⟩AB∥ = 1 where HA = HB = Cd. Suppose that the Schmidt decomposition of |ψ⟩AB is

|ψ⟩AB =
d∑
j=1

√
λj |ϕj⟩A|γj⟩B, (79)

where λ1 ≥ λ2 ≥ · · · ≥ λd. Then,

max
|η⟩AB∈SchmidtRankr

|⟨η|ψ⟩AB|2 =

r∑
j=1

λj . (80)

Then, we can prove Theorem 4.1 as follows.

Proof of Theorem 4.1. For the special case that r = 1, see the proof of Theorem 4.13. In the
following, we only have to consider the case when r ≥ 2. We relate the bipartite state testing of
SchmidtRankr to the corresponding mixed state testing of Rankr. Specifically, let

Rankr = { ρA ∈ D(HA) : rank(ρA) ≤ r } . (81)

In the following, we first show that Purify(Rankrε2) ⊆ SchmidtRankrε.
Reduction. Let P = Rankr and Q = SchmidtRankr. It suffices to prove Purify(P) ⊆ Q,

and Purify(P≥ε2) ⊆ Q≥ε.

1. Purify(P) ⊆ Q can be easily seen from the definition of Schmidt rank. That is, for any mixed
state ρA ∈ D(HA) and any of its purification |ψ⟩AB ∈ HAB with trB(|ψ⟩⟨ψ|AB) = ρA, we have
rank(ρA) ≤ r if and only if the Schmidt rank of |ψ⟩AB is ≤ r.

2. To prove Purify(P≥ε2) ⊆ Q≥ε, suppose

ρA =
d∑
i=1

λi|ψi⟩⟨ψi|A ∈ P≥ε2 . (82)

We define a state

ρA,r =
1∑r
i=1 λi

r∑
i=1

λi|ψi⟩⟨ψi|A ∈ P. (83)

Then, since ρA,r ∈ P and ρA ∈ P≥ε2 , we have

ε2 ≤ dtr(ρA,r, ρA) = 1 −
r∑
i=1

λi. (84)

Suppose |ϕ⟩AB ∈ HAB is a purification of ρA. Then

|ϕ⟩AB =
d∑
i=1

√
λi|ψi⟩A|γi⟩B (85)

for some orthonormal basis {|γi⟩B} of HB. By the Eckart-Young theorem (Lemma 4.2), we
have max|η⟩AB∈Q|⟨η|ϕ⟩AB|2 =

∑r
i=1 λi, which, together with Equation (84), implies

min
|η⟩AB∈Q

dtr(|η⟩AB, |ϕ⟩AB) =

√√√√1 −
r∑
i=1

λi ≥ ε. (86)

This proves that Purify(P≥ε2) ⊆ Q≥ε.
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From the above, we conclude that Purify(Rankrε2) ⊆ SchmidtRankrε.
Lower bound. Because Purify(Rankrε2) ⊆ SchmidtRankrε, and by Fact 2.2, we immediately

have S(SchmidtRankrε) ≥ S(Purify(Rankrε2)) and S1(SchmidtRankrε) ≥ S1(Purify(Rankrε2)).
We also note that S(Purify(Rankrε2)) = S(Rankrε2) and S1(Purify(Rankrε2)) = S1(Rankrε2) by
Corollary 1.3. On the other hand, it was shown in [CHW07, Theorem 3] and [OW15, Theorem 1.11]
that S(Rankrε) = Ω(r/ε), and it was shown in [OW15, Theorem 1.11] that S1(Rankrε) = Ω(r2/ε).
Therefore, we have S(SchmidtRankrε) = Ω(r/ε2) and S1(SchmidtRankrε) = Ω(r2/ε2).

The proof of Theorem 4.1 is based on [OW15, Theorem 1.11], which requires the assumption
that r ≥ 2. For r = 1, the task becomes productness testing, which will be discussed separately in
Section 4.5. We also note that the lower bound S(SchmidtRankrε) = Ω(r/ε2) for general testers
is implied by the lower bound for testing MPS (see Lemma 4.4), while using different techniques.

4.2 Bond Dimension of Matrix Product States

We consider the problem of testing whether an n-partite state |ψ⟩ is a matrix product state (MPS)
of bond dimension r (with open boundary condition [PGVWC07]). Formally, we define

MPSr,n =

{
|ψ⟩1,...,n =

∑
i1,...,in

A
(1)
i1

· · ·A(n)
in

|i1 · · · in⟩ : A
(j)
i is an r × r matrix for 2 ≤ j ≤ n− 1,

A
(1)
i is a 1 × r matrix and A

(n)
i is an r × 1 matrix

}
.

(87)
We have the following lower bound for this problem.

Theorem 4.3 (Bond dimension of MPS). For any n ≥ 2 and r ≥ 2, any tester for determining
whether an n-partite pure state is an MPS of bond dimension r or ε-far (in trace distance) requires
sample complexity S(MPSr,nε ) = Ω((

√
nr+ r)/ε2). If perfect completeness is required, then we have

the lower bound S1(MPSr,nε ) = Ω((
√
nr + r2)/ε2).

Proof. We show S(MPSr,nε ) = Ω((
√
nr + r)/ε2) in Lemma 4.4. Then, we show S1(MPSr,nε ) =

Ω(r2/ε2) in Lemma 4.8. The proof is completed by further noting that S1(MPSr,nε ) ≥ S(MPSr,nε ).

4.2.1 Lower bounds for general testers

Lemma 4.4. For any n ≥ 2 and r ≥ 2, any tester for determining whether an n-partite pure state
is an MPS of bond dimension r or ε-far (in trace distance) requires sample complexity S(MPSr,nε ) =
Ω((

√
nr + r)/ε2).

We note that when n = 2, Lemma 4.4 implies the lower bound S(SchmidtRankrε) = Ω(r/ε2)
for general testers given in Theorem 4.1, while using a different proof. To prove Lemma 4.4, we
need the following lemma.

Lemma 4.5 (Overlap of tensor products, [SW22, Proposition 5.1]). Let |ψ⟩ ∈ Cd1 ⊗Cd2 ⊗· · ·⊗Cdk
be a k-partite state. Then, for ℓ ≥ 1 and r ≥ 1, the kℓ-partite state |ψ⟩⊗ℓ satisfies

max
|φ⟩∈MPSr,kℓ

∣∣∣⟨φ| · |ψ⟩⊗ℓ∣∣∣2 =

(
max

|φ⟩∈MPSr,k
|⟨φ|ψ⟩|2

)ℓ
. (88)
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Then, we can prove Lemma 4.4 as follows.

Proof of Lemma 4.4. Our proof follows the main idea given in [SW22], but using a slightly modified
hard example and an improved analysis (see Lemma 4.6).

Without loss of generality, we assume that n is even and d ≥ 2r. First, we define the bipartite
states:

|ψ⟩AB :=
√

1 − θ|0⟩A|0⟩B +

r−1∑
i=1

√
θ

r − 1
|i⟩A|i⟩B ∈ HAB,

|ϕ⟩AB :=
√

1 − θ|0⟩A|0⟩B +
d−1∑
i=1

√
θ

d− 1
|i⟩A|i⟩B ∈ HAB,

(89)

where θ := 8ε2/n. Then, we define the n-partite states:

|Ψ⟩ = |ψ⟩⊗n/2AB ∈ HA1B1...An/2Bn/2
, (90)

|Φ⟩ = |ϕ⟩⊗n/2AB ∈ HA1B1...An/2Bn/2
. (91)

By the Eckart-Young theorem (Lemma 4.2), we have (note that SchmidtRankr = MPS2,r)

max
|γ⟩AB∈MPSr,2

|⟨γ|ϕ⟩AB|2 = 1 − θ +
r − 1

d− 1
θ ≤ 1 − θ

2
, (92)

where the inequality is because d ≥ 2r. Then, we have

max
|Γ⟩∈MPSr,n

|⟨Γ|Φ⟩|2 =

(
1 − θ +

r − 1

d− 1
θ

)n/2
≤
(

1 − θ

2

)n/2
=

(
1 − 4ε2

n

)n/2
≤ 1 − ε2, (93)

where the first equality is by Lemma 4.5, the last inequality is because (1 − x)n ≤ 1 − xn/2
for 0 ≤ x ≤ 1/n. Then, we can conclude that the trace distance between |Φ⟩ and any state in
MPSr,n is no less than ε, which means |Φ⟩ ∈ MPSr,n,≥ε. On the other hand, it is easy to see that
|Ψ⟩ ∈ MPSr,n.

