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1 Introduction

Algorithms + Data Structures = Programs
— Niklaus Wirth [38]

Quantum programming research has been conducted for more than 30 years, beginning with
Knill’s proposal of a set of conventions for writing quantum pseudocode [23], and it has become
increasingly active in recent years [18, 39]. The majority of this research has focused on the
algorithmic aspect of quantum programs. However, programming methodology must also study
the structures, representations, and operations of data involved in large and complex programs
[38]. To date, the data aspect of quantum programming has been less investigated.

1.1 Data types and data structures in quantum programming

Several basic quantum data types that abstract qubits and quantum registers are widely used in
practical quantum programming languages, e.g. Qiskit [19], Q# [35], Cirq [6], Quipper [14], Guppy
[24], Silq [3], Qrisp [32] and isQ [16]. Some more advanced quantum data types have been defined
in theoretical research on quantum programming; for example, inductive quantum data types
were introduced by Péchoux, Perdrix, Rennela and Zamdzhiev [31]. On the other hand, from the
viewpoint of developer-friendly programming, a quantum programming language, Rhyme, with
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richer data types—including quantum extensions of floats, characters, arrays, and strings—was
proposed by Varga, Aragonés-Soria and Oriol [36].

Various quantum data structures have been introduced for the design of quantum algorithms
(see e.g. [1, 20, 21, 28, 37]). Yuan and Carbin’s Tower [40] provides the first programming language
support for data structures in quantum superposition, including using random-access memory and
recursive definitions of operations. A library of quantisations of data structures lists, stacks, queues,
strings, and sets is programmed in Tower.

1.2 Data abstraction: from classical to quantum programming

Data abstraction is a foundational concept in classical programming that allows a programmer
to focus on what an object does rather than how it does it. It is the process of hiding complex
implementation details while exposing only the essential features of an object or data type. Thus, it
allows developers to work with abstract data types (e.g. integers, arrays, or linked lists) without
worrying about memory layout or hardware details [25, 26].

We believe that data abstraction will play an even more critical role in quantum programming
[8, 30] for at least the following two reasons:

(1) Concepts such as superposition, entanglement, and measurement impose physical constraints
that quantum data must respect but programmers may overlook or ignore. Therefore, data
abstraction is essential for writing correct and scalable quantum software.

(2) Hardware independence is essential in quantum programming because quantum hardware is
evolving rapidly. High-level abstractions allow quantum algorithms to be expressed without
being tied to a specific quantum device or gate set. Compilers then map these abstract
representations onto real hardware, optimising for noise, connectivity, and error rates.

Building upon previous work on quantum data structures [40] and quantum data types [36], we
then naturally ask the following:

Question 1. How can we realise data abstraction in quantum programming?

1.3 Abstract data types

The introduction of abstract data types (ADTs) is a key way of realising data abstraction [17]. An
ADT specifies a data type by focusing on what it does rather than how it is implemented, and thus
the internal representation is hidden from the user. ADTs are defined from a user’s viewpoint. In
contrast, data structures are defined from an implementer’s viewpoint as concrete representations
of data. ADTs encourage programmers to think at a higher level of abstraction. The main advantages
of ADTs include:

e By separating the interface from the implementation, programmers can change how an ADT
is implemented without affecting the rest of the program. For example, a stack ADT is defined
by operations such as push, pop, and peek, regardless of whether it is implemented using an
array or a linked list. This makes code easier to maintain, understand, and reuse.

o ADTs support modularity so that users interact only through well-defined operations. This
can significantly improve software reliability because errors caused by directly manipulating
data are reduced.

Turning to the realm of quantum programming, Question 1 should be concretised to the following:

Question 2. How can we define abstract quantum data types? Is there a principled way to lift
classical data types to the quantum setting—what one might call the quantisation of data types?
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1.4 Contributions of this paper

The aim of this paper is to introduce a method for the quantisation of data types that supports data
abstraction in quantum programming. The main difference between our work and previous studies
[36, 40] is that our approach operates at the level of abstract data types, whereas [36, 40] focus on
less abstract levels, such as data structures and concrete data types. The technical contributions of
this paper are threefold:

(1) We formally define the notion of an abstract quantum data type within a universal-algebraic
framework.

