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Abstract

Consider quantum channels with input dimension d1, output dimension d2 and Kraus rank
at most r. Such channels exist only when the constraint rd2 ≥ d1 holds, and we refer to the
parameter regime rd2 = d1 as the boundary regime. In this paper, we show an optimal query
lower bound Ω(rd1d2/ε

2) for quantum channel tomography to within diamond norm error ε in
the away-from-boundary regime rd2 ≥ 2d1, matching the existing upper bound O(rd1d2/ε

2). In
particular, this lower bound fully settles the query complexity for the commonly studied case
of equal input and output dimensions d1 = d2 = d with r ≥ 2, in sharp contrast to the unitary
case r = 1 where Heisenberg scaling Θ(d2/ε) is achievable.

1 Introduction

Estimating an unknown quantum physical process from experimental data is a foundational task in
quantum computing and quantum information. A central question is to quantify the informational
resources required for such estimation when the unknown process is given as a black-box quantum
channel. In this paper, we study quantum channel tomography : given query access to an unknown
quantum channel E , the goal is to learn a full classical description of E using as few queries as
possible (to a prescribed accuracy, e.g., in diamond norm).

Research on quantum channel tomography traces back to the more basic problem of quantum
state tomography, which aims to learn a full classical description of an unknown quantum state
from samples. Quantum state tomography can be viewed as a special case of quantum channel
tomography in which the input dimension is 1. The optimal tomography of pure states has been
well understood since the seminal works [Hay98, BM99, KW99]. Optimal tomography of mixed
states was developed later in [HHJ+17, OW16] and subsequently refined and extended in [OW17,
GKKT20, Yue23, SSW25, PSW25, PSTW25].

Compared with quantum state tomography, general quantum channel tomography involves a
richer set of considerations. One may design the input states arbitrarily (including entanglement
with ancillas), apply the unknown channel sequentially and adaptively, and perform collective mea-
surements across multiple uses, which leads to more subtle analyses. Despite this difficulty, exten-
sive work [CN97, PCZ97, Leu00, DP01, MRL08, KKEG19, BHK+19, SSKKG22, Ouf23b, Ouf23a,
HCP23, FFGO23, Car24, RAS+24, ZLK+24, ZRCK25, YMM25] has been devoted to quantum
channel tomography over the last thirty years. Notably, for tomography of unitary channels, Haah,
Kothari, O’Donnell, and Tang [HKOT23] settled the optimal query complexity Θ(d2/ε), where d
is the channel dimension and ε is the target error in diamond norm. For tomography of general
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channels using only non-adaptive incoherent measurements, Oufkir [Ouf23b, Ouf23a] established
a near-optimal query complexity Θ̃(d31d

3
2/ε

2), generalizing the algorithm in [SSKKG22], where d1
and d2 are the input and output dimensions and ε is the diamond norm error. For isometry
channel tomography, Yoshida, Miyazaki, and Murao [YMM25] established a query lower bound of
Ω((d2 − d1)d1/(ε

2 log 1/ε))1.
In the most general setting, the unknown channel has input dimension d1, output dimension d2,

and Kraus rank at most r, and the tomography algorithm can make coherent queries to the unknown
channel. Recent work has substantially improved our understanding of the optimal scalings. On
the upper-bound side, Mele and Bittel [MB25] and Chen, Yu, and Zhang [CYZ25] showed that
O
(
rd1d2/ε

2
)

queries suffice for channel tomography with diamond norm error ε. Moreover, in the
boundary regime rd2 = d1, [CYZ25] showed that O(rd1d2/ε) queries suffice for channel tomography
with Choi-state trace norm error ε, achieving the Heisenberg scaling.

Girardi, Mele, Zhao, Fanizza, and Lami [GMZ+25] and Yoshida, Niwa, and Murao [YNM25]
then algorithmically strengthened the local test technique in [CYZ25] by explicitly constructing the
random Stinespring dilation superchannels with efficient circuit complexity. Intuitively, local test
and random dilation for channels can be viewed as dual concepts in the Heisenberg and Schrödinger
pictures, respectively. The underlying ideas trace back to local test and random purification for
quantum states [TWZ25, CWZ24, SW22]. More developments can be found in [PSTW25, GML25,
MGC+25, WW25].

On the lower-bound side, it was shown in [GMZ+25] that Ω(rd1d2) queries are required for
channel tomography at constant error, improving the prior lower bound Ω(d21d

2
2/ log(d1d2)) for full

Kraus-rank (i.e., r = d1d2) tomography due to Rosenthal, Aaronson, Subramanian, Datta, and
Gur [RAS+24]. More recently, Oufkir and Girardi [OG26] incorporated the ε-dependence and
proved a lower bound of Ω

(
rd1d2/(ε

2 log(d2r/ε))
)
2 in the away-from-boundary regime rd2 ≥ 2d1,

matching the upper bound in [MB25, CYZ25] up to a logarithmic factor. They also showed a lower
bound Ω(rd1d2/(ε log(d2r/ε))) in the boundary regime rd2 = d1, where ε can be either Choi-state
trace norm or diamond norm error, matching the upper bound in [CYZ25] up to a logarithmic
factor.

A remaining open question is whether a matching query lower bound Ω(rd1d2/ε
2) for general

quantum channel tomography can be proved without logarithmic factors. In this paper, we resolve
this question by establishing such a lower bound in the away-from-boundary regime rd2 ≥ 2d1.
In particular, this settles the most commonly studied case of equal input and output dimensions
d1 = d2 with r ≥ 2.

1.1 Main results

Our main result is as follows.

Theorem 1.1 (Optimal lower bound in away-from-boundary regime, Theorem 4.2 restated). Let
d1, d2, r be positive integers such that rd2 ≥ 2d1. Tomography of quantum channels with input
dimension d1, output dimension d2 and Kraus rank at most r, and to within diamond norm error
ε, requires Ω(rd1d2/ε

2) queries.

This lower bound matches the existing upper bound O(rd1d2/ε
2) [MB25, CYZ25], and fully

settles the query complexity of quantum channel tomography in the away-from-boundary regime

1Since we consider the tomography with success probability at least 2/3, the lower bound in [YMM25] applies to
our setting if the success probability is amplified to 1−O(ε2), which incurs an additional logarithmic factor on ε.

2During the preparation of this manuscript, we became aware of a very recent update (arXiv v3) of [OG26], in
which their lower bound in the away-from-boundary regime rd2 ≥ 2d1 is improved to Ω

(
rd1d2/(ε

2 log(d2r/ε))
)
. See

Section 1.2 for further discussion.
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rd2 ≥ 2d1. Theorem 1.1 is based on a tight analysis on sets of isometries with a specific structure
(which we call the “hard” isometry set), using the formalism of quantum combs and testers. Recent
work [OG26] provides an instantiation of such a “hard” isometry set with sufficiently large cardi-
nality and the desired separation properties, allowing our analysis to apply to their construction
and yield the optimal lower bound.

As a special case of our main result, we consider quantum channels with equal input and
output dimensions, i.e., d1 = d2 = d, which are simply called d-dimensional quantum channels.
Combined with known results on unitary tomography [HKOT23] and upper bound on quantum
channel tomography [MB25, CYZ25], we can fully settle the query complexity for the tomography
task of d-dimensional quantum channels.