Note that for any local unitaries Ui, Vi acting on HAi ,HBi , respectively, and for any |Γ⟩ ∈
MPSr,n, we have (Ui ⊗ Vi)|Γ⟩ ∈ MPSr,n (and the same also holds for MPSr,n,≥ε). Therefore, any
tester for MPSr,nε with sample complexity N is able to distinguish between the following states
with success probability ≥ 2/3:

ρ :=

∫
Ui∈G,Vi∈Ud

(
(U1 ⊗ V1) ⊗ · · · ⊗ (Un/2 ⊗ Vn/2)|Ψ⟩⟨Ψ|(U †

1 ⊗ V †
1 ) ⊗ · · · ⊗ (U †

n/2 ⊗ V †
n/2)

)⊗N
,

(94)

σ :=

∫
Ui∈G,Vi∈Ud

(
(U1 ⊗ V1) ⊗ · · · ⊗ (Un/2 ⊗ Vn/2)|Φ⟩⟨Φ|(U †

1 ⊗ V †
1 ) ⊗ · · · ⊗ (U †

n/2 ⊗ V †
n/2)

)⊗N
,

(95)

where
G := {U ∈ Ud : U |0⟩ = |0⟩ } , (96)

and Ui and Vi act on HAi and HBi , respectively, and are integrated over the Haar measures over G

and over Ud, respectively. This means dtr(ρ, σ) ≥ 1/3. Note that ρ, σ can be written as ρ = ρ
⊗n/2
0 ,
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σ = σ
⊗n/2
0 , where

ρ0 :=

∫
U∈G,V ∈Ud

(
(UA ⊗ VB)|ψ⟩⟨ψ|AB(U †

A ⊗ V †
B)
)⊗N

,

σ0 :=

∫
U∈G,V ∈Ud

(
(UA ⊗ VB)|ϕ⟩⟨ϕ|AB(U †

A ⊗ V †
B)
)⊗N

.

(97)

This implies dtr(ρ
⊗n/2
0 , σ

⊗n/2
0 ) ≥ 1/3. On the other hand,

1/3 ≤ dtr(ρ
⊗n/2
0 , σ

⊗n/2
0 ) (98)

≤
√

1 − F(ρ
⊗n/2
0 , σ

⊗n/2
0 )2 (99)

=
√

1 − F(ρ0, σ0)n (100)

≤
√

1 − (1 − dtr(ρ0, σ0))n, (101)

where Equations (99) and (101) is due to Lemma 2.1. By Lemma 4.6, we have dtr(ρ0, σ0) ≤
4
√

2Nθ/r · min{Nθ, 1}, which implies

8

9
≥ (1 − dtr(ρ0, σ0))

n (102)

≥ 1 − ndtr(ρ0, σ0) (103)

≥ 1 − min

{
256

√
2 · N

2ε4

nr
, 32

√
2 · Nε

2

r

}
, (104)

where we have used θ = 8ε2/n. Therefore,

N ≥ max

{ √
nr

3 · 217/4 · ε2
,

r

32 · 211/2 · ε2

}
= Ω

(√
nr + r

ε2

)
. (105)

In the proof of Lemma 4.4, we require the following lemma.

Lemma 4.6. Let ρ0, σ0 be defined by Equation (97), in which |ψ⟩AB, |ϕ⟩AB are defined by Equa-
tion (89). Then, dtr(ρ0, σ0) ≤ 4

√
2Nθ/r · min{Nθ, 1}.

To show Lemma 4.6, we need the following lemma.

Lemma 4.7 (Adapted from [CHW07, Equation (38)]). Let τr and τd defined by

τr :=

r−1∑
i=1

1

r − 1
|i⟩⟨i|, τd :=

d−1∑
i=1

1

d− 1
|i⟩⟨i|. (106)

Then, for N ≥ 1, we have

dtr

(∫
U∈G

(
UτrU

†
)⊗N

,

∫
U∈G

(
UτdU

†
)⊗N)

≤
√

2

(
N

r − 1
+

N

d− 1

)
, (107)

where G := {U ∈ Ud : U |0⟩ = |0⟩ }.

Then, we can prove Lemma 4.6 as follows.
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Proof of Lemma 4.6. We define a property P = (Pyes,Pno), where

Pyes := { (UA ⊗ VB)|ψ⟩AB : U ∈ G,V ∈ Ud } ,
Pno := { (UA ⊗ VB)|ϕ⟩AB : U ∈ G,V ∈ Ud } ,

(108)

in which G = {U ∈ Ud : U |0⟩ = |0⟩ }. Let Dyes be a probability distribution on Pyes that is induced
by the joint Haar measure over G and Ud, i.e., for any S ⊆ Pyes,

Pr
|η⟩AB∼Dyes

[
|η⟩AB ∈ S

]
= Pr

(U,V )∼Haar(G×Ud)

[
(UA ⊗ VB)|ψ⟩AB ∈ S

]
. (109)

Dno is defined similarly. It can be seen that both Dyes and Dno are unitarily invariant on HB.
Therefore, by Corollary 3.8 (note that ρ0, σ0 can be written in the form of Equation (72)), we can
conclude that dtr(ρ0, σ0) = dtr(trB[ρ0], trB[σ0]).

On the other hand, we have

trB[ρ0] =

∫
U∈G

(
U trB

[
|ψ⟩⟨ψ|AB

]
U †
)⊗N

, trB[σ0] =

∫
U∈G

(
U trB

[
|ϕ⟩⟨ϕ|AB

]
U †
)⊗N

. (110)

Note that for U ∈ G, we have

U trB
[
|ψ⟩⟨ψ|AB

]
U † = (1 − θ)|0⟩⟨0| +

r−1∑
i=1

θ

r − 1
U |i⟩⟨i|U † = (1 − θ)|0⟩⟨0| + θUτrU

†,

U trB
[
|ϕ⟩⟨ϕ|AB

]
U † = (1 − θ)|0⟩⟨0| +

d−1∑
i=1

θ

d− 1
U |i⟩⟨i|U † = (1 − θ)|0⟩⟨0| + θUτdU

†,

(111)

where τr and τd are defined by Equation (106). Therefore,

dtr(trB[ρ0], trB[σ0]) = dtr

[∫
U∈G

(
(1 − θ)|0⟩⟨0| + θUτrU

†
)⊗N

,

∫
U∈G

(
(1 − θ)|0⟩⟨0| + θUτdU

†
)⊗N]

(112)

≤
N∑
i=0

(
N

i

)
(1 − θ)iθN−i · dtr

 |0⟩⟨0|⊗i∫
U∈G

(
UτrU

†
)⊗N−i,

|0⟩⟨0|⊗i∫
U∈G

(
UτdU

†
)⊗N−i


(113)

=
N∑
i=0

(
N

i

)
(1 − θ)iθN−i · dtr

[∫
U∈G

(
UτrU

†
)⊗N−i

,

∫
U∈G

(
UτdU

†
)⊗N−i

]
,

(114)

where Equation (113) is by the binomial expansion of tensor product and the triangle inequality of
trace distance. In the summation of Equation (114), the addends for i = N and i = N − 1 equal 0
because ∫

U∈G
UτrU

† = τd =

∫
U∈G

UτdU
†. (115)

Therefore,

(114) =

N−2∑
i=0

(
N

i

)
(1 − θ)iθN−i · dtr

[∫
U∈G

(
UτrU

†
)⊗N−i

,

∫
U∈G

(
UτdU

†
)⊗N−i

]
. (116)
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By Lemma 4.7 and noting that d ≥ r ≥ 2, we have

(116) ≤
N−2∑
i=0

(
N

i

)
(1 − θ)iθN−i√2

(
N − i

d− 1
+
N − i

r − 1

)
(117)

≤ 4
√

2

r

N−2∑
i=0

(
N

i

)
(1 − θ)iθN−i(N − i) (118)

=
4
√

2Nθ

r

N−2∑
i=0

(
N − 1

i

)
(1 − θ)iθN−1−i (119)

=
4
√

2Nθ

r

[
N−1∑
i=0

(
N − 1

i

)
(1 − θ)iθN−1−i − (1 − θ)N−1

]
(120)

=
4
√

2Nθ

r

[
1 − (1 − θ)N−1

]
(121)

≤ 4
√

2Nθ

r
min{Nθ, 1}. (122)

4.2.2 Lower bounds for testers with perfect completeness

Lemma 4.8. For n ≥ 2 and r ≥ 2, any tester with perfect completeness for determining whether
an n-partite pure state is an MPS of bond dimension r or ε-far (in trace distance) requires sample
complexity S1(MPSr,nε ) = Ω(r2/ε2).

Proof. MPS has an alternative characterization: a state |ψ⟩1,...,n is an MPS of bond dimension r
if and only if trk+1,...,n(|ψ⟩⟨ψ|1,...,n) has rank at most r for each 1 ≤ k ≤ n (see, e.g., [PGVWC07,
SW22]). Therefore, it is easy to see that MPSr,2 = SchmidtRankr. Then, Lemma 4.8 is a direct
implication of Theorem 4.1 for n = 2. For n > 2, by Lemma 4.9, a tester with perfect completeness
for MPSr,nε can be used as a tester with perfect completeness for MPSr,2ε . Therefore, Lemma 4.8
holds for all n.