(2) We introduce a quantisation of classical ADTs and prove that their equational specifications
can be soundly lifted to the quantum setting. This notion includes generalisations of two
basic quantisation methods for classical functions as important special cases.

(3) We identify conditions ensuring that quantisation is compatible with structural relationships
and constructions of classical data types, including embeddings, isomorphisms, and products.

We complement these results with illustrative applications to quantum arrays and quantum error
correction.

We hope that the introduction of abstract quantum data types will help programmers design
clean, flexible, and robust software systems for quantum computers. In particular, inheritance is a
fundamental feature of object-oriented programming [5, 12], playing a crucial role in managing
software complexity through mechanisms such as code reuse and hierarchical classification. The
embedding result in Contribution (3) shows that certain algebraic inheritance relationships between
classical data types can, under suitable conditions, be preserved under quantisation and transferred
to their quantum counterparts.

1.5 Organisation of the paper

For the convenience of the reader, the basic concepts of ADTs are reviewed in Section 2. The
notion of a quantum data type is introduced in Section 3, where several simple examples are also
given to illustrate how quantum ADTs can be used in quantum programming. Section 4 develops
a quantisation of classical ADTs and shows how equational specifications can be lifted to the
quantum setting. It also presents two standard quantisation methods as special cases and explains
their relationship through phase kickback. The framework is then illustrated through quantum
arrays in Section 5 and quantum error correction in Section 6. Sections 7 and 8 investigate the
structural properties of quantisation through embeddings and products, respectively. The paper
concludes with a summary of the results and a brief discussion about topics for further research.
The proofs of the main theorems and propositions are deferred to Appendix A.

2 ADTs in Classical Computing

In this section, we briefly review the basics of ADTs, following the textbook [9]. For more details,
the reader can consult related chapters of [9].

A data type is a collection of data domains, designated basic data items, and operations on these
domains. However, a programmer may not be interested in the concrete representation of a data
type but only in its properties at an abstract level. Thus, the notion of ADT is introduced to specify
the kinds of data that can be stored, the operations that can be performed on that data, and the
rules those operations satisfy, independently of their concrete representation.

2.1 Basics of Universal Algebra

ADTs can be properly formalised in the mathematical language of universal algebra. A signature
specifies the interface of an ADT. Formally, we have:
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Definition 2.1 (Signatures). A signature is a pair Sig = (S, OP), where:

(1) Sis a set of sorts;
(2) OP is a set of operation symbols. Each symbol O € OP is assigned input sorts in(O) € S* (the
set of strings of elements in S, including the empty string €) and an output sort out(O) € S.

We often write O : sy,...,s, — s for in(O) =sy,...,s, and out(O) = s. In particular, a constant
symbol is an operation symbol ¢ :— s where the input sort in(c) = € is empty.
Mathematically, a data type can then be modelled as an algebra as defined as follows:

Definition 2.2 (Algebras). An algebra A of a signature Sig = (S, OP), or a Sig-algebra for short,
consists of:

(1) for each s € S, A is a nonempty set, called the domain of sort s;
(2) for each O € OP with O : sy,...,s, — s, O? is a mapping A, X - -+ X As, — Aj, called an
operation. In particular, for each constant symbol ¢ :— s, ¢ is an element of Ay.

Throughout this paper, we only consider finite domains. The rules that the operations of an
ADT must follow are usually specified as a family of equations. To define them, for each s € S, we
assume a set X; of variables of sort s. The variable sets X, are required to be pairwise disjoint and
also disjoint from the operation symbols OP. Then we can introduce the following definition.

Definition 2.3 (Terms). The terms are recursively defined as follows:

(1) every constant symbol ¢ :— s and every variable x € X; are terms of sort s;
(2) if ty,...,t, are terms of sorts sy, ..., sy, respectively, and O : si,...,s, — s € OP, then
O(ty,...,t,) is a term of sort s.

A term without variables is called a ground term. The semantic interpretation of terms in a given
algebra is presented through the notion of evaluation defined in the following:

Definition 2.4 (Evaluation). Let A be an Sig-algebra and ¢ an assignment in A that maps each
variable x € X, to an element o(x) € A; for every sort s. Then the evaluation eval,(t) of a term ¢
in assignment o is recursively defined as follows:

(1) if t is a variable x, then eval,(t) = o(x), and if ¢ is a constant c, then eval, (t) = ¢4;
(2) ift = O(ty, ..., t,), then evals(t) = O (evaly(t1), ..., evaly(t,)).