Corollary 1.2 (Tomography of d-dimensional quantum channels). The query complexity for tomog-
raphy of d-dimensional quantum channels E with Kraus rank at most r, and to within diamond-norm
error ε, is

Θ

(
rd2

εmin{r,2}

)
.

Note that this reveals a sharp phase transition in the dependence on ε: it exhibits Heisenberg
scaling 1/ε when r = 1 and classical scaling 1/ε2 when r ≥ 2.

As another special case, we consider tomography of quantum channels with input dimension
1, which reduces to quantum state tomography. Then, we can reproduce the recent development
of the optimal sample lower bound for quantum state tomography [SSW25], which matches the
known upper bound [OW16].

Corollary 1.3 (State tomography). Tomography of a d-dimensional mixed state with rank at most
r, to within trace norm error ε, requires Ω(dr/ε2) samples.

Our method for this lower bound is quite different from that in [SSW25], which may be of
independent interest.

Then, we summarize the current best upper and lower bounds for quantum channel tomography
in different parameter regimes in Table 1.

Boundary∗

rd2 = d1

Near-boundary
d1 < rd2 < 2d1

Away-from-boundary
rd2 ≥ 2d1

Upper bounds O

(
rd1d2
ε

)
[CYZ25] O

(
rd1d2
ε2

)
[MB25, CYZ25]

Lower bounds Ω

(
rd1d2

ε log(d2r/ε)

)
[OG26] Ω(rd1d2) [GMZ+25] Ω

(
rd1d2
ε2

)
This work

Table 1: Upper and lower bounds for quantum channel tomography in different parameter regimes.
Note that rd2 ≥ d1 holds for any quantum channels. There is a phase transition from the boundary
regime to away-from-boundary regime: the Heisenberg scaling 1/ε becomes the classical scaling
1/ε2.
∗: In the boundary regime of this table, the upper bound holds for Choi-state trace norm error and the lower bound

hold for both Choi-state trace norm and diamond norm errors. All other bounds hold for diamond-norm error.
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1.2 Related work

During the preparation of this manuscript, we became aware of a very recent update (arXiv v3) of
[OG26], in which their lower bound in the away-from-boundary regime rd2 ≥ 2d1 is improved from
Ω(rd1d2/(ε log(d2r/ε))) to Ω

(
rd1d2/(ε

2 log(d2r/ε))
)
, which also achieves classical scaling 1/ε2 and

matches the upper bound up to a logarithmic factor log(d2r/ε). Their proof relies on an information-
theoretic approach, which is different from our approach for proving the lower bound. Specifically,
in our proof of Theorem 1.1, we provide a tight analysis for the hardness of discriminating isometries
with a specific structure (see Theorem 3.2), then we combine the isometry net instantiation provided
in [OG26, arXiv v1] with our hardness result (i.e., Theorem 3.2), to obtain the optimal lower
bound without logarithmic factors. In contrast to approaches using information-theoretic tools,
our analysis is based on the formalism of quantum combs and testers.

1.3 Discussion

This work establishes a matching lower bound of Ω(rd1d2/ε
2) on the number of queries needed for

quantum channel tomography in the away-from-boundary regime rd2 ≥ 2d1. Combined with the
prior upper bound O

(
rd1d2/ε

2
)

[MB25, CYZ25], our new query lower bound fully settles the most
commonly studied case of equal input and output dimensions d1 = d2 = d with r ≥ 2. This optimal
scaling is in sharp contrast to the Heisenberg scaling Θ(d2/ε) in unitary channel tomography.

An important open question is whether one can further settle the query complexity for quantum
channel tomography beyond the away-from-boundary regime rd2 ≥ 2d1.

2 Preliminaries

2.1 Notation

We use L(H) to denote the set of linear operators on the Hilbert space H. Given two orthonormal
bases for H0 and H1 respectively, we can represent each linear operator from H0 to H1 by a
dim(H1) × dim(H0) matrix and for such a matrix X, we use |X⟩⟩ ∈ H1 ⊗H0 to denote the vector
obtained by flattening the matrix X. It is easy to see the following facts:

||ψ⟩⟨ϕ|⟩⟩ = |ψ⟩|ϕ∗⟩, |XY Z⟩⟩ = X ⊗ ZT|Y ⟩⟩,

where |ϕ∗⟩ is the entry-wise complex conjugate of |ϕ⟩ w.r.t. to a given orthonormal basis, and ZT

is the transpose of the matrix Z. The inner product can be denoted by ⟨⟨X|Y ⟩⟩ = tr(X†Y ). For
two linear operators X,Y , we use X ⊑ Y to denote that Y −X is positive semidefinite.

Let n,m, d be positive integers such that n ≥ m. Let H1
∼= · · · ∼= Hn

∼= Cd be n copies of the
d-dimensional Hilbert space. Let S ⊆ [n] = {1, 2, . . . , n} be a set of integers and |ψ⟩ ∈ Cd be a
state. We use the following notation

|ψ⟩⊗S

to denote the state |ψ⟩⊗|S| on
⊗

i∈S Hi. Therefore, if |φ⟩ ∈ Cd is another state, then

|ψ⟩⊗S ⊗ |φ⟩⊗[n]\S

denotes the state
⊗n

i=1|xi⟩ on
⊗n

i=1Hi where |xi⟩ = |ψ⟩ for i ∈ S, and |xi⟩ = |φ⟩ otherwise.
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2.2 Quantum channels

A quantum channel with input dimension d1 and output dimension d2 is described by a linear
map E : L(Cd1) → L(Cd2) such that E is completely positive and trace-preserving (see, e.g.,
[NC10, Wat18, Hay17]).

In the Kraus representation [Kra83], a quantum channel E is written as

E(ρ) =
r∑

i=1

EiρE
†
i ,

where Ei : Cd1 → Cd2 are non-zero linear operators that satisfy
∑r

i=1E
†
iEi = I, which are called

Kraus operators. We can always find a set of Ei such that tr(E†
iEj) = 0 for i ̸= j, then those Ei

are called orthogonal Kraus operators and r is called the Kraus rank. Note that r must satisfy
the constraint d1/d2 ≤ r ≤ d1d2. A quantum channel that has Kraus rank r = 1 is an isometry
channels V = V (·)V †, where V : Cd1 → Cd2 is an isometry operator, i.e., V †V = Id1 , and it must
hold that d2 ≥ d1.

Notation 2.1. We use QChanr
d1,d2 to denote the set of all quantum channels E : L(Cd1) → L(Cd2)

that have Kraus rank at most r. In particular, we use ISOd1,d2 to denote the set of isometry channels
with input dimension d1 and output dimension d2, which is equivalent to QChan1

d1,d2.

In the Choi-Jamio lkowski representation [Cho75, Jam72, Jam72], E is represented by the Choi-
Jamio lkowski operator

CE = (E ⊗ I)(|I⟩⟩⟨⟨I|) ∈ L(Cd2 ⊗ Cd1),

where |I⟩⟩ =
∑
i
|i⟩|i⟩ ∈ Cd1 ⊗ Cd1 is an unnormalized maximally entangled state. We may simply

call it the Choi operator. Note that we can write CE =
∑r

i=1 |Ei⟩⟩⟨⟨Ei|, where Ei are orthogonal
Kraus operators and thus |Ei⟩⟩ are pairwise orthogonal vectors. Therefore, the Kraus rank equals
the rank of the Choi operator.