Lemma 4.9. A tester (with perfect completeness) for MPSr,nε can be used as a tester (with perfect
completeness) for MPSr,2ε . That is, S(MPSr,nε ) ≥ S(MPSr,2ε ) and S1(MPSr,nε ) ≥ S1(MPSr,2ε ).

Proof. Suppose |ψ⟩1,2 is a state on a bipartite system (labelled by 1 and 2). We simply pad |ψ⟩1,2
with |0⟩3,...,n and then use the tester T for MPSr,nε .

1. If |ψ⟩1,2 ∈ MPSr,2, it is obvious that |ψ⟩1,2|0⟩3,...,n ∈ MPSr,n. Then, T accepts |ψ⟩1,2|0⟩3,...,n
with probability ≥ 2/3 (or 1 if T has perfect completeness).

2. If |ψ⟩1,2 ∈ MPSr,2,≥ε, then |ψ⟩1,2|0⟩3,...,n ∈ MPSr,n,≥ε. To show this, for any |ϕ⟩1,...,n ∈
MPSr,n, we define |ϕ′⟩1,2 = ⟨0|3,...,n · |ϕ⟩1,...,n, which is a (subnormalized) pure state on the
first two subsystems. Note that

tr2
[
|ϕ′⟩⟨ϕ′|1,2

]
= ⟨0|3,...,n · tr2 [|ϕ⟩⟨ϕ|1,...,n] · |0⟩3,...,n (123)

⊑
∑

|i⟩3,...,n

⟨i|3,...,n · tr2 [|ϕ⟩⟨ϕ|1,...,n] · |i⟩3,...,n (124)

= tr2,...,n [|ϕ⟩⟨ϕ|1,...,n] , (125)
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which implies that rank(tr2[|ϕ′⟩⟨ϕ′|1,2]) ≤ rank(tr2,...,n[|ϕ⟩⟨ϕ|1,...,n]) ≤ r. Therefore,
|ϕ′⟩1,2

∥|ϕ′⟩1,2∥ ∈
MPSr,2, and

|⟨ϕ|1,...,n · |ψ⟩1,2|0⟩3,...,n| =
∣∣⟨ϕ′|ψ⟩1,2∣∣ ≤ ∥∥|ϕ′⟩1,2∥∥√1 − ε2 ≤

√
1 − ε2, (126)

where the first inequality is because
|ϕ′⟩1,2

∥|ϕ′⟩1,2∥ ∈ MPSr,2 and |ψ⟩ ∈ MPSr,2,≥ε. This means

that dtr(|ϕ⟩1,...,n, |ψ⟩1,2|0⟩3,...,n) ≥ ε, and thus |ψ⟩1,2|0⟩3,...,n ∈ MPSr,n,≥ε. Then, T accepts
|ψ⟩1,2|0⟩3,...,n with probability ≤ 1/3.

4.3 Maximal Entanglement

We consider the problem of testing whether a bipartite pure state |ψ⟩AB is maximally entangled.
Formally, we define

MaximalEntanglement = { |ψ⟩AB ∈ HAB : |ψ⟩AB is maximally entangled } . (127)

We have the following lower bound for this problem.

Theorem 4.10. Any tester for determining whether a bipartite pure state is maximally entangled
requires sample complexity S(MaximalEntanglementε) = Ω(d/ε2).

Proof. We relate the bipartite state testing of MaximalEntanglement to the corresponding
mixed state testing of Mixedness. Specifically, let

Mixedness = {IA/d} ⊆ D(HA). (128)

In the following we first show that Purify(Mixednessε) ⊆ MaximalEntanglementε.
Reduction. Let P = Mixedness and Q = MaximalEntanglement. It suffices to prove

Purify(P) ⊆ Q, and Purify(P≥ε) ⊆ Q≥ε.

1. Purify(P) ⊆ Q can be easily seen from the definition of maximally entanglement. That is, for
any mixed state ρA ∈ D(HA) and any of its purification |ψ⟩AB ∈ HAB with trB(|ψ⟩⟨ψ|) = ρA,
we have ρA = IA/d if and only if |ψ⟩AB =

∑d−1
j=0

1√
d
|ϕj⟩A|γj⟩B for some orthonormal bases

{|ϕj⟩A} and {|γj⟩B}.

2. To prove Purify(P≥ε) ⊆ Q≥ε, suppose mixed state ρA ∈ P≥ε. Then we have dtr(ρA, IA/d) ≥ ε.
Let |ψ⟩AB ∈ HAB be a purification of ρA with trB(|ψ⟩⟨ψ|AB) = ρA. For any |γ⟩AB ∈ Q, its
reduced density matrix is trB(|γ⟩⟨γ|AB) = IA/d ∈ P. By the contractivity of trace distance
under trace-preserving quantum operations, we have

dtr(|ψ⟩AB, |γ⟩AB) ≥ dtr(ρA, IA/d) ≥ ε. (129)

Hence, |ψ⟩AB ∈ Q≥ε, which implies Purify(P≥ε) ⊆ Q≥ε.

From the above, we conclude that Purify(Mixednessε) ⊆ MaximalEntanglementε.
Lower bound. Because Purify(Mixednessε) ⊆ MaximalEntanglementε, and by Fact 2.2,

we immediately have S(MaximalEntanglementε) ≥ S(Purify(Mixednessε)). We also note that
S(Purify(Mixednessε)) = S(Mixednessε) by Corollary 1.3. On the other hand, it was shown in
[OW15, Theorem 1.10] that S(Mixednessε) = Ω(d/ε2). Therefore, we obtain the lower bound
S(MaximalEntanglementε) = Ω(d/ε2).
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We also consider the problem of testing whether the α-Rényi entanglement entropy Eα(|ψ⟩AB)
of |ψ⟩AB is low (≤ a) or high (≥ b), which can be understood as a quantitative version of testing
maximal entanglement. Testing entanglement entropy helps verify if a quantum system exhibits
entanglement properties like area laws, an important topic in the study of quantum many-body
systems. Some systems can be analytically proven to follow an area law (e.g., [Has07, ECP10,
ALV12, AAG22]), while for some others entanglement entropy testers can be used. In the following,
we study the limit of entanglement entropy testers.

Formally, we define EntanglementEntropyα,a,b = (Q≤a,Q≥b), where

Q≤a = { |ψ⟩AB ∈ HAB : Eα(|ψ⟩AB) ≤ a } , Q≥b = { |ψ⟩AB ∈ HAB : Eα(|ψ⟩AB) ≥ b } . (130)

Here, Eα(·) is the α-Rényi entanglement entropy induced by the α-Rényi entropy of mixed states

Sα(ρ) =
1

1 − α
ln(tr[ρα]). (131)

We have the following lower bound for this problem.

Theorem 4.11 (Entanglement entropy). For any constant α > 0, any tester for determining
whether the α-Rényi entanglement entropy of a bipartite pure state is low (≤ a) or high (≥ b)
requires sample complexity S(EntanglementEntropyα,a,b) = Ω(d/∆+d1/α−1/∆1/α), where ∆ =
b− a.

Proof. We relate the bipartite state testing of EntanglementEntropyα,a,b to the corresponding
mixed state testing of Entropyα,a,b. Specifically, let

Entropyα,a,b = (P≤a,P≥b), (132)

where
P≤a = {ρA ∈ D(HA) : Sα(ρA) ≤ a}, P≥b = {ρA ∈ D(HA) : Sα(ρA) ≥ b}. (133)

In the following we first show that Purify(Entropyα,a,b) = EntanglementEntropyα,a,b.
Reduction. It suffices to prove Purify(P≤a) = Q≤a, and Purify(P≥b) = Q≥b. These can be

easily seen from the connection between the α-Rényi entanglement entropy of bipartite pure states
and the α-Rényi entropy of the corresponding reduced mixed states. Take the low entropy case
for example, for any mixed state ρA ∈ D(HA) and any of its purification |ψ⟩AB ∈ HAB with
trB(|ψ⟩⟨ψ|AB) = ρA, we have Sα(ρ) ≤ a if and only if Eα(|ψ⟩) ≤ a. The same statement holds for
the high entropy case.

Lower bound Because Purify(Entropyα,a,b) = EntanglementEntropyα,a,b, we imme-
diately have S(EntanglementEntropyα,a,b) = S

(
Purify(Entropyα,a,b)

)
. We also note that

S(Purify(Entropyα,a,b)) = S(Entropyα,a,b) by Corollary 1.3. On the other hand, it was shown in
[WZ24, Theorem 6.1] that S(Entropyα,a,b) = Ω(d/∆+d1/α−1/∆1/α), where ∆ = b−a. Therefore,
we have S(EntanglementEntropyα,a,b) = Ω(d/∆ + d1/α−1/∆1/α).

4.4 Uniform Schmidt Coefficients

We consider the problem of testing whether the entanglement spectrum of |ψ⟩AB is uniform on r
or r+ ∆ non-zero Schmidt coefficients. Formally, we define UniformSchmidtCoefficientsr,∆ =
(Qr,Qr+∆), where

Qs =
{
|ψ⟩AB ∈ HAB : |ψ⟩AB has exactly s non-zero Schmidt coefficients 1/

√
s
}
. (134)

We have the following lower bound for this problem.