As noted above, a large class of the rules for the operations in an ADT can be described by
equations between terms. The notion of equations can be formally defined in the following:

Definition 2.5 (Equations and Validity).
(1) Let t; and t; be two terms of the same sort s. If all variables occurring in #; and ¢, are among
X1, ..., Xp, then
e=(Vx1:81,...,Xn :8p) (81 = £2) (1)
is called an equation, where x; is a variable of sort s; for every i = 1,...,n.

(2) The equation e is valid in an algebra A, or A satisfies e, written A [= e, if for any assignment
o in A, we have eval;(t) = eval,(t3).

It is easy to see that the validity of equation e only depends on the values o(x;) (i = 1,...,n)
of assignments o. In the specifications of ADTs in practical applications, universal quantifiers
(Vx1 :51,...,%p : $p) in Equation (1) are often omitted (see Example 2.7).

If both t; and t, are ground terms, then e is called a ground equation. The validity of a ground
equation e in an algebra does not depend on any assignment o in A.
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2.2 Specification of ADTs
Now we can use the algebraic framework defined in the previous subsection to specify ADTs.
Definition 2.6 (Specifications).
(1) A specification is a triple Spec = (S, OP, E), where Sig = (S, OP) is a signature, and E is a set
of equations over the signature Sig.

(2) An algebra of the specification Spec, or Spec-algebra for short, is an algebra A of signature
Sig such that A |= e for every e € E.

Besides the equational specifications defined above, there are more sophisticated classes of
ADT specifications, such as Horn specifications. In this paper, we mainly consider equational
specifications.

For a better understanding of the notions introduced above, let us see the following simple
example:

Example 2.7 (Abstract data type of strings). A string is a sequence of basic data items from a given
domain, called the alphabet. Let c4, . . ., ¢, be constant symbols denoting the basic data items. The
most useful operations of strings in practical applications are:

e make: it converts each basic data item into a string of length 1;
e concat: it concatenates two strings;
e ladd, radd: they add a basic data item to the left and right ends of a string, respectively.

A specification of strings is given as follows:
STRING = sorts : alphabet, string

operations : ¢, ...,c, :— alphabet
empty :— string
make : alphabet — string
concat : string,string — string
ladd : alphabet, string — string
radd : string, alphabet — string

equations : a : alphabet,s, sy, 52,83 : string
concat(s, empty) = s
concat(empty,s) = s
concat(concat(sy, s2),s3) = concat(sy, concat(ss, s3))
ladd(a, s) = concat(make(a), s)
radd(s, a) = concat(s, make(a))

We can define a STRING-algebra A as follows:

o Let Ajiphabet = {a1,...,an} be a domain for the alphabet. Let Astring = (Aalphabet)™ be the
set of strings of elements in A1phabet, including the empty string e.
e For constant symbols, define cf‘ =gqg;fori=1,...,nand emptyA —e.
e For nonconstant operation symbols, define
A
(1) makeA :Aalphabet - Astring, make (a) =aforallae AalphabetZ
(2) concat? : Astring X Astring = Astrings concat®(u,v) = uov for all u, v € Astring
(3) ladd” : AalphabetXAstring - Astring, laddA(a, u) =auforalla € Aalphabet andu € Astring;
(4) radd® : Astring X Aalphabet — Astring, radd®(u,a) = ua for all a € Azjphapet and u €
Astring~
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It is easy to check that the above operations satisfy the equations in STRING, and hence A is a
STRING-algebra.

3 Quantum Data Types

From now on, we generalise the algebraic specification techniques for classical ADTs into quantum
computing. In this section, we formally define quantum data types in the universal-algebraic
framework, analogously to their classical counterparts in Section 2, and illustrate it with some
simple examples.