Stinespring dilation. Using the Stinespring dilation [Sti55], we can also write a quantum chan-
nel E with Kraus operators {Ei}ri=1 as

E(·) = trHanc(V (·)V †), (1)

where Hanc
∼= Cr and V =

∑r
i=1|i⟩anc ⊗ Ei is an isometry operator. By this, one can notice that

rd2 ≥ d1 must hold. An isometry channel V = V (·)V † that satisfies Equation (1) is called a dilation
of E . Suppose V1 is a dilation of E , then V2 is a dilation of E if and only if they differ by a unitary
on Hanc, i.e., V2 = (U ⊗ Id2)V1 for U : Hanc → Hanc a unitary. Conversely, given an isometry
V ∈ ISOd1,rd2 , the channel E(·) = trr(V (·)V †) obtained from V by tracing out an r-dimensional
subsystem has Kraus rank at most r.

2.3 Quantum combs and testers

The quantum comb [CDP08, CDP09] is a powerful tool to describe (higher) transformations of
quantum processes. Specifically, the Choi-Jamio lkowski representation of quantum channels (i.e.,
transformations of quantum states) can be generalized to a higher-level concept (i.e., transforma-
tions of quantum processes), which is called quantum comb.
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Definition 2.2 (Quantum comb [CDP09]). For an integer n ≥ 1, a quantum n-comb defined
on a sequence of 2n Hilbert spaces (H0,H1, . . . ,H2n−1) is a positive semidefinite operator X on⊗2n−1

j=0 Hj such that there exists a sequence of operators X(n), X(n−1), . . . , X(1), X(0) such that

trH2j−1

(
X(j)

)
= IH2j−2 ⊗X(j−1), 1 ≤ j ≤ n, (2)

where X(n) = X and X(0) = 1.

We can easily see the following facts: A quantum 1-comb is simply the Choi-Jamio lkowski
operator of a quantum channel. Any convex combination of quantum n-combs is also a quantum
n-comb.

Then, we introduce the link product “⋆”.

Definition 2.3 (Link product “⋆” [CDP08, CDP09]). Suppose X is a linear operator on Hi =
Hi1⊗Hi2⊗· · ·⊗Hin and Y is a linear operator on Hj = Hj1⊗Hj2⊗· · ·⊗Hjm, where i = (i1, . . . , in)
is a sequence of pairwise distinct indices, and likewise for j = (j1, . . . , jm). Let a = i∩ j be the set
of indices in both i and j and b = i∪j be the set of indices in either i or j. Then, the combination
of X and Y is defined by

X ⋆ Y = trHa

(
XTHa · Y

)
= trHa

(
X · Y THa

)
,

where Ha means the tensor product of subsystems labeled by the indices in a, THa means the partial
transpose on Ha, both X and Y are treated as linear operators on Hb, extended by tensoring with
the identity operator as needed.

The link product describes the combination of quantum combs. For example, suppose X is an
n-comb on (H0,H1, . . . ,H2n−1) and Y is an (n− 1)-comb on (H1,H2 . . . ,H2n−2), then

X ⋆ Y = trH1:2n−2

(
XTH1:2n−2 · (IH2n−1 ⊗ Y ⊗ IH0)

)
= trH1:2n−2

(
X · (IH2n−1 ⊗ Y T ⊗ IH0)

)
turns out to be a 1-comb on (H0,H2n−1). The link product also has many good properties. It
preserves the Löwner order: if X,Y ⊒ 0 then X ⋆ Y ⊒ 0 [CDP09, Theorem 2]. It is commutative
X ⋆Y = Y ⋆X, and associative (X ⋆Y )⋆Z = X ⋆ (Y ⋆Z) whenever X,Y, Z do not share a common
subsystem (i.e., there is no subsystem that is a subsystem of all three).

2.3.1 Quantum channel testers

A quantum channel tester means a quantum algorithm that can make multiple queries to an un-
known quantum channel and then produces a classical output. We adopt the quantum tester for-
malism based on Choi-Jamio lkowski representation (see, e.g., [CDP09, BMQ21, BMQ22]), which
provides a practical framework for studying various classes of quantum testers, such as parallel and
sequential ones.

Suppose a quantum channel tester uses n queries to an unknown quantum channel E . We label
the input and output systems of the i-th query to E as HA,i and HB,i, i.e., the i-th copy of the
unknown channel is a linear map from L(HA,i) to L(HB,i).

In a sequential tester, one sends a quantum system through the first use of the channel E and
then feeds the resulting output into subsequent uses, potentially along with ancillary systems, while
allowing arbitrary CPTP maps to act between uses of E . After all n uses of the channel E , a POVM
is performed on the final output state. In other words, sequential testers can represent coherent
and adaptive query-access algorithms.
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Definition 2.4 (Sequential tester). A sequential tester that uses n queries to an unknown channel
is a set of linear operators {Ti}i for Ti ∈ L(

⊗n
j=1HA,j ⊗ HB,j) such that Ti ⊒ 0 and

∑
i Ti is

a quantum (n + 1)-comb on (H0,HA,1,HB,1, . . . ,HA,n,HB,n,Hn+1), where H0
∼= Hn+1

∼= C are
one-dimensional.

It is known that any sequential tester can be realized by a sequential query-access algorithm and
any sequential query-access algorithm can be described by a sequential tester [CDP09, BMQ22].
When we apply a sequential tester {Ti}i to n queries to a quantum channel E , we get the classical
outcome i with probability

pi = Ti ⋆ C
⊗n
E = tr(Ti(C

⊗n
E )T) = tr(TT

i C
⊗n
E ),

where C⊗n
E is the Choi operator of all n queries to the channel E and (·)T denotes matrix transpo-

sition.

2.3.2 Discrimination of quantum channels

Suppose N is a finite set of quantum channels. Then, the discrimination problem for channels in
N is defined as follows.

Problem 2.5. Suppose E is uniformly randomly chosen from the set N . The algorithm (or tester)
can make n queries to the channel E and the goal is to identify E.

Suppose {TE}E∈N is a sequential tester for this discrimination task where TE corresponds to
outputting the label E . Then, the success probability can be expressed as

Pr[success] =
1

|N |
∑
E∈N

TE ⋆ C
⊗n
E ,

where CE denotes the (unnormalized) Choi state of E . We say an algorithm solves the discrimination
problem if the success probability is higher than 2/3.

3 Hardness of discriminating isometries

3.1 Hard instance

Suppose d1, d2 are positive integers such that d2 ≥ 2d1 and ε ∈ (0, 1). Define the Hilbert space
HA

∼= Cd1 with an orthonormal basis {|1⟩A, . . . , |d1⟩A} and HB
∼= Cd2 with an orthonormal basis

{|1⟩B, . . . , |d2⟩B}. Define the isometries V0,∆ : HA → HB as follows

V0 :=

d1∑
i=1

|i⟩B⟨i|A, and ∆ :=

d1∑
i=1

|d1 + i⟩B⟨i|A.