34



Theorem 4.12 (Uniform Schmidt coefficients). Any tester for determining whether the entangle-
ment spectrum of a bipartite pure state is uniform on r or r+∆ Schmidt coefficients requires sample
complexity S(UniformSchmidtCoefficientsr,∆) = Ω∗(r2/∆).

Proof. We reduce the bipartite state testing of UniformSchmidtCoefficientsr,∆ to the corre-
sponding mixed state testing of UniformEigenvaluesr,∆, i.e., testing whether the spectrum of a
mixed state is uniform on r or r + ∆ eigenvalues. Specifically, let

UniformEigenvaluesr,∆ = (Pr,Pr+∆), (135)

where
Ps =

{
ρA ∈ D(HA) : ρ2A = ρA/s

}
. (136)

We first show that Purify(UniformEigenvaluesr,∆) = UniformSchmidtCoefficientsr,∆.
Reduction. We note that

Qs =

 |ψ⟩AB ∈ HAB : |ψ⟩AB =

s−1∑
j=0

1√
s
|ϕj⟩A|γj⟩B for orthonormal bases {|ϕj⟩A} and {|γj⟩B}

 .

(137)
It suffices to prove Purify(Ps) = Qs. This can be easily seen from the connection between the
Schmidt coefficients of bipartite pure states and the eigenvalues of the corresponding reduced mixed
states. Specifically, for any mixed state ρA ∈ D(HA) and any of its purification |ψ⟩AB ∈ HAB with
trB(|ψ⟩⟨ψ|AB) = ρA, we have ρ2A = ρA/s if and only if |ψ⟩AB =

∑s−1
j=0

1√
s
|ϕj⟩A|γj⟩B for some

orthonormal bases {|ϕj⟩A} and {|γj⟩B}.
Lower bound. Purify(UniformEigenvaluesr,∆) = UniformSchmidtCoefficientsr,∆ im-

plies S(UniformSchmidtCoefficientsr,∆) = S(Purify(UniformEigenvaluesr,∆)). We also
note that S(Purify(UniformEigenvaluesr,∆)) = S(UniformEigenvaluesr,∆) by Corollary 1.3.
On the other hand, it was shown in [OW15, Theorem 1.12] that S(UniformEigenvaluesr,∆) =
Ω∗(r2/∆). This yields S(UniformSchmidtCoefficientsr,∆) = Ω∗(r2/∆).

4.5 Productness

We consider the problem of testing whether a bipartite pure state |ψ⟩AB is a product state. Formally,
we define

Productness = { |ψ⟩AB ∈ HAB : |ψ⟩AB = |ϕ⟩A ⊗ |γ⟩B is a product state } . (138)

Note that a product state is actually an MPS of bond dimension r = 1. We have the following
lower bound for this problem.

Theorem 4.13 (Productness). Any tester for determining whether a bipartite pure state is a
product state or ε-far (in trace distance) requires sample complexity S(Productnessε) = Ω(1/ε2).

The lower bound for testing productness was mentioned in [SW22]. Here, we give a proof
different from theirs.

Proof. We relate the bipartite state testing of Productness to the corresponding mixed state
testing of Purity. Specifically, let

Purity =
{
ρA ∈ D(HA) : tr[ρ2A] = 1

}
. (139)
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In the following we first show that Purify(Purityε2) ⊆ Productnessε.
Reduction. It is easy to see that Purity = Rank1 and Productness = SchmidtRank1.

Then, since Purify(Rankrε2) ⊆ SchmidtRankrε (as shown in Theorem 4.1), we can conclude that
Purify(Purityε2) ⊆ Productnessε.

Lower bound. Because Purify(Purityε2) ⊆ Productnessε, and by Fact 2.2, we immedi-
ately have S(Productnessε) ≥ S(Purify(Purityε2)). We also note that S(Purify(Purityε2)) =
S(Purityε2) by Corollary 1.3. On the other hand, it is shown in Theorem A.2 that S(Purityε) =
Ω(1/ε). Therefore, we have S(Productnessε) = Ω(1/ε2).

5 Quantum Query Lower Bounds

Our results for entanglement spectrum testing of bipartite pure states contribute to not only quan-
tum sample complexity but also quantum query complexity. In particular, we are able to prove a
new lower bound for the quantum query complexity of the entanglement entropy problem studied
in [SY23]. The problem is defined as follows.

Problem 1 (Entanglement entropy problem, generalizing [SY23, Definition 1.13]). Let 0 < a <
b ≤ ln(d) and α > 0. Then entanglement entropy problem is to determine whether the α-Rényi
entanglement entropy of a bipartite state |ψ⟩AB ∈ HAB = HA ⊗HB = Cd⊗Cd is low (≤ a) or high
(≥ b), given query access to the unitary reflection operator IAB− 2|ψ⟩⟨ψ|AB. Formally, the promise
problem is defined by QEntanglementEntropyα,a,b = (P low,Phigh), where

• P low = { IAB − 2|ψ⟩⟨ψ|AB : |ψ⟩AB ∈ HAB and Eα(|ψ⟩AB) ≤ a }.

• Phigh = { IAB − 2|ψ⟩⟨ψ|AB : |ψ⟩AB ∈ HAB and Eα(|ψ⟩AB) ≥ b }.

Here, Eα(·) is the α-Rényi entanglement entropy induced by the α-Rényi entropy of mixed states.

We give a quantum query lower bound for the entanglement entropy problem as follows.

Theorem 5.1 (Quantum query lower bounds for the entanglement entropy problem). For any
constant α > 0, any quantum query algorithm for the entanglement entropy problem requires quan-
tum query complexity Q(QEntanglementEntropyα,a,b) = Ω̃(

√
d/∆ +

√
d1/α−1/∆1/α), where

∆ = b− a.

The proof of Theorem 5.1 is based on the sample lower bound for EntanglementEntropyα,a,b

in Corollary 1.7 via the quantum sample-to-query lifting theorem [WZ23].

5.1 Preparation

Block-encoding. To give the proof, we need the notion of block-encoding [CGJ19, GSLW19].

Definition 5.1 (Block-encoding). Suppose that n ≥ 1 and a ≥ 0 are integers, and α > 0 and ε ≥ 0
are real numbers. Let A be an n-qubit operator. A unitary operator U on Hilbert space Cn ⊗Ca is
said to be an (α, a, ε)-block-encoding of A, if∥∥α(In ⊗ ⟨0|⊗a

)
U
(
In ⊗ |0⟩⊗a

)
−A

∥∥ ≤ ε, (140)

where ∥·∥ is the operator norm.

We need to scale down the factor in the block-encoded operators, and we use the version from
[WZ23].
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Lemma 5.2 (Down-scaling of block-encoded operators, [WZ23, Corollary 2.6]). Let n ≥ 1 and
a ≥ 0. Suppose that U is an (n + a)-qubit unitary operator that is a (1, a, ε)-block-encoding of A.
Then, for α > 1, there is an (n + a + 1)-qubit unitary operator Uα that is a (1, a + 1, ε/α)-block-
encoding of A/α, using 1 query to U .

LCU lemma. We need the Linear Combination of Unitaries (LCU) lemma due to [CW12,
BCC+15]. We use the version from [GSLW19].

Definition 5.2 (State-preparation-pair). Let β > 0 and ε ≥ 0 be real numbers and m ≥ 1 and
b ≥ 0 be integers. Let y ∈ Cm with ∥y∥1 ≤ β. A pair of unitary operators (PL, PR) is said to be a

(β, b, ε)-state-preparation-pair for y, if PL|0⟩⊗b =
∑2b−1

j=0 cj |j⟩ and PR|0⟩⊗b =
∑2b−1

j=0 dj |j⟩ such that∑m−1
j=0 |βc∗jdj − yj | ≤ ε and c∗jdj = 0 for all m ≤ j < 2b.

Lemma 5.3 (Linear combination of block-encoded operators, [GSLW19, Lemma 29]). Let α, β > 0
and ε1, ε2 ≥ 0 be real numbers, and s ≥ 1 and a, b ≥ 0 be integers. Suppose that A =

∑m−1
j=0 yjAj

is an s-qubit operator with y ∈ Cm, (PL, PR) is a (β, b, ε1)-state-preparation-pair for y, and Uj is
an (α, a, ε2)-block-encoding of Aj for 0 ≤ j ≤ m − 1. Then, we can implement a quantum circuit
that is an (αβ, a+ b, αε1 + αβε2)-block-encoding of A, using 1 query to each of PL, PR and Uj for
0 ≤ j ≤ m− 1.

Quantum amplitude amplification. Quantum amplitude amplification [BHMT02] is a gener-
alization of Grover search [Gro96]. It can also be described in the language of block-encoding (cf.
[GSLW19, Theorem 15]).