3.1 Basic Definitions
Let us first introduce the notion of a quantum signature as the quantum counterpart of Definition 2.1:

Definition 3.1 (Quantum Signatures). A quantum signature is a triple QSig = (Sq, K, U), where:

(1) Sq is a set of quantum sorts;

(2) K is a set of quantum state symbols. Each symbol |i) € K is assigned sort sort(|}))) € S;;
(the set of nonempty strings of elements in Sg);

(3) U is a set of quantum gate symbols. Each symbol U € U is assigned sort sort(U) € S;

Roughly speaking, K and U correspond to the constant symbols and operation symbols in
Definition 2.1, respectively. But there are some subtle differences between them and their classical
counterparts. For a classical constant symbol ¢ :— s, its input sort is empty and its output sort
is a single sort s € S. However, for a quantum state symbol |¢), it is possible that sort(|¢/)) =
St,---,8n € Sy with n > 1. The reason is that |) may denote an entangled state between n
subsystems, which cannot be decomposed into a string of the states of individual subsystems. We
often write |) : sy,...,s, for sort(|¢)) = s1,...,s,. Moreover, for a classical operation symbol
O :sq,...,5p — s, the input sorts sy, . . ., s, and the output sort s need not coincide. In contrast, the
input and output sorts of a quantum gate symbol U must be the same because it denotes a unitary
operator. We write U : sy, ..., s, for sort(U) = sy, ..., sp. Indeed, sort(U) is both the input sort and
output sort of U.

As the quantum counterparts of algebras described in Definition 2.2, quantum algebras are then
defined by taking the domains of sorts to be Hilbert spaces and interpreting quantum state symbols
and quantum gate symbols as pure quantum states and unitary operators, respectively.

Definition 3.2 (Quantum Algebras). A quantum algebra A of signature QSig = (Sq, K, U) consists
of:

(1) for each s € S, H is a Hilbert space, called the quantum domain of sort s (the superscript
A of H is often omitted for simplicity);

(2) for each quantum state symbol |/) € K with sort(|¢)) = s1,...,5n, |¢)ﬂ is a unit vector (i.e.
a pure quantum state) in H, ® - - - ® H, ; and

(3) for each quantum gate symbol U € U with sort(U) = sy,...,s,, U™ is a unitary operator (i.e.
a quantum gate) on H, ® - - - @ Hs,.

In this paper, we only consider quantum algebras where state symbols are interpreted as pure
states and gate symbols as unitary operators. Of course, Definition 3.2 can be generalized such that
state symbols are interpreted as mixed states (i.e. density operators) and gate symbols as noisy
quantum gates (i.e. quantum channels) when needed in applications.

Given a quantum signature QSig, we assume a set Q of quantum variables. Each g € Q is assigned a
sort sort(q) € Sq. For astring g = ¢y, . . ., ¢, of quantum variables, we define sort(q) =5 = s1,..., sp,
where s; = sort(q;). When the context is clear, we also use g to denote the set {qs, ..., ¢n}. Then
the notion of term is generalised to the quantum case as follows:
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Definition 3.3 (Quantum Circuit Formulas and Terms).

(1) Quantum circuit formulas C and their quantum variables gv(C) are inductively defined as

follows:
(a) if U : sq,..., s, is a quantum gate symbol and g = ¢, . . ., g5, is a string of distinct quantum
variables with sort(g;) = s; fori = 1,...,n, then C = U[q] is a quantum circuit formula,
and qv(C) =7q;

(b) if C; and C, are quantum circuit formulas, then C = Cy; C; is a quantum circuit formula,
and qv(C) = qv(Cy) U gv(Cy).

(2) Suppose C is a quantum circuit formula. For i = 1,...,n, let |{/;) : 5; be a quantum state
symbol and g; be a string of distinct quantum variables with sort(q;) =s; andg; N'g; = 0
fori # j. Thent=C |¢1)q—1. . |¢n>q—n is a quantum term, and qv(7) = g1 U ... Ugq, U qv(C).
When the context is clear, [/); may be used to denote the string [y1)5; .. . [{n)g; of quantum
state symbols, where g = ¢, . . ., g5,. Define the set of free variables in quantum term 7 to be

fo(0) = qv(r) \ q.

The definition of quantum terms above differs slightly from its classical counterpart in Defi-
nition 2.3. Obviously, a quantum circuit formula C stands for a (combinational) quantum circuit
constructed from quantum gates denoted by elements of U applied to quantum variables in Q.
Furthermore, a quantum term C [{1)5 . . . [{n) 5 stands for a quantum circuit formula C with quan-
tum variables g = ¢y, . . ., g, initialised in the state |¢1) ... |¢n), where each |¢/;) can be entangled.
Conversely, a quantum circuit formula C can be seen as a quantum term with g = 0. A string of
quantum state symbols [{/)z = [{1)g; . . . [Yn)g; can also be seen as a quantum term with empty C.