Then, for any U ∈ Ud2−d1 , we define the isometry Vε,U : HA → HB as

Vε,U := (Id1 ⊕ U)
(√

1 − ε2V0 + ε∆
)

=
√

1 − ε2V0 + εU∆,
(3)

where Id1 =
∑d1

i=1|i⟩B⟨i|B, and U ∈ Ud2−d1 acts on the subspace spanned by {|d1 + 1⟩B, . . . , |d2⟩B}.
Then, any subset of

{Vε,U |U ∈ Ud2−d1}
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is called a “hard” isometry set.
Note that in the above construction, the orthonormal bases of HA and HB are chosen arbitrarily.

Therefore, this construction can also be described in an abstract way.

Definition 3.1. Let HA
∼= Cd1, HB

∼= Cd2. Let V0 : HA → HB be an arbitrary but fixed isometry
and let H0 be the image of V0. Then, any subset of{√

1 − ε2V0 + ε∆
∣∣∣ ∆ : HA → H⊥

0 is an isometry
}

is called a “hard” isometry set.

3.2 Hardness of the discrimination problem

Then, we have the following result.

Theorem 3.2. Suppose N is a finite “hard” isometry set (see Section 3.1) with cardinality |N | ≥
exp(Cd1d2) for a universal constant C. Then, any algorithm that solves the discrimination problem
for the isometries in N requires at least n ≥ Ω(d1d2/ε

2) queries.

Proof. Without loss of generality, we can assume N is a finite subset of {Vε,U |U ∈ Ud2−d1} for
Vε,U defined in Equation (3). Let B = 2e4 be a constant. Suppose there is an algorithm that solves
the discrimination problem using n queries. If n > 1

Bd1d2/ε
2, there is nothing to prove. Otherwise

we assume n ≤ 1
Bd1d2/ε

2.
Note that each element V in N is of the form

V =
√

1 − ε2V0 + εU∆,

where U ∈ Ud2−d1 .
Suppose the algorithm for distinguishing the isometry set is described by a tester {TV }V ∈N .

Then, the success probability is

Pr[success] =
1

|N |
·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−Cd1d2) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n.

Here, |V ⟩⟩⟨⟨V |⊗n is an n-comb on (HA,1,HB,1, . . . ,HA,n,HB,n), where HA,j and HB,j denote the
input and output spaces of the j-th query to V , respectively. Note that for V ∈ N ,

|V ⟩⟩⊗n =
n∑

i=0

(√
1 − ε2

)n−i
εi
∑
S⊆[n]
|S|=i

|V0⟩⟩⊗[n]\S ⊗ |U∆⟩⟩⊗S .

For i ∈ {0, 1, . . . , n}, we define the vector

|γi⟩ :=
1√(
n
i

) ∑
S⊆[n]
|S|=i

|V0⟩⟩⊗[n]\S ⊗ |∆⟩⟩⊗S . (4)

Note that |γi⟩ are pairwise orthogonal since ⟨⟨V0|∆⟩⟩ = tr(V †
0 ∆) = 0. For any V ∈ N , there exists

a U ∈ Ud2−d1 such that

|V ⟩⟩⊗n =

n∑
i=0

(√
1 − ε2

)n−i
εi

√(
n

i

)
U⊗n|γi⟩, (5)
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where U⊗n acts as (Id1 ⊕ U)⊗n on
⊗n

i=1HB,i. Next, we define the operator Γi as

Γi := E
U∼Ud2−d1

[
U⊗n|γi⟩⟨γi|U †⊗n

]
, (6)

where U⊗n acts as (Id1 ⊕ U)⊗n on
⊗n

i=1HB,i. Note that supp(Γi) are also pairwise orthogonal,
which can be easily seen from the fact that |γi⟩ contains different numbers of |V0⟩⟩ and |∆⟩ for
different i, and any element in the orbit {U |∆⟩⟩ |U ∈ Ud2−d1} is orthogonal to |V0⟩⟩.

If we can find some positive numbers λ0, . . . , λn such that, for any V ∈ N ,

|V ⟩⟩⟨⟨V |⊗n ⊑
n∑

i=0

λiΓi, (7)

then the success probability can be upper bounded as

Pr[success] ≤ exp(−Cd1d2) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−Cd1d2) ·
∑
V ∈N

TV ⋆
n∑

j=0

λjΓj

= exp(−Cd1d2) ·
n∑

k=0

λk ·
∑
V ∈N

TV ⋆
n∑

j=0

λj∑n
k=0 λk

Γj

= exp(−Cd1d2) ·
n∑

i=0

λi, (8)

where Equation (8) is because

•
∑

V ∈N TV is an (n+1)-comb with input and output dimensions 1, and

•
∑n

j=0
λj∑n

k=0 λk
Γj is an n-comb since Γi is an n-comb (due to Lemma 3.3) and convex combi-

nation of n-combs is also an n-comb,

so that their contraction evaluates to 1.
By Lemma 3.4, there are {λi}ni=0 with

∑n
i=0 λi ≤ 3d21d

2
2 exp(

√
8nε2d1d2). Therefore, we know

that the success probability can be bounded by

Pr[success] ≤ exp(−Cd1d2) · 3d21d
2
2 exp

(√
8nε2d1d2

)
.

If we want the success probability being at least 2/3, we have√
8nε2d1d2 ≥ Cd1d2 − 2 ln(d1d2) + ln(2/9),

which means
n ≥ Ω(d1d2/ε

2).
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3.3 Technical lemmas

Lemma 3.3. Let |γi⟩ be the state defined in Equation (4). Then, |γi⟩⟨γi| is an n-comb. This further
means Γi defined in Equation (6) is an n-comb.

Proof. We use |γni ⟩ to denote the state |γi⟩ defined in Equation (4) with parameter n. Then, we
use induction on n to prove |γni ⟩⟨γni | is an n-comb. First, we note that

trHB
(|V0⟩⟩⟨⟨∆|) = V T

0 ∆ = 0, trHB
(|∆⟩⟩⟨⟨V0|) = ∆TV0 = 0,

trHB
(|V0⟩⟩⟨⟨V0|) = IA, trHB

(|∆⟩⟩⟨⟨∆|) = IA,
(9)

where IA denotes
∑d1

i=1|i⟩A⟨i|A. Then, we note that

|γii⟩ = |∆⟩⟩⊗i.

Since trHB
(|∆⟩⟩⟨⟨∆|) = IA, we know that |γii⟩⟨γii | is an i-comb, and the hypothesis holds for the case

n = i. On the other hand, note that

|γni ⟩ =

√(
n−1
i

)(
n
i

) |V0⟩⟩ ⊗ |γn−1
i ⟩ +

√√√√(n−1
i−1

)(
n
i

) |∆⟩⟩ ⊗ |γn−1
i−1 ⟩.