Lemma 5.4 (Quantum amplitude amplification, adapted from [GSLW19, Theorem 15]). Let α > 1
and ε > 0 be real numbers, and n ≥ 1 and a ≥ 0 be integers. Suppose that W is an n-qubit unitary
operator, and U is a unitary operator that is a (1, a, ε)-block-encoding of W/α. Then, there is a
quantum circuit Ũ that is a (1, a+ 2, 8αε)-block-encoding of W , by using O(α) queries to U .

Quantum sample-to-query lifting. To show quantum query lower bounds, we need the quan-
tum sample-to-query lifting theorem from [WZ23]. First, we define the “diamond” quantum query
complexity for quantum state testing.

Definition 5.3 (Diamond quantum query complexity). Let P = (Pyes,Pno) be a quantum state
testing problem with Pyes ∪ Pno ⊆ D(Cd). A diamond quantum tester T for P is a quantum query
algorithm given access to a unitary oracle U (as well as controlled-U and their inverses) such that
for every ρ ∈ Pyes ∪Pno, and every unitary (2, a, 0)-block-encoding Uρ of ρ for some a ≥ 0, it holds
that

• Pr[T Uρ accepts] ≥ 2/3 if ρ ∈ Pyes.

• Pr[T Uρ accepts] ≤ 1/3 if ρ ∈ Pno.

The diamond quantum query complexity of P, denoted by Q⋄(P), is the minimum quantum
query complexity over all quantum diamond testers for P.

Theorem 5.5 (Quantum sample-to-query lifting, [WZ23, Theorem 1.1]). For every quantum state
testing problem P = (Pyes,Pno), it holds that Q⋄(P) = Ω̃(

√
S(P)).
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5.2 Proof of Theorem 5.1

The proof of Theorem 5.1 is to relate the sample complexity S(EntanglementEntropyα,a,b) to
the query complexity Q(QEntanglementEntropyα,a,b), consisting of three steps:

1. By Corollary 1.7, we have S(EntanglementEntropyα,a,b) = Ω(d/∆ + d1/α−1/∆1/α).

2. By Theorem 5.5, we have

Q⋄(EntanglementEntropy
α,a,b) = Ω̃(EntanglementEntropyα,a,b) (141)

= Ω̃

(√
d/∆ +

√
d1/α−1/∆1/α

)
. (142)

3. Finally, we note that

Q(QEntanglementEntropyα,a,b) = Θ(Q⋄(EntanglementEntropy
α,a,b)).

This can be seen by noting that the two types of quantum oracles can be implemented by
each other with a constant slowdown: IAB − 2|ψ⟩⟨ψ|AB and a unitary operator that is a
block-encoding of |ψ⟩⟨ψ|AB (see Lemma 5.6).

To complete the proof, we show the equivalence of the two types of quantum oracles.

Lemma 5.6. Let |ψ⟩ be an n-qubit pure state, and R = I − 2|ψ⟩⟨ψ| be an n-qubit unitary operator.
Then,

• Using O(1) queries to R, we can implement a unitary operator that is a (2, a, 0)-block-encoding
of |ψ⟩⟨ψ| for some a ≥ 1.

• For any unitary operator U that is a (2, a, 0)-block-encoding of |ψ⟩⟨ψ| for some a ≥ 1, we can
implement R using O(1) queries to U .

To show this, we need the following lemma.

Lemma 5.7. Let n ≥ 1 and a ≥ 0 be integers. Suppose that A = |ψ⟩⟨ψ| is an n-qubit operator
with |ψ⟩ an n-qubit pure quantum state, and U is a (2, a, 0)-block-encoding of A. Then, we can
implement a unitary operator that is a (1, a+ 3, 0)-block-encoding of I − 2A.

Proof. Let PL and PR be 1-qubit unitary operators such that

PL|0⟩ =
1√
5
|0⟩ +

2√
5
|1⟩, PR|0⟩ =

1√
5
|0⟩ − 2√

5
|1⟩. (143)

It can be verified that (PL, PR) is a (5, 1, 0)-state-preparation-pair for (1,−4). Then, with U1 :=
In+a a (1, a, 0)-block-encoding of In and U2 := U a (1, a, 0)-block-encoding of A/2, by Lemma 5.3,
we can implement a quantum circuit W that is a (5, a+ 1, 0)-block-encoding of I − 2A, by using 1
query to each of PL, PR, U1 and U2. By Lemma 5.4 with α := 5 and noting that I − 2A is unitary,
we can implement a quantum circuit V that is a (1, a + 3, 0)-block-encoding of I − 2A, by using
O(1) queries to W . In summary, V is the desired unitary operator and it uses O(1) queries to
U .

Now we are ready to prove Lemma 5.6.
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Proof of Lemma 5.6. The proof is split into two parts: the implementation of the block-encoding
of |ψ⟩⟨ψ| by R, and the implementation of R by the block-encoding of |ψ⟩⟨ψ|.

The implementation of the block-encoding of |ψ⟩⟨ψ| by R. Let PL and PR be 1-qubit
unitary operators such that

PL|0⟩ =
1√
2
|0⟩ +

1√
2
|1⟩, PR|0⟩ =

1√
2
|0⟩ − 1√

2
|1⟩. (144)

It can be verified that (PL, PR) is a (2, 1, 0)-state-preparation-pair for (1,−1). Then, with U1 :=
In (which is a (1, 0, 0)-block-encoding of In) and U2 := R (which is a (1, 0, 0)-block-encoding of
R), by Lemma 5.3, we can implement a quantum circuit W that is a (2, 1, 0)-block-encoding of
In − R = 2|ψ⟩⟨ψ|, by using 1 query to each of PL, PR, U1 and U2. We note that W is actually
a (1, 1, 0)-block-encoding of |ψ⟩⟨ψ| and can be implemented by using 1 query to R. To complete
the proof, we note that for a > 1, W ⊗ Ia−1 is a (1, a, 0)-block-encoding of |ψ⟩⟨ψ|. Finally, by
Lemma 5.2, we can implement a unitary operator that is a (1, a+ 1, 0)-block-encoding of |ψ⟩⟨ψ|/2,
i.e., a (2, a+ 1, 0)-block-encoding of |ψ⟩⟨ψ|, by using 1 query to W ⊗ Ia−1.

The implementation of R by the block-encoding of |ψ⟩⟨ψ|. By Lemma 5.7, we can
implement a unitary operator W that is a (1, a+ 3, 0)-block-encoding of I − 2|ψ⟩⟨ψ| = R, by using
O(1) queries to U . Note that W = R⊗ V , where V acts on (a+ 3) ancilla qubits.

6 Optimal One-Way LOCC for Bipartite Mixed States

In this section, we will show how to construct an optimal one-way LOCC tester for unitarily
invariant properties of bipartite mixed states when Pyes only consists of pure states, and thus prove
Theorem 1.11. We formally state it as follows.

Theorem 6.1. Let P = (Pyes,Pno) be a property of bipartite mixed states in D(HAB) that is
unitarily invariant on HB. If Pyes only consists of pure states, then, for any parameters 0 <
s < c ≤ 1, there exists a one-way LOCC (c, s)-tester for P that achieves the sample complexity
k · Sc,s(P), where k is a constant that depands only on c and s.

6.1 Construction (Proof of Theorem 6.1)

To prove Theorem 6.1, let T be a (possibly global) (c, s)-tester for P with sample complexity
Sc,s(P), where 0 < s < c ≤ 1, then we use the following theorem to show the existence of an
optimal one-way LOCC tester that achieves sample complexity 200 ln(1/s + 10)(c − s)−4 · Sc,s(P)
(note that this overhead 200 ln(1/s+ 10)(c− s)−4 is a constant in the case of c = 2/3 and s = 1/3,
which is the default setting of a quantum tester).

Theorem 6.2. Suppose P = (Pyes,Pno) is a property of bipartite mixed states in D(HAB) such
that P is unitarily invariant on HB and Pyes only consists of pure states. For any 0 < s < c ≤ 1,
if T is a (c, s)-tester for P with sample complexity N0, then there is a one-way LOCC (from Bob
to Alice) (c, s)-tester with sample complexity 200 ln(1/s+ 10)(c− s)−4 ·N0.

Proof. We first check whether N0 ≥ 2(c−s)−1. If this is not the case, then we simply pad the tester
T with trivial measurements, and obtain a tester (also denoted by T in the rest of this paper) that
has sample complexity 2(c− s)−1. Therefore, from now on, suppose we have a (c, s)-tester T with
sample complexity

N = max(N0, 2(c− s)−1). (145)
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Note that the tester T has the following form:

T =
∑

λ1,λ2,λ3,λ4⊢(N,d)

Tλ1,λ2→λ3,λ4 , (146)

where Tλ1,λ2→λ3,λ4 : (Vλ1,A ⊗ Wλ1,A) ⊗ (Vλ2,B ⊗ Wλ2,B) → (Vλ3,A ⊗ Wλ3,A) ⊗ (Vλ4,B ⊗ Wλ4,B) is
a linear map, in which the subspaces notated with λ1, λ3 are possessed by Alice and those with
λ2, λ4 are possessed by Bob. Here, Vλ,A = Vλ,B := Vλ and Wλ,A = Wλ,B := Wλ are irreducible
representations of SN and Ud that appear in the decomposition of H⊗N

AB in Lemma 2.8.