Given an algebra A of a quantum signature QSig, for any subset Q" C Q of quantum variables,
we write:

(]_{Q’ = ® (]_{sort(q)
qeQ’
for the Hilbert space of the composite system Q’. Then an assignment of quantum variables in Q’
can be understood as a quantum state |¢) € Hpr, although there is a basic difference between it and
an assignment of classical variables; that is, the values of two classical variables are independent,
but |¢) could contain entanglement. Furthermore, the notion of evaluation can be generalised
straightforwardly to the quantum case. As usual, for a unitary operator U, we implicitly identify it
with its extension U ® 1 by tensoring with an identity operator 1.

Definition 3.4 (Evaluation).

(1) Let C be a quantum circuit formula. Then its evaluation eval(C) in algebra A is a unitary
operator on Hy,(c) recursively defined as follows:
a) 1 = or some € U, then eva = UZ" (unitary operator acting on the
(a) if C = U[q] fi U € U,th 1(C) Uqf‘ itary op U? acting on th
quantum system denoted by q);
1 = (Cq; Cy, then eval(Cq; Cy) = eval(Cy) o eval(Cy) 1s a composition of unitary operators.
(b) if C = Cy;C,, th I(C1;Cy) I(Cy) I(Cy) i position of unitary op
2) Lett = 1) - .. |WUn)>— be a quantum term. Suppose g = ¢1,...,q, and r 1s a string o
() L ClYr)g---lYn)g; beagq Suppose § = qi, ..., qn and 7 i ing of
quantum variables such that 7 2 fv(r) and ¥ N g = 0. Let |¢) be a quantum state in Hz. Then
the evaluation of 7 in state |¢) is defined as the quantum state:

eval)y (7) = eval(C)(wl)g ®...0lmte |¢>7). @)
Here, eval(C) = 1 if C is empty.

The notion of equation can be smoothly generalised to the quantum setting too:
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Definition 3.5 (Equations). Let 11 = C; |l//1)q—l and , = Cy |lﬂ2)q—2 be two quantum terms that
satisfy g1 N fu(rz) = gz N fv(r1) = 0. Suppose ¥ = fv(r1) U fv(rz) and sort(¥) = 5. Then, for
P € qv(t1) N qv(r2),

e=(Vr:s)(n=mn)lp (3)

is called an equation, and p are called the principal variables of e. In particular, if p = qv(r;) N gv(12),
then || p can be dropped from Equation (3).

Similar to the case of classical equations, universal quantifiers (V7 : 5) in Equation (3) are often
omitted in practical specifications of quantum ADTs (see Example 3.8 and Proposition 5.1).

It is worth examining carefully the differences between classical Equation (1) and quantum
Equation (3). First, we notice that in terms 7; and 7,, quantum variables g; and q; are already
initialised, but r are not. Thus, Equation (3) means that the equality between 7; and z; is valid for
all possible input states of r. Second, an input state |¢); of ¥ = ry, ..., r, may be entangled. Third,
the evaluation of 7; (resp. 72) gives an output state [/;1) (resp. |2)) of multiple quantum variables,
but one may only be interested in a subset p of them. Thus, the variables in p are designated as
the principal variables. Consequently, to define the validity of equations in a quantum algebra, we
need the notion of a reduced density operator. For a quantum state [i/) in Hilbert space Hp ® ‘HF,
the restriction of |i/) onto p is defined as the reduced density operator

) L p = trg(Iy) <y

where try stands for the partial trace over subsystem p’ (see Section 2.4.3 of [29] for its precise

definition). Intuitively, [/) | p describes the state of subsystem p when the whole system p ¥ p’ is
in state |i) . With this preparation, we are able to introduce:

Definition 3.6 (Validity). The equation e given in Equation (3) is valid in algebra A, written
A [ e, if for any quantum state |¢) € Hz, we have:

evaljyy(11) | p = evaljyy(12) | p.