Thus, we have

trHB,n
(|γni ⟩⟨γni |) =

(
n−1
i

)(
n
i

) trHB
(|V0⟩⟩⟨⟨V0|) ⊗ |γn−1

i ⟩⟨γn−1
i | +

(
n−1
i−1

)(
n
i

) trHB
(|∆⟩⟩⟨⟨∆|) ⊗ |γn−1

i−1 ⟩⟨γ
n−1
i−1 |

+

√(
n−1
i

)(
n−1
i−1

)(
n
i

) (
trHB

(|V0⟩⟩⟨⟨∆|) ⊗ |γn−1
i ⟩⟨γn−1

i−1 | + trHB
(|∆⟩⟩⟨⟨V0|) ⊗ |γn−1

i−1 ⟩⟨γ
n−1
i |

)
=

(
n−1
i

)(
n
i

) IA ⊗ |γn−1
i ⟩⟨γn−1

i | +

(
n−1
i−1

)(
n
i

) IA ⊗ |γn−1
i−1 ⟩⟨γ

n−1
i−1 |, (10)

where Equation (10) is due to Equation (9). By induction hypothesis, both |γn−1
i ⟩⟨γn−1

i | and
|γn−1

i−1 ⟩⟨γ
n−1
i−1 | are (n− 1)-combs. Note that

(
n−1
i

)
+
(
n−1
i−1

)
=
(
n
i

)
and thus(

n−1
i

)(
n
i

) |γn−1
i ⟩⟨γn−1

i | +

(
n−1
i−1

)(
n
i

) |γn−1
i−1 ⟩⟨γ

n−1
i−1 |

is an (n− 1)-comb. Therefore, |γni ⟩⟨γni | is an n-comb.
Note that U⊗n|γi⟩⟨γi|U †⊗n is also an n-comb because here U is applied only on the output system

HB. Then, Γi by definition is a convex combination of n-comb, thus Γi is also an n-comb.

Lemma 3.4. Suppose B = 2e4, d1d2 ≥ 2 and n ≤ 1
Bd1d2/ε

2. There exists positive numbers
λ0, . . . , λn such that Equation (7) holds and

∑n
i=0 λi ≤ 3d21d

2
2 exp

(√
8nε2d1d2

)
.

Proof. From Equation (5), it is easy to see that |V ⟩⟩⊗n is contained in
⊕n

j=0 supp(Γj). Then, by
Fact 5.2, Equation (7) is equivalent to

n∑
i=0

1

λi
tr
(
Γ−1
i |V ⟩⟩⟨⟨V |⊗n

)
≤ 1. (11)
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Note that the LHS of Equation (11) can be upper bounded as

n∑
i=0

1

λi
tr
(
Γ−1
i |V ⟩⟩⟨⟨V |⊗n

)
=

n∑
i=0

1

λi

(
n

i

)(
1 − ε2

)n−i
ε2i tr

(
Γ−1
i U⊗n|γi⟩⟨γi|U †⊗n

)
(12)

=

n∑
i=0

1

λi

(
n

i

)(
1 − ε2

)n−i
ε2i tr

(
Γ−1
i |γi⟩⟨γi|

)
(13)

≤
n∑

i=0

1

λi

(
n

i

)(
1 − ε2

)n−i
ε2i
(
d1d2 + i− 2

i

)
, (14)

where Equation (12) is by using Equation (5) and the fact that U⊗n|γi⟩ lies in supp(Γi), Equa-
tion (13) is because Γi commutes with U⊗n, Equation (14) by using Lemma 3.5 where we consider
|γi⟩ as a vector in the linear space:

span



∑
S⊆[n]
|S|=i

|ψ⟩⊗S ⊗ |V0⟩⟩⊗[n]\S
∣∣∣∣ |ψ⟩ ∈ |V0⟩⟩⊥


 ,

which has dimension
(
d1d2+i−2

i

)
by Lemma 3.6. Therefore, it suffices to find positive numbers

λ0, . . . , λn such that Equation (14) is upper bounded by 1.
Using Fact 5.1, we can upper bound Equation (14) as

(14) ≤
n∑

i=0

1

λi
exp

(
−nD

(
i

n

∥∥∥ ε2)+ (d1d2 + i)H

(
i

d1d2 + i

))

=

n∑
i=0

1

λi
exp

(
−i ln

(
i

nε2

)
− (n− i) ln

(
n− i

n(1 − ε2)

)
+ i ln

(
1 +

d1d2
i

)
+ d1d2 ln

(
1 +

i

d1d2

))

≤
n∑

i=0

1

λi
exp

(
−i ln

(
i

nε2

)
+ i ln

(
1 +

d1d2
i

)
+ 2i

)
, (15)

where Equation (15) is because

(n− i) ln

(
n(1 − ε2)

n− i

)
≤ (n− i)

(
n(1 − ε2)

n− i
− 1

)
= i− nε2 ≤ i,

and

d1d2 ln

(
1 +

i

d1d2

)
≤ d1d2

i

d1d2
= i.

Now, we bound each summand in Equation (15) separately:

• For i < d1d2, we use

−i ln

(
i

nε2

)
+ i ln

(
1 +

d1d2
i

)
+ 2i ≤ −i ln

(
i

nε2

)
+ i ln

(
2d1d2
i

)
+ 2i

= 2i ln

(√
2e2nε2d1d2

i

)
≤
√

8nε2d1d2, (16)

where Equation (16) is due to Fact 5.3.
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• For i ≥ d1d2, then we have i ≥ Bnε2 since n ≤ 1
Bd1d2/ε

2 by assumption, and

−i ln

(
i

nε2

)
+ i ln

(
1 +

d1d2
i

)
+ 2i ≤ −i ln(B) + i ln(2) + 2i = −i ln

(
B/2e2

)
= −2i.

Therefore, taking λi = 2d1d2 exp
(√

8nε2d1d2
)

for i < d1d2 and λi = exp(−i) for i ≥ d1d2, we can
see Equation (15) is upper bounded by

(15) ≤
∑

i<d1d2

1

λi
exp
(√

8nε2d1d2

)
+
∑

i≥d1d2

1

λi
exp(−2i)

≤ 1

2
+
∑

i≥d1d2

exp(−i)

≤ 1

2
+ exp(−d1d2)

e

e− 1

< 1,

where in the last inequality we use that d1d2 ≥ 2, and we also have

n∑
i=0

λi ≤ 2d21d
2
2 exp

(√
8nε2d1d2

)
+ exp(−d1d2)

e

e− 1

< 2d21d
2
2 exp

(√
8nε2d1d2

)
+

1

2

< 3d21d
2
2 exp

(√
8nε2d1d2

)
,

as desired.

Lemma 3.5. Let G be a compact Lie group equipped with a unitary action ρ(·) on a finite-
dimensional Hilbert space H. Let X ∈ L(H) be a positive semidefinite operator. Then, we have

tr

((
E

g∼G

[
ρ(g)Xρ(g)−1

])−1

X

)
≤ dim(H),

where (·)−1 denotes the pseudo-inverse and Eg∼G is the expectation over the Haar measure of G.

Proof. Since H is a unitary representation of G, it is completely reducible. This means we can
write:

H
G∼=
⊕
i

Vi ⊗Wi,

where these Vi are pairwise non-isomorphic irreducible representations of G and Wi are correspond-
ing multiplicity spaces. We can write X =

⊕
i,j Xi→j where Xi→j : Vi ⊗Wi → Vj ⊗Wj is a linear

operator. Then, by Schur’s lemma, we have

E
g∼G

[
ρ(g)Xρ(g)−1

]
=
⊕
i

1

dim(Vi)
IVi ⊗ trVi(Xi→i).