Our construction of the optimal one-way LOCC tester T̂ from Bob to Alice is given as follows:

T̂ :=
∑

λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
· Lλ
⟨⟨IVλ

|Sλ,λ→λ,λ|IVλ
⟩⟩ ⊗ IWλ,B

,
(147)

where

Lλ =
1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
| +

1

dim(Vλ) + 1

(
IVλ⊗Vλ

− 1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
|
)
, (148)

Sλ,λ→λ,λ =
1

N !

∑
π∈SN

Pλ,A(π)
Pλ,B(π)

trWλ,B
[Tλ,λ→λ,λ]

Pλ,A(π)†

Pλ,B(π)†
. (149)

The rest part of this section is to show that T̂ is a one-way LOCC tester for P (although repeated
experiments are required to amplify the soundness, with an overhead that depends only on c and
s, which will be explicitly given later).

To illustrate the main idea, we introduce intermediate testers that will be useful in the proof.

1. Let T̃ be the tester defined by Equation (30).

2. Based on the simultaneous-permutation invariance, we construct a new tester:˜̃T :=
1

N !

∑
π∈SN

PA(π)
PB(π)

T̃ PA(π)†

PB(π)†
. (150)

3. Then, we construct a new tester T , with the final tester T̂ derived as an LOCC approximation
of T :

T := Π
˜̃T Π, (151)

where

Π =
∑

λ⊢(N,d)

1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
| ⊗ IWλ,A

⊗ IWλ,B
, (152)

and Π can be viewed as a purity-tester (e.g., see [Mat10]).

Through an argument similar to Lemma 3.3, we can show that T̃ is also a (c, s)-tester for P
with sample complexity N . We characterize some useful properties of

˜̃T and T in Section 6.2
and Section 6.3, respectively, and also show that they both are (c, s)-testers for P with sample
complexity N . Finally, in Section 6.4, we show that T̂ can be implemented by one-way LOCC (see
Lemma 6.5), and T̂ is a (c, s/2 + c/2)-tester for P with sample complexity N (see Lemma 6.6).
Furthermore, we show that T̂ can be amplified to a (c, s)-tester with an overhead 100 ln(1/s +
10)(c− s)−3 (see Lemma 6.7). Therefore, the total sample complexity can be bounded by:

100 ln(1/s+ 10)(c− s)−3 ·N ≤ 200 ln(1/s+ 10)(c− s)−4 ·N0, (153)

where the inequality is because N = max(N0, 2(c− s)−1) ≤ 2(c− s)−1 ·N0 (here, we did not try to
optimize the constant factor 200 ln(1/s+ 10)(c− s)−4 for simplicity).
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6.2 Characterization of
˜̃T

The following lemma shows that
˜̃T is a tester for P and gives useful properties of

˜̃T .

Lemma 6.3. Let
˜̃T be the tester defined by Equation (150). Then,

1.
˜̃T is a (c, s)-tester for P with sample complexity N .

2.
˜̃T can be written as: ˜̃T =

∑
λ1,λ2,λ3⊢(N,d)

1

dim(Wλ2)
Sλ1,λ2→λ3,λ2 ⊗ IWλ2,B

, (154)

where

Sλ1,λ2→λ3,λ2 :=
1

N !

∑
π∈SN

Pλ3,A(π)
Pλ2,B(π)

trWλ2,B
[Tλ1,λ2→λ3,λ2 ]

Pλ1,A(π)†

Pλ2,B(π)†
. (155)

Note that Sλ1,λ2→λ3,λ2 : Vλ1,A ⊗ Vλ2,B ⊗Wλ1,A → Vλ3,A ⊗ Vλ2,B ⊗Wλ3,A is a linear map.

3.
˜̃T commutes with Π, i.e., Π

˜̃T =
˜̃T Π, where Π is defined by Equation (152).

Proof. Item 1. According to Equation (30), we have

T̃ :=

∫
U∈Ud

U⊗N
B T U †⊗N

B =
∑

λ1,λ2,λ3,λ4⊢(N,d)

∫
U∈Ud

Qλ4,B(U)Tλ1,λ2→λ3,λ4Qλ2,B(U)† (156)

=
∑

λ1,λ2,λ3⊢(N,d)

1

dim(Wλ2)
trWλ2,B

[Tλ1,λ2→λ3,λ2 ] ⊗ IWλ2,B
, (157)

where the third equality is due to Corollary 2.4 and Corollary 2.5. Since P is unitarily invariant
on HB, through an argument similar to Lemma 3.3, we can show that T̃ is also a (c, s)-tester for

P with sample complexity N . It is easy to see that
˜̃T is also a (c, s)-tester for P with sample

complexity N , as
˜̃T behaves identically to T̃ :

tr

[ ˜̃T ρ⊗NAB

]
= tr

T̃ · 1

N !

∑
π∈SN

PA(π)†

PB(π)†
ρ⊗NAB

PA(π)
PB(π)

 = tr
[
T̃ ρ⊗NAB

]
. (158)

Item 2. By Equation (150) and Equation (157), we can write
˜̃T as:

˜̃T =
∑

λ1,λ2,λ3⊢(N,d)

1

dim(Wλ2)

 1

N !

∑
π∈SN

Pλ3,A(π)
Pλ2,B(π)

trWλ2,B
[Tλ1,λ2→λ3,λ2 ]

Pλ1,A(π)†

Pλ2,B(π)†

⊗ IWλ2,B
(159)

=
∑

λ1,λ2,λ3⊢(N,d)

1

dim(Wλ2)
Sλ1,λ2→λ3,λ2 ⊗ IWλ2,B

. (160)

Item 3. First, note that

Π
˜̃T =

∑
λ⊢(N,d)

1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
| ·

∑
λ1,λ2,λ3⊢(N,d)

1

dim(Wλ2)
Sλ1,λ2→λ3,λ2 ⊗ IWλ2,B

(161)
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=
∑

λ,λ1⊢(N,d)

1

dim(Vλ) dim(Wλ)
|IVλ

⟩⟩⟨⟨IVλ
|Sλ1,λ→λ,λ ⊗ IWλ,B

, (162)

where the second equality is because |IVλ
⟩⟩⟨⟨IVλ

| : Vλ,A⊗Vλ,B → Vλ,A⊗Vλ,B and Sλ1,λ2→λ3,λ2 : Vλ1,A⊗
Vλ2,B⊗Wλ1,A → Vλ3,A⊗Vλ2,B⊗Wλ3,A, thus |IVλ

⟩⟩⟨⟨IVλ
|Sλ1,λ2→λ3,λ2 is non-zero only if λ3 = λ2 = λ.

Now, we look deeper into Sλ1,λ→λ,λ. By its definition (see Equation (155)), Sλ1,λ→λ,λ commutes
with the actions of simultaneous-permutation. Therefore, by Schur’s lemma (Proposition 2.3), it
has the following form:

Sλ1,λ→λ,λ =
∑

Vλ′
SN⊂ Vλ1

⊗Vλ

Vλ′
SN⊂ Vλ⊗Vλ

IVλ′ ⊗Rλ
′
λ1,λ→λ,λ, (163)

where Vλ′
SN⊂ Vλ1 ⊗ Vλ means Vλ′ occurs in Vλ1 ⊗ Vλ as a representation of SN (and similarly

for Vλ′
SN⊂ Vλ ⊗ Vλ). Moreover, Rλ

′
λ1,λ→λ,λ : Mλ′

λ1,λ
→ Mλ′

λ,λ is a linear map, where Mλ′
λ1,λ

is the

multiplicity space of Vλ′ in Vλ1 ⊗Vλ (and similarly for Mλ′
λ,λ). On the other hand, one can see that

Pλ(π) ⊗ Pλ(π)|IVλ
⟩⟩ = |Pλ(π)Pλ(π)T⟩⟩ = |IVλ

⟩⟩, (164)

which means span(|IVλ
⟩⟩) is a trivial representation of SN (corresponding to the Young diagram

with only one row, i.e., · · · ) in Vλ⊗Vλ. However, V ·· · does not occur in Vλ1 ⊗Vλ for λ1 ̸= λ,
since otherwise there exists a non-zero |x⟩ ∈ Vλ1 ⊗ Vλ such that:

1

N !

∑
π∈SN

Pλ1(π) ⊗ Pλ(π)|x⟩ = |x⟩, (165)

but this contradicts Equation (58). Therefore, for λ1 ̸= λ,

|IVλ
⟩⟩⟨⟨IVλ

|Sλ1,λ→λ,λ = 0, (166)

since span(|IVλ
⟩⟩)

SN∼= V ·· · but V ·· · does not occur in the summation of Equation (163). There-

fore, Π
˜̃T (see Equation (162)) can be written as

Π
˜̃T =

∑
λ⊢(N,d)

1

dim(Vλ) dim(Wλ)
|IVλ

⟩⟩⟨⟨IVλ
|Sλ,λ→λ,λ ⊗ IWλ,B

. (167)

According to symmetry, a similar form also holds for
˜̃T Π.