3.2 Specification of Quantum Data Types

As one may expect, the algebraic framework developed in the previous subsection can be used to
specify ADTs in quantum computing. The following definition is a straightforward generalisation
of Definition 2.6.

Definition 3.7 (Quantum Specification).

(1) A quantum specification is a quadruple QSpec = (Sy, K, U, E), where QSig = (S¢, K, U) is a
quantum signature, and E is a set of equations of the form in Equation (3).
(2) A QSpec-algebra is a quantum algebra A of signature QSig such that A |- e for every e € E.

For a better understanding of quantum ADTs, let us first see the following simple example:
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Example 3.8 (Abstract data type of qubits). Consider the following quantum specification:

QBIT =sorts : gbit

states : [0),|1),|+),]|-) : gbit
|Bo0) s |Bo1) s |Bro) s |B11) = gbit, qbit

gates : NOT,H : gbit
CNOT : gbit, gbit

equations : q,q;,q; : gbit
NOTI[q] 0), = [1),,  NOT[q] 1), = 0},
Hql10), = 14, Hlgl 1), = |-),
CNOT[q1, g2] [+)g, 10)g, = 1Po0)g,q,» CNOTIq1,q2] [+)g, 1) g, = 1Po1)g,q,
CNOTIg1,¢211-) g, 100g, = 1Bi0)grqss  CNOTIg1, 021 =), 110, = 1Bi1) g1,

We can define a QBIT-algebra A as follows:
o Let qu‘it
e For quantum state symbols, define [BY? = |b) for b € {0,1}, |[£)™" = L(]0) £ |1)), and

2
|Bap)” = 7:(10) [6) + (=1)*|1) |1 = b)) for a,b € {0,1}.

e For quantum gate symbols, define

= H, be the 2-dimensional Hilbert space.

NOTA = X, HA=H, CNOT? = CNOT,

where X, H, and CNOT are the Pauli X, Hadamard, and controlled-NOT gates, respectively.
It is easy to check that A satisfies all equations in QBIT, and hence A is a QBIT-algebra.

3.3 A Simple Application Example: Programming Quantum Query Algorithms

Quantum query algorithms. To further understand the role of ADTs in quantum computing, let
us consider a large class of quantum algorithms, namely quantum query algorithms. Let g,, and
qo be two disjoint strings of qubits of lengths I,, and J,, called the work qubits and output qubits,
respectively. Suppose we are given a quantum oracle O, which is a black-box unitary operator.
Then a quantum query algorithm [2] with queries to O is usually described as a quantum circuit:

C = UTOUT_I M U20U10U0

where U; (t =0,1,...,T) are quantum gates independent of O. The circuit C is initialised in state
|0)5 10)g;- Then the algorithm outputs x (a bit string) with probability

Prob(x) = [[(xIg; C 10z 10|’

Oracles as ADTs. Oracle synthesis functionality has already been integrated into quantum pro-
gramming platforms like Qiskit [19] and Q# [35]. Ideally, a programmer does not need to know the
implementation details of the oracle O when programming the quantum query algorithm. Instead,
it can be viewed through the lens of ADTs. Consider a quantum specification (Sq, K, U, E), where

gbit € Sy, O € U, and sort(O) = gbit,...,gbit. The equations in E may specify properties that
———
L+l
the oracle O should satisfy without fixing its implementation details. In this way, the quantum
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query algorithm can be programmed as:
P= q_w = |0>lw ;q_o = |0>ln 5
forifromo0toT —1do Ui[ql;
Olg

—

; (calling the oracle operation)
Urlql;
x = M[qo]

where g = q,, U g, and M is the measurement in the computational basis of g,.

4 Quantisation of Data Types

The abstract notion of quantum ADTs was introduced in Section 3. In practical applications, a
quantum ADT does not stand alone; rather, it often arises as an extension of a corresponding classical
ADT. An application scenario is that, when developing a quantum program, the programmer realises
that they need to apply a function, or more generally an ADT, that does not comply with certain
constraints (e.g., non-unitarity) imposed by quantum mechanics. In such cases, the function or ADT
must be quantised, and what the programmer actually invokes in the program is its quantisation.
A typical example is a quantum oracle (see Section 3.3), which is often lifted from a black-box
classical function. So, in this section, we consider how a classical data type defined in Section 2
can be extended to a quantum data type introduced in Section 3. We call this extension process
quantisation.