Therefore,

tr

((
E

g∼G

[
ρ(g)Xρ(g)−1

])−1

X

)
=
∑
i

dim(Vi) tr
( (
IVi ⊗ trVi(Xi→i)

−1
)
·Xi→i

)
12



=
∑
i

dim(Vi) tr
(
trVi(Xi→i)

−1 · trVi(Xi→i)
)

≤
∑
i

dim(Vi) dim(Wi)

= dim(H).

Lemma 3.6. Consider the linear space Cd+1 with the orthonormal basis {|0⟩, |1⟩, . . . , |d⟩}. Let
n ≥ m be two positive integers and Hi

∼= Cd+1 for i ∈ [n]. Consider the following subspace of⊗n
i=1Hi:

A = span



∑
S⊆[n]
|S|=m

|ψ⟩⊗S ⊗ |0⟩⊗[n]\S
∣∣∣∣ |ψ⟩ ∈ |0⟩⊥


 ,

where |0⟩⊥ denotes the subspace orthogonal to |0⟩ (i.e., the subspace spanned by {|1⟩, . . . , |d⟩}).
Then, we have

dim(A) =

(
d+m− 1

m

)
.

Proof. Consider the linear operator

P =
∑
π∈Sn

p(π),

where p(·) denotes the tensor permutation action of Sn on
⊗n

i=1Hi, i.e., p(π)|ψ1⟩ ⊗ · · · ⊗ |ψn⟩ =
|ψπ−1(1)⟩⊗· · ·⊗ |ψπ−1(n)⟩. One can easily check that P is injective when restricting on the subspace

span({|ψ⟩⊗m ⊗ |0⟩⊗n−m | |ψ⟩ ∈ |0⟩⊥}) and A is exactly the image of P on this subspace. Further-
more, we know that span({|ψ⟩⊗m | |ψ⟩ ∈ |0⟩⊥}) ∼= ∨mCd is the symmetric subspace of (Cd)⊗m,
and has dimension

(
d+m−1

m

)
[Har13], and thus A has the same dimension.

4 Instantiation

In Section 3, we showed that for a sufficiently large set N of isometries with specific structures,
the discrimination problem for N is hard. In this section, we use the construction of the ε-net
provided in [OG26] as an instantiation of N . This, combined with our Theorem 3.2, provides the
lower bound for quantum channel tomography.

Suppose r, d1, d2 are positive integers such that rd2 ≥ d1 and ε ∈ (0, 1). Define the Hilbert
spaces HA

∼= Cd1 and HB
∼= Cd2 , and Hanc

∼= Cr. Define the isometries ∆ : HA → HB ⊗Hanc as

∆ :=

d1∑
i=1

|i⟩B,anc⟨i|A.

Then, for U ∈ Urd2 , define the isometries Vε,U : HA → C2 ⊗HB ⊗Hanc as

Vε,U :=
√

1 − ε2|0⟩ ⊗ V0 + ε|1⟩ ⊗ (U∆), (17)

where V0 =
∑r

i=1|i⟩anc ⊗Ki : HA → HB ⊗Hanc is an isometry such that∣∣∣tr(K†
iKj

)∣∣∣ ≤ 2d1
r

· 1i=j , ∀i, j ∈ [r].
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Then, define the quantum channels Eε,U : L(HA) → L(C2 ⊗HB) as

Eε,U (·) := trHanc

(
Vε,U (·)V †

ε,U

)
. (18)

The following result is adapted from [OG26].

Lemma 4.1. Let d1, d2, r be positive integers such that d1/d2 ≤ r ≤ d1d2, and ε ∈ (0, 10−4). There
exists a subset M ⊆ Urd2 with cardinality |M| ≥ exp(rd1d2/1201) such that for any U1, U2 ∈ M
and U1 ̸= U2, we have

∥Eε,U1 − Eε,U2∥⋄ ≥ 0.07ε,

where Eε,U ∈ QChanr
d1,2d2 is defined in Equation (18). For convenience, we will denote the set of

isometries {Vε,U |U ∈ M} ⊆ ISOd1,2rd2 as N .

Then, we can prove the lower bound for quantum channel tomography.

Theorem 4.2. Let d1, d2, r be positive integers such that 2d1/d2 ≤ r ≤ d1d2/2. Suppose E ∈
QChanr

d1,d2 is an unknown quantum channel. Any algorithm that can output an estimate for E to
within diamond norm error ε with high probability must use at least n = Ω(rd1d2/ε

2) queries to E.

Proof. If d2 is an even number, we call Lemma 4.1 with parameters (d1, d2/2, r), and we can find
a set of isometries N ⊆ ISOd1,rd2 with cardinality |N | ≥ exp(rd1d2/C) for a universal constant C

such that for any V1, V2 ∈ N , the channels E1(·) = trr

(
V1(·)V †

1

)
and E2(·) = trr

(
V2(·)V †

2

)
satisfy

∥E1 − E2∥⋄ ≥ 0.07ε.

Suppose A is an algorithm that can output an estimate of an unknown channel in QChanr
d1,d2 to

within diamond norm error 0.03ε using n queries to the unknown channel. Then, A can also solve
the discrimination task for the isometries in N using n queries to the unknown isometry by simply
discarding the r-dimensional ancilla system.

On the other hand, note that the set N (c.f. Lemma 4.1 and Equation (17)) is a “hard”
isometry set (see Definition 3.1). Thus, Theorem 3.2 applies, which means A must use at least
n ≥ Ω(rd1d2/ε

2) queries.
If d2 is an odd number and r(d2−1) ≥ 2d1, then we can simply work with a (d2−1)-dimensional

subspace of the output space and find the set N by calling Lemma 4.1 with parameters (d1, (d2 −
1)/2, r), and everything remains the same as those for the even output dimension case. For the
case d2 is an odd number and r(d2 − 1) < 2d1, we show a modified construction of N that works
for this case in Appendix A.

5 Auxiliary facts

We will also use the following well-known facts.

Fact 5.1. Let n ≥ k be positive integers and p ∈ [0, 1], then(
n

k

)
≤ exp(nH(k/n)) ,

and thus (
n

k

)
pk(1 − p)n−k ≤ exp(−nD(k/n∥p)) .
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Proof. Note that
(
n
k

)
≤ nn

kk(n−k)n−k since

(
n

k

)(
k

n

)k (
1 − k

n

)n−k

≤
(
k

n
+ 1 − k

n

)n

= 1.

Fact 5.2. Suppose M is a positive semidefinite matrix and |ψ⟩ is a vector such that |ψ⟩ ∈ supp(M).
Then, we have

M ⊒ |ψ⟩⟨ψ| ⇐⇒ 1 ≥ ⟨ψ|M−1|ψ⟩,

where M−1 is the pseudo-inverse of M .

Proof.
M ⊒ |ψ⟩⟨ψ| ⇐⇒ Isupp(M) ⊒M−1/2|ψ⟩⟨ψ|M−1/2,

where M−1/2 is the pseudo-inverse of M1/2. Then

Isupp(M) ⊒M−1/2|ψ⟩⟨ψ|M−1/2 ⇐⇒ 1 ≥ tr(M−1/2|ψ⟩⟨ψ|M−1/2) = ⟨ψ|M−1|ψ⟩.