Now, to prove that Π commutes with
˜̃T , it suffices to prove that |IVλ

⟩⟩⟨⟨IVλ
| commutes with

Sλ,λ→λ,λ. First, by Equation (163), we have

Sλ,λ→λ,λ =
∑

Vλ′
SN⊂ Vλ⊗Vλ

IVλ′ ⊗Rλ
′
λ,λ→λ,λ. (168)

Since span(|IVλ
⟩⟩)

SN∼= V ·· · , we only need to consider the case of λ′ = · · · . Note that the
multiplicity of V ·· · in Vλ⊗Vλ is always 1. This is because: suppose |x⟩ ∈ Vλ⊗Vλ is in a V ·· · ,
then it satisfies

1

N !

∑
π

Pλ(π) ⊗ Pλ(π)|x⟩ = |x⟩ (169)

but by Equation (57), |x⟩ can only be proportional to |IVλ
⟩⟩. Therefore, R

· · ·

λ,λ→λ,λ is trivially a 1×1

matrix, and IV · · ·
is just 1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
|, which means |IVλ

⟩⟩⟨⟨IVλ
| commutes with Sλ,λ→λ,λ.
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6.3 Characterization of T

The following lemma shows that T is a (c, s)-tester for P and gives a useful identity for T .

Lemma 6.4. Let T be the tester defined by Equation (151). Then,

1. T is a (c, s)-tester for P with sample complexity N .

2. T can be written as:

T =
∑

λ⊢(N,d)

1

dim(Wλ) dim(Vλ)
·

1
dim(Vλ)

|IVλ
⟩⟩⟨⟨IVλ

|
⟨⟨IVλ

|Sλ,λ→λ,λ|IVλ
⟩⟩ ⊗ IWλ,B

, (170)

where ⟨⟨IVλ
|Sλ,λ→λ,λ|IVλ

⟩⟩ : Wλ,A → Wλ,A is a positive operator, and since T is a valid mea-
surement (by its definition), the operator norm of 1

dim(Wλ) dim(Vλ)
⟨⟨IVλ

|Sλ,λ→λ,λ|IVλ
⟩⟩ is less

than or equal to 1.

Proof. Item 1. We first show that T is also a (c, s)-tester for P with sample complexity N . First,
if |ψ⟩AB ∈ Pyes, then

tr
[
T |ψ⟩⟨ψ|⊗NAB

]
= tr

[ ˜̃T Π|ψ⟩⟨ψ|⊗NAB Π

]
= tr

[ ˜̃T |ψ⟩⟨ψ|⊗NAB

]
≥ c, (171)

where the second equality is because |ψ⟩⊗NAB =
∑

λ⊢(N,d) |IVλ
⟩⟩ ⊗ |wλ⟩ by Lemma 3.6, and therefore

is in the support space of Π. On the other hand, if ρAB ∈ Pno, then

tr
[
T ρ⊗NAB

]
= tr

[
Π
˜̃T Πρ⊗NAB

]
≤ tr

[ ˜̃T ρ⊗NAB

]
≤ 1/3, (172)

where the first inequality is because Π ⊑ I and Π commutes with
˜̃T , due to Item 3 of Lemma 6.3.

Item 2. It follows directly from Equation (151) and Item 2 of Lemma 6.3.

6.4 Validity of T̂

Note that T is still not LOCC implementable, since the part 1
dim(Vλ)

|IVλ
⟩⟩⟨⟨IVλ

| is not LOCC im-

plementable when dim(Vλ) > 1. Nevertheless, as suggested by [Mat10, HMT06], there is an LOCC
approximation for the projector of maximally entangled state (see Lemma 6.8). Based on this, we
first show that T̂ is LOCC implementable.

Lemma 6.5. The tester T̂ defined by Equation (147) is a one-way LOCC tester from Bob to Alice.

Proof. Note that the operator norm of 1
dim(Wλ) dim(Vλ)

⟨⟨IVλ
|Sλ,λ→λ,λ|IVλ

⟩⟩ is less than 1 by Item 2

of Lemma 6.4. Thus, from the definition of T̂ (see Equation (147)), one can see that T̂ is a valid
measurement.

By Lemma 6.8, Lλ (as an LOCC approximation of 1
dim(Vλ)

|IVλ
⟩⟩⟨⟨IVλ

|) defined by Equation (148)
can be written as

Lλ =

∫
Uλ∈Udλ

Uλ
U∗
λ

(
dλ∑
i=1

|i⟩⟨i|Vλ,A

|i⟩⟨i|Vλ,B

)
U †
λ

U∗†
λ

, (173)
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where dλ := dim(Vλ) and {|i⟩Vλ
}i is a standard basis of Vλ. Then, T̂ defined by Equation (147)

can be written as

T̂ =
∑

λ⊢(N,d)

∫
Uλ∈Udλ

dλ∑
i=1

1

dim(Wλ) dim(Vλ)
·

Uλ
U∗
λ

(
|i⟩⟨i|Vλ,A

|i⟩⟨i|Vλ,B

)
U †
λ

U∗†
λ

⟨⟨IVλ
|Sλ,λ→λ,λ|IVλ

⟩⟩ ⊗ IWλ,B

(174)

Therefore, T̂ can be implemented by the following strategy:

1. For each λ ⊢ (N, d), Bob samples a Haar random unitary Uλ ∈ Udλ , where dλ := Vλ.

2. Bob performs the measurement{
U∗
λ |i⟩⟨i|Vλ,B

U∗†
λ

IWλ,B

}
λ⊢(N,d),1≤i≤dλ

, (175)

and obtain the measurement result (λB, iB).

3. Bob sends the classical message ({Uλ}λ⊢(N,d), λB, iB) to Alice.

4. Alice performs the measurement{
Uλ|i⟩⟨i|Vλ,A

U †
λ

1
dim(Wλ) dim(Vλ)

⟨⟨IVλ
|Sλ,λ→λ,λ|IVλ

⟩⟩

}
λ⊢(N,d),1≤i≤dλ

, (176)

and obtain the measurement result (λA, iA).

5. Alice accepts if λA = λB and iA = iB.

Then, we show that T̂ is a (c, s/2 + c/2)-tester for P with sample complexity N .

Lemma 6.6. Let T̂ be the tester defined by Equation (147). Then T̂ is a (c, s/2 + c/2)-tester for
P with sample complexity N , i.e.,

1. For every ρ ∈ Pyes, tr[T̂ ρ⊗N ] ≥ c.

2. For every ρ ∈ Pno, tr[T̂ ρ⊗N ] ≤ s/2 + c/2.

Proof. Note that Lλ is actually an LOCC approximation of 1
dim(Vλ)

|IVλ
⟩⟩⟨⟨IVλ

| satisfying∥∥∥∥Lλ − 1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
|
∥∥∥∥ ≤ 1

dim(Vλ) + 1
. (177)

Furthermore, when dim(Vλ) = 1,

Lλ =
1

dim(Vλ)
|IVλ

⟩⟩⟨⟨IVλ
|. (178)

Note that T̂ ⊒ T since Lλ ⊒ 1
dim(Vλ)

|IVλ
⟩⟩⟨⟨IVλ

|. Thus T̂ will accept |ψ⟩AB ∈ Pyes with probability
≥ c. If ρAB ∈ Pno, then

tr
[
T̂ ρ⊗NAB

]
≤ tr

[
T ρ⊗NAB

]
+ max

λ⊢(N,d)
dim(Vλ)>1

1

dim(Vλ) + 1
≤ s+

1

N
≤ s/2 + c/2, (179)
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where the second inequality is because the smallest dimension of Vλ other than 1 is N − 1,6 and
the third inequality is because N = max(N0, 2(c− s)−1) ≥ 2(c− s)−1 (see Equation (145)).

Next, we provide Lemma 6.7, by which we can amplify the (c, s/2+ c/2)-tester T̂ in Lemma 6.6
to a (c, s)-tester with an overhead of 100 ln(1/s+ 10)(c− s)−3.

Lemma 6.7. If 0 < s < c ≤ 1, then a (c, s/2 + c/2)-tester can be amplified to a (c, s)-tester by
repeating the tester for 100 ln(1/s+ 10)(c− s)−3 times.