In this section, we make the following conventions. Given a classical signature, for each sort s,
we assume a designated constant symbol 05 :— s. Given a quantum signature, for any sort s, we
assume a designated quantum state symbol |0s) : s. For a string s = sy, .. ., s,, of sorts, the quantum

state |6§)ﬂ in a given algebra A is then |0, Me...® |Osn)ﬂ. When the context is clear, we omit
the subscript s and use |0) to abbreviate |0) ... |0). These designated symbols are implicitly assumed
to be included in the signatures discussed below. Given an algebra A of a signature, for each sort s,
we assume that A is finite and there is a designated bijection

k2 Ag — Z)a,y), kot =0 (4)

where for a positive integer m, Z,,, = {0, 1, ..., m — 1}. Intuitively, bijection ks(a) gives the default
integer label for every element a € As; that is, we use ks to enumerate all elements of A;.
Let us first consider how a classical signature can be quantised to a quantum signature.

Definition 4.1 (Quantisation of signature). Let Sig = (S, OP) be a signature and QSig = (Sq, K, U)
a quantum signature. A quantisation from Sig to QSig is a mapping 1 such that

(1) each sort s € S is mapped to s; = 7(s);

(2) each constant symbol ¢ :— s is mapped to a quantum state symbol [¢/c) = n(c) of sort s;. We
additionally require 7(0s) = |0, ); and

(3) each nonconstant operation symbol O : sq,...,s, — s is mapped to a triple of quantum
gate symbols (Uo, preg, post,) = n(O), where sort(Up) = sort(preg) = sort(post,) € Sy is a
string of sorts in one of the following forms:
e (in-place) sig, . . ., Sng, Sq for some s, € S;, with s4 = s;4 for some i;
e (out-of-place) 14, . . ., Sng» Sq» Sa for some 5, € S;.

(4) In the above, the mappings s = s4, ¢ = |¢/¢), and O +— Up are injective.

We need to carefully explain the above condition (3). For a nonconstant operation O, it is natural
to expect its quantisation lifts its behaviour on classical data to the quantum setting. However, there
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are multiple ways to represent classical data as quantum data, e.g., encoding into computational-
basis quantum states, encoding into relative phases, encoding into quantum amplitudes. Concrete
examples can be found in Sections 4.1, 4.2, 5 and 6. Therefore, the quantum gate symbols pre,, and
post, in n(0) serve for the representation of classical data in the quantum world, while Up serves
for the lifted O in the quantum world. In particular, the quantum gate symbol pre,, (resp. post,,)
corresponds to how classical data is preprocessed into (resp. postprocessed from) quantum data.
Then, Up corresponds to the quantisation of O that has quantum input and output. Their concrete
interpretations in an algebra is given later. The injectivity of O +— Up in condition (4) means Up is
unique for each O, but pre, and post,, can be the same for different O.

For convenience, if an operation symbol O is quantised in the in-place form, we assume the
index i for s; = s;4 is implicitly fixed and used consistently in the other quantisation notions. The
string 5, of sorts represents ancilla sorts needed for the quantised operation.

Next, we consider how an algebra can be quantised along the quantisation of the signature.

Definition 4.2 (Quantisation of algebra). Let  be a quantisation from Sig to QSig. Then a quantum
algebra A of signature QSig is a quantisation of an algebra A of signature Sig along 7 if:

(1) for each sort s € S, {|a) | a € As} forms an orthonormal basis of '7-(5‘?;

(2) for each constant symbol ¢ :— s, |¢C)ﬂ = |¢?). In particular, |Osq)‘7{ =104); and

(3) for each nonconstant operation symbol O : sq,...,s, — s,and for all a; € Ay, ...,a, € A,
we have:

2
-1 )

(0% (@ an postZU pred (ja) -+ 1an) )

Here, the subsystems involved in quantum states and gates are implicitly assumed to be
ordered according to sort(Up). In particular,

. - - A . . ..

e (in-place) [0) denotes [05-) ", and |04 (ay, . . ., ay)) is a state in 7—(5;, where i is the fixed
index in Definition 4.1; and

e (out-of-place) [0) denotes |63q,g)ﬂ, and |0%(ay, ..., a,)) is a state in 'Hsf(.

Intuitively, in Equation (5), preg( converts a computational-basis input (the default quantum
representation of classical data) into a quantum input for U7, and postg[ converts the quantum
output of Ug{ into a computational-basis output. The condition in Equation (5) says that, under
the preprocessing preg and postprocessing postgl, the behaviour of UgI agrees with O* on all
classical inputs (with probability 1), so Ug( quantises OA. In Sections 4.1, 4.2, 5 and 6, we will
present illustrative examples, where the utility of the preprocessing pre, and postprocessing post,,
becomes more concrete.

It remains to consider how a classical specification can be quantised. To this end, we need to
introduce a quantisation of classical terms.

Definition 4.3 (Quantisation of terms). Let n be a quantisation from Sig to QSig. Suppose QSig
contains a quantum gate symbol SUM; : s4, s4 for each sort s in Sig, where s; = 1(s). Let t be a
term in Sig. For each variable x : s occurring in ¢, designate a distinct quantum variable gy : sg.

The quantisation 5(t) is defined recursively as follows:

(1) If t = ¢ :— s is a constant symbol, choose a fresh variable p : s4 as the principal variable and
define n(t) = |yc),, where [yc) = n(c);

(2) If t = x is a variable of sort s, choose a fresh variable q : s4 as the principal variable and define
n(t) = SUM;[gx, q] |0)4; and

(3) Suppose t = O(t, ..., t,) is a term of sort s and n(t;) = C; [;) for i = 1,..., n, where each 5(¢;)
has principal variable p; of sort sj,. Let p = py, ..., py. By renaming variables if necessary,
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12 Mingsheng Ying, Zhicheng Zhang, and Kean Chen

assume that, apart from the designated gy, all other quantum variables in n(t,), ..., n(t,) are
distinct.
We define

n(t) = Cis...; Cus preg [p. 71 Uo [P, 71; posto [B. 71 Y1) - - [Yn) [0)-
Here 7 is a sequence of fresh variables such that
o (in-place) sort(r) = s, and p; is chosen to be the principal variable, where i is the fixed
index in Definition 4.1;
o (out-of-place) sort(r) = s¢, 5, and 7 = ry, 7, Where ry is chosen to be the principal variable.

In Definition 4.3, note that the same g is used for every occurrence of variable x in . In clause (2)
of this definition, the design n(t) = SUM;[qx, q] |0), is subtle and needs to be carefully explained.
Intuitively, if the gate symbol SUM is interpreted properly in an algebra, SUM;[qx, q] |0}, copies
the computational-basis state of quantum variable g to g, which is initialised in state |0),,. It has
two purposes. First, copying in the computational basis reversibly handles the multiple occurrences
of variable x in term ¢, where g, is used to store the input of x and each fresh g corresponds to a
single occurrence of x. Second, since g, are not chosen to be principal variables, tracing out g
at the end “dephases” each corresponding g in the computational basis. This is important for the
correctness of Theorem 4.5, when we transition from a classical equation with a universal quantifier
(Vx) over classical inputs to a quantum equation with quantifier (Vq) over quantum inputs.

With quantisations of classical terms, we can further define quantisations of equations in a
classical specification.

Definition 4.4 (Quantisation of equations). Let n be a quantisation from Sig to QSig, and let
e = (Vx : 5)(t; = t;) be a classical equation, where X = xi,...,x, is a string of all variables
occurring in #; or t,. We assume that the designated variables g = gx,., . . ., g, (see Definition 4.3)
in t; and t, are aligned, and 5(¢;) and 7(#;) have the same principal variable, say p. Then, the
quantisation n(e) of e along n is defined as follows:

n(e) = (Vq:59) (n(t1) = n(t2)) { p,

where 5, is the quantisation of s.

With the above preparation, we are able to present the main result of this section, which describes
a way of deriving a specification of a quantised ADT by lifting from the classical specification. To
describe this lifting, for a, b € A, we define

awf b= (k)7 (K (a) + k£ (b) mod 4] (©)

where k2 is given in equation (4). Intuitively, the operator &2 naturally extends the binary XOR
@ operator up to the bijection k2. In particular, in Equation (6), the inputs a, b are mapped to the
integer domain Z 4|, added in Z|4 |, and then mapped back to the domain A. It is easy to verify