Fact 5.3. Suppose x,M > 0, we have

x ln(M/x) ≤M/e.

Proof. The derivative of the function f(x) = x ln(M/x) is ln(M/x) − 1 which is monotonically
decreasing and equal to zero when M = ex. Therefore, the f(x) ≤ f(M/e) = M/e.
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A Instantiation with odd output dimension

In this section, we present a construction of “hard” isometry set which induces an ε-net of quantum
channels. The construction follows that given in [OG26] (see also Section 4 in our notation), but
with a slight modification so that it is adapted to the odd output dimension case.

A.1 Construction

Suppose d2 > 1 is an odd number, r(d2 − 1) < 2d1 and rd2 ≥ 2d1. Let HA
∼= Cd1 , HB

∼= Cd2 and

Hanc
∼= Cr be the input, output and ancilla systems. Note that d1 = r(d2−1)

2 + η for some integers
1 ≤ η ≤ ⌊ r2⌋. Then, we consider the following decomposition

HA = Ha ⊕H′
a,

HB = Hb0 ⊕Hb1 ⊕H′
b,

where

Ha = span

{
|i⟩A

∣∣∣∣ 1 ≤ i ≤ r(d2 − 1)

2

}
,

H′
a = span

{
|i⟩A

∣∣∣∣ r(d2 − 1)

2
+ 1 ≤ i ≤ d1

}
,

Hb0 = span

{
|i⟩B

∣∣∣∣ 1 ≤ i ≤ d2 − 1

2

}
,

Hb1 = span

{
|i⟩B

∣∣∣∣ d2 + 3

2
≤ i ≤ d2

}
,

H′
b = span

{
|i⟩B

∣∣∣∣ i =
d2 + 1

2

}
.

Then we further consider the following decomposition

H′
b ⊗Hanc = H′

b0 ⊕H′
b1,

where

H′
b0 = span

{
|i⟩B ⊗ |j⟩anc

∣∣∣∣ i =
d2 + 1

2
, 1 ≤ j ≤

⌊r
2

⌋}
,

H′
b1 = span

{
|i⟩B ⊗ |j⟩anc

∣∣∣∣ i =
d2 + 1

2
,
⌊r

2

⌋
+ 1 ≤ j ≤ r

}
.

Then, note that

dim(Ha) =
r(d2 − 1)

2
, dim(H′

a) = η ≤
⌊r

2

⌋
,

dim(Hb0) = dim(Hb1) =
(d2 − 1)

2
, dim(H′

b) = 1

dim(H′
b0) =

⌊r
2

⌋
, dim(H′

b1) = r −
⌊r

2

⌋
≥
⌊r

2

⌋
.

Define the isometry V0 : Ha → Hb0 ⊗Hanc as

V0 =
r∑

i=1

|i⟩anc ⊗Ki, (19)
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such that Ki : Ha → Hb0 satisfy ∣∣∣tr(K†
iKj

)∣∣∣ ≤ 2 dim(Ha)

dim(Hanc)
· 1i=j ,

where the existence of such isometry is proven in [OG26, Appendix B]. Define V ′
0 : H′

a → H′
b0 be an

arbitrary isometry. Define ∆ : Ha → Hb1 ⊗Hanc be an arbitrary isometry. Define ∆′ : H′
a → H′

b1

be an arbitrary isometry. Then, for ε ∈ (0, 1) and U ∈ Ur(d2−1)/2, we define the isometry Vε,U :
HA → HB ⊗Hanc as

Vε,U :=
√

1 − ε2(V0 + V ′
0) + ε(U∆ + ∆′), (20)

where U acts on Hb1 ⊗Hanc and V0 + V ′
0 = V0 ⊕ V ′

0 , U∆ + ∆′ = U∆ ⊕ ∆′ are both direct sums of
linear operators. Moreover, the image of U∆ + ∆′ (i.e., (Hb1 ⊗Hanc) ⊕H′

b1) is orthogonal to the
image of V0 + V ′

0 (i.e., (Hb0 ⊗ Hanc) ⊕ H′
b0). Therefore, any subset of {Vε,U |U ∈ Ur(d2−1)/2} is a

“hard” isometry set.

A.2 Existence

We have shown that any subset of {Vε,U |U ∈ Ur(d2−1)/2} (see Equation (20)) is a “hard” isometry
set. Then, we prove that there exists a large subset with good separation property.

Theorem A.1. There exists a finite subset N of {Vε,U |U ∈ Ur(d2−1)/2} for Vε,U defined in Equa-
tion (20) with cardinality |N | ≥ exp(rd1d2/100001), such that for any V1 ̸= V2 ∈ N we have

∥ trHanc(V1(·)V
†
1 ) − trHanc(V2(·)V

†
2 )∥⋄ ≥ 0.07ε.

Proof. The proof follows essentially the argument in [OG26], with slight modifications. First, we
need the following lemma.

Lemma A.2. There exists a finite subset M ⊆ Ur(d2−1)/2 with cardinality |M| ≥ exp(rd1d2/100001)
such that for any U1 ̸= U2 ∈ M,

1

d1

∥∥∥trHanc

(
(|V0⟩⟩ + |V ′

0⟩⟩)
(
⟨⟨U1∆| − ⟨⟨U2∆|

))∥∥∥
1
≥ 0.05. (21)

Define the quantum channel Eε,U : L(HA) → L(HB) as

Eε,U (·) := trHanc

(
Vε,U (·)V †

ε,U

)
.

Let CE denote the (unnormalized) Choi state of quantum channel E and M be the set given in
Lemma A.2. Then, for any U1 ̸= U2 ∈ M, we have∥∥∥CEε,U1

− CEε,U2

∥∥∥
1

=
∥∥∥ trHanc(|Vε,U1⟩⟩⟨⟨Vε,U1 |) − trHanc(|Vε,U2⟩⟩⟨⟨Vε,U2 |)

∥∥∥
1

=

∥∥∥∥ε2( trHanc(|∆U1⟩⟩⟨⟨∆U1 |) − trHanc(|∆U2⟩⟩⟨⟨∆U2 |)
)

(22)

+ ε
√

1 − ε2 trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(U1 − U2)∆|
)

+ ε
√

1 − ε2 trHanc

(
|(U1 − U2)∆⟩⟩⟨⟨V0 + V ′

0 |
)∥∥∥∥

1

≥ ε
√

1 − ε2
∥∥∥∥ trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(U1 − U2)∆|
)
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+ trHanc

(
|(U1 − U2)∆⟩⟩⟨⟨V0 + V ′

0 |
)∥∥∥∥

1

− 2ε2d1 (23)

= 2ε
√

1 − ε2
∥∥∥∥ trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(U1 − U2)∆|
)∥∥∥∥

1

− 2ε2d1 (24)

≥ 0.1ε
√

1 − ε2d1 − 2ε2d1 (25)

≥ 0.07εd1. (26)

In Equation (22) we define ∆U = U∆ + ∆′. In Equation (23) we used

∥ trHanc(|∆U ⟩⟩⟨⟨∆U |)∥1 = tr(|∆U ⟩⟩⟨⟨∆U |) = dim(Ha) + dim(H′
a) = d1.