Proof. The strategy is simple. We repeat the (c, s/2 + c/2)-tester for n := 100 ln(1/s+ 10)(c− s)−3

times, and obtain the results {Xi}ni=1, where each Xi ∈ {0, 1} is an output of the (c, s/2+c/2)-tester
with 0 corresponding to “reject” and 1 corresponding to “accept”. Then, we compute the average
value Xavg =

∑n
i=1Xi/n, and accept iff Xavg ≥ t, where t := 3c/4 + s/4 is a threshold value. We

define ∆ := c− t = t− (s/2 + c/2) = (c− s)/4 and note that n > 6 ln(1/s+ 10)∆−3.
If the tested state is from Pno, then the (c, s/2 + c/2)-tester accepts it with probability Pr[Xi =

1] ≤ s/2 + c/2. By Hoeffding’s inequality (Lemma 6.10), the final acceptance probability can be
bounded as:

Pr[Xavg ≥ t] ≤ exp

(
−2n

(
t− s+ c

2

)2
)

= exp
(
−2n∆2

)
< exp (− ln(1/s+ 10)) < s (180)

If the tested state is from Pyes, then the (c, s/2+c/2)-tester accepts it with probability Pr[Xi =
1] ≥ c. First, if 1 − c ≥ exp(−2/∆), then by Hoeffding’s inequality (Lemma 6.10), we have

Pr[Xavg < t] ≤ exp
(
−2n (c− t)2

)
= exp

(
−2n∆2

)
< exp (−2/∆) ≤ 1 − c. (181)

Otherwise, suppose 1−c < exp(−2/∆). Note that ∆ = (c−s)/4 < 1/4, and c > 1−exp(−8) > 2/3,
and thus t > 3c/4 > 1/2. By the Chernoff-Hoeffding inequality (Lemma 6.9), we have

Pr[Xavg < t] ≤ exp
(
−nDKL(t∥c)

)
= exp

(
−n
[
t ln

(
t

c

)
+ (1 − t) ln

(
1 − t

1 − c

)])
(182)

≤ exp

(
n

[
t ln

(
1

t

)
+ (1 − t) ln

(
1

1 − t

)])
· (1 − c)(1−t)n (183)

≤ exp

(
n

[
2(1 − t) ln

(
1

1 − t

)])
· (1 − c)(1−t)n (184)

=

(
1 − c

(1 − t)2

)(1−t)n
, (185)

where the third inequality is because t ln(1/t) ≤ (1− t) ln(1/(1− t)) when t > 1/2. Then, note that
1 − c < exp(−2/∆) < ∆3 < (1 − t)3, thus we have(

1 − c

(1 − t)2

)(1−t)n
≤
(

3
√

1 − c
)(1−t)n

≤ (1 − c)
∆
3
n < 1 − c. (186)

Therefore, we have proved that Pr[Xavg < t] ≤ 1 − c, which means Pr[Xavg ≥ t] ≥ c.

6The dimension of Vλ equals the number of standard Young tableaux with shape λ, and can be calculated by the
hook length formula [FH13]. Based on it, one can prove that for any Young diagram λ with N boxes, if λ is not a
one-column or one-row Young diagram, then there exists more than N − 1 standard Young tableaux with shape λ.
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6.5 Technical Lemmas

Lemma 6.8 ([HMT06, Theorem 1]). Suppose H is a d-dimensional Hilbert space. Then,

1

d
|IH⟩⟩⟨⟨IH| +

1

d+ 1
(I − 1

d
|IH⟩⟩⟨⟨IH|) =

∫
U∈Ud

U
U∗

(
d∑
i=1

|i⟩⟨i|
|i⟩⟨i|

)
U †

U∗†. (187)

Thus, the measurement 1
d |IH⟩⟩⟨⟨IH| + 1

d+1(I − 1
d |IH⟩⟩⟨⟨IH|) can be implemented by one-way LOCC.

Proof. Note that (U 7→ U ⊗ U∗,H ⊗H) is a representation of Ud, which contains two irreducible
subspaces

span(|IH⟩⟩), {|X⟩⟩ | tr(X) = 0, X : H → H is a linear map}. (188)

Therefore, ∫
U∈Ud

U
U∗

(
d∑
i=1

|i⟩⟨i|
|i⟩⟨i|

)
U †

U∗† =
α

d
|IH⟩⟩⟨⟨IH| + β

(
I − 1

d
|IH⟩⟩⟨⟨IH|

)
, (189)

for some α, β ≥ 0, where I − 1
d |IH⟩⟩⟨⟨IH| can be viewed as the projector on to the subspace

{|X⟩⟩ | tr(X) = 0, X : H → H is a linear map}. Note that,

1

d
⟨⟨IH|

d∑
i=1

|i⟩⟨i|
|i⟩⟨i||IH⟩⟩ = 1, (190)

which implies α = 1. This further implies β = 1
d+1 , since the RHS and LHS of Equation (189) have

the same trace.
Then, we can see that the RHS of Equation (187) can be implemented in the following way: Bob

(the second system) first samples a Haar random unitary, and performs the measurement {U∗|i⟩}i,
and then send both the unitary U and the measurement result iB to Alice (the first system), and
then Alice performs the measurement {U |i⟩}i to obtain a result iA, and accepts if iA = iB.

We also need the following probability inequalities for amplifying the completeness and sound-
ness of quantum testers.

Lemma 6.9 (Chernoff-Hoeffding, [Hoe63, Theorem 1]). Suppose that X1, X2, . . . , Xn are indepen-
dent and identical random variables and 0 ≤ Xi ≤ 1 for 1 ≤ i ≤ n. Let p = E[X1]. Then,

Pr

[
1

n

n∑
i=1

Xi ≤ t

]
≤

((p
t

)t(1 − p

1 − t

)1−t
)n

= exp(−nDKL(t∥p)), (191)

where

DKL(x∥y) = x ln

(
x

y

)
+ (1 − x) ln

(
1 − x

1 − y

)
(192)

is the Kullback–Leibler divergence.

Lemma 6.10 (Hoeffding, [Hoe63, Theorem 2]). Suppose that X1, X2, . . . , Xn are independent and
identical random variables and 0 ≤ Xi ≤ 1 for 1 ≤ i ≤ n. Let p = E[X1]. Then,

Pr

[
1

n

n∑
i=1

Xi − p ≤ t

]
≤ exp

(
−2nt2

)
, (193)

Pr

[
1

n

n∑
i=1

Xi − p ≥ t

]
≤ exp

(
−2nt2

)
. (194)
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A Sample Lower Bound for Purity Testing

In this section, we show a matching sample lower bound for testing the purity of mixed states. This
property is defined as follows.

• Whether the mixed state ρ in Hilbert space H is pure. Formally, we define

Purity =
{
ρ ∈ D(H) : tr[ρ2] = 1

}
. (195)

To prove a sample lower bound for purity testing, we need an upper bound for the success
probability of quantum state discrimination, known as the Helstrom-Holevo bound [Hel67, Hol73].
We use the version given in [Wil13].

Theorem A.1 (Quantum state discrimination, cf. [Wil13, Section 9.1.4]). Suppose that ρ0 and ρ1
are two mixed quantum states. Let ϱ be a quantum state such that ϱ = ρ0 or ϱ = ρ1 with equal
probability. For any POVM Λ = {Λ0,Λ1}, the success probability of distinguishing the two cases is
bounded by

psucc =
1

2
tr[Λ0ρ0] +

1

2
tr[Λ1ρ1] ≤

1

2
(1 + dtr(ρ0, ρ1)). (196)

Moreover, the equality holds for some POVM Λ∗.
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Next, we prove a lower bound for purity testing through a reduction of quantum state discrim-
ination.

Theorem A.2. Testing whether a mixed state is pure or ε-far (in trace distance) requires sample
complexity S(Purityε) = Ω(1/ε).

Proof. For ε ∈ (0, 1), we consider the problem of distinguishing two mixed states ρ0 and ρε, where

ρx = (1 − x)|0⟩⟨0| + x|1⟩⟨1|. (197)

Note that ρ0 is a pure state and ρε is ε-far (in trace distance) from ρ0.
Suppose there is a tester for purity with sample complexity S, then the tester can be used

to distinguish between ρ⊗S0 and ρ⊗Sε with success probability psucc ≥ 2/3. On the othe hand, by
Theorem A.1, we have

psucc ≤
1

2

(
1 + dtr(ρ

⊗S
0 , ρ⊗Sε )

)
. (198)

By the Fuchs–van de Graaf inequalities (Lemma 2.1), we have

dtr(ρ
⊗S
0 , ρ⊗Sε ) ≤

√
1 − F

(
ρ⊗S0 , ρ⊗Sε

)2
, (199)

where F(ρ, σ) = tr[
√√

σρ
√
σ] is the fidelity between two mixed states. A simple calculation shows

that

F
(
ρ⊗S0 , ρ⊗Sε

)2
= F(ρ0, ρε)

2S = (1 − ε)S . (200)

By Equations (198), (199) and (200), we have

psucc ≤
1

2

(
1 +

√
1 − (1 − ε)S

)
, (201)

which, together with psucc ≥ 2/3, gives S = Ω(1/ε).

The lower bound in Theorem A.2 matches the upper bound in [MdW16, Section 4.2], which
means that S(Purityε) = Θ(1/ε).
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