In Equation (24) we used the fact that trHanc

(
|V0+V ′

0⟩⟩⟨⟨(U1−U2)∆|
)

is a linear operator supported

on HA ⊗Hb1 and its image is in HA ⊗ (Hb0 ⊕H′
b), which is orthogonal to HA ⊗Hb1; and for any

linear operator X such that X2 = 0, we have

∥X +X†∥1 = tr

(√
(X +X†)2

)
= tr

(√
XX† +X†X

)
= tr

(√
XX†

)
+ tr

(√
X†X

)
,

where the last equality is because supp(XX†) ⊥ supp(X†X). In Equation (25) we used Equa-
tion (21). In Equation (26) we used that ε ≤ 0.01. Therefore, we can lower bound the diamond
norm

∥Eε,U1 − Eε,U2∥⋄ ≥
1

d

∥∥∥CEε,U1
− CEε,U2

∥∥∥
1
≥ 0.07ε.

Thus, the set N = {Vε,U |U ∈ M} is the desired set.

A.3 Proof of Lemma A.2

Proof. Let V̂0 := V0 + V ′
0 . Note that V̂0 : HA → (Hb0 ⊕H′

b) ⊗Hanc is an isometry. The isometry

V̂0 can also be written as

V̂0 =
r∑

i=1

|i⟩anc ⊗
(
Ki ⊕

∣∣∣∣d2 + 1

2

〉
⟨zi|
)
,

where Ki are defined in Equation (19), {|zi⟩}ηi=1 are an orthonormal basis of H′
a and |zi⟩ = 0 for

η < i ≤ r. Let us define

K ′
i = Ki ⊕

∣∣∣∣d2 + 1

2

〉
⟨zi|,

then K ′
i satisfy∣∣∣tr(K ′†

i K
′
j

)∣∣∣ =
∣∣∣tr(K†

iKj

)
+ 1i=j∈[η]

∣∣∣ ≤ ( 2 dim(Ha)

dim(Hanc)
+ 1

)
· 1i=j ≤

3 dim(HA)

dim(Hanc)
· 1i=j =

3d1
r

· 1i=j ,

(27)
where in the last inequality we used that dim(Ha) = r(d2 − 1)/2 ≥ r = dim(Hanc) and dim(Ha) ≤
dim(HA). On the other hand, U∆ is an isometry from Ha ⊆ HA to Hb1 ⊗Hanc.

Then, we need the following lemma:

Lemma A.3. For Ux, Uy ∈ Ur(d2−1)/2, let us define

F (Ux, Uy) =
1

d1
trHanc

(
|V̂0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

21



then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
d1
-Lipschitz with respect to

the ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼
Ur(d2−1)/2, we have E

[
tr(|F (Ux, Uy)|2)

]
= d2−1

d1
, and E

[
tr(|F (Ux, Uy)|4)

]
≤ 288

r3
.

By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3
E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma A.3, implies

E[tr(|F (Ux, Uy)|)]2 ≥ (d2 − 1)3r3

288 · d31
≥ 23 · 8

33 · 288
=

2

243
,

where we used that d2 − 1 ≥ 2d2/3 and rd2 ≥ 2d1. Thus E[tr(|F (Ux, Uy)|)] > 9/100. Then, we can
use a generalized Levy’s lemma on compact groups [MM13, Corollary 17] to prove the concentration
result:

Pr

[
tr(|F (Ux, Uy)|) ≤ 1

20

]
≤ exp

(
−r(d2 − 1)

2
· d1

252 · 12 · 2

)
= exp

(
−rd1(d2 − 1)

30000

)
≤ exp

(
− rd1d2

50000

)
.

Then, we independently sample exp(rd1d2/100001) Haar random unitaries in Ur(d2−1)/2 and the
union bound shows that there exists a non-zero probability that for any pair Ux, Uy, we have
tr(|F (Ux, Uy)|) ≥ 1/20. Thus, there exists a set with cardinality ≥ exp(rd1d2/100001) such that
Equation (21) holds.

A.4 Proof of Lemma A.3

Proof. For the Lipschitz continuity, the proof is the same as that given in [OG26].
Define Kx,i = ⟨i|ancUx∆, Ky,i = ⟨i|ancUy∆. This means

F (Ux, Uy) =
1

d1

r∑
i=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)
.

Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1

d21
E

tr

 r∑
i,j=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |


=

1

d21
E

[
r∑
i

⟨⟨K ′
i|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]

=
2

d21

r∑
i=1

⟨⟨K ′
i|K ′

i⟩⟩
dim(Ha)

r
(28)

=
2

d21

dim(HA) dim(Ha)

r
(29)

=
d2 − 1

d1

where Equation (28) is because for z1, z2 ∈ {x, y}, we have

E[⟨⟨Kz1,i|Kz2,i⟩⟩] = E
[
tr
(
K†

z1,i
Kz2,i

)]
= tr

(
∆†E

[
U †
z1 |i⟩anc⟨i|ancUz2

]
∆
)
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= 1z1=z2

1

r
tr(∆†∆) (30)

= 1z1=z2

dim(Ha)

r
,

where Equation (30) is due to Schur’s lemma, and Equation (29) is because
∑

i⟨⟨K ′
i|K ′

i⟩⟩ = tr(
∑

iK
′†
i Ki) =

tr(IA) = dim(HA).
Then, we

E
[
tr(|F (Ux, Uy)|4)

]
=

1

d41
E

[
r∑

i,j,k,l=1

tr

(
|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j | (31)

|K ′
k⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨K ′

l |
)]

≤ 9

r2d21

r∑
i,j=1

E

[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|
)(

|Kx,j⟩⟩ − |Ky,j⟩⟩
)∣∣∣2 ] (32)

≤ 36

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 72

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(33)

=
144

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
,

≤ 144

r2d21

r∑
i,j=1

da
(rdb)2 − 1

(
db + 1i=jdad

2
b −

1

dbr

(
1i=jd

2
b + dadb

))
(34)

≤ 144

r2
· 1

da
· 1

(rdb)2 − 1

(
r2db + rdad

2
b − db − rda

)
(35)

=
144

r2

(
1

dadb
+

1

r
+

1 − d2b + dadb/r − dadbr

dadb(r2d2b − 1)

)
≤ 288

r3
, (36)

where Equation (32) is because Equation (27), Equation (33) is because

r∑
i,j=1

|⟨⟨Kx,i|Ky,j⟩⟩|2 = ∥K†
xKy∥2F = tr

(
K†

xKyK
†
yKx

)
≤ ∥KxK

†
x∥F · ∥KyK

†
y∥F

≤ 1

2

(
∥K†

xKx∥2F + ∥K†
yKy∥2F

)
=

1

2

 r∑
i,j=1

|⟨⟨Kx,i|Kx,j⟩⟩|2 +

r∑
i,j=1

|⟨⟨Ky,i|Ky,j⟩⟩|2
 ,

where Kx denotes the matrix with columns |Kx,i⟩⟩, Equation (34) is due to exactly the same
argument as that in Eq. (79) in [OG26] and we set da = dim(Ha), db = dim(Hb1), Equation (35)
uses d1 ≥ da and Equation (36) uses dadb = r(d2 − 1)2/4 ≥ r.
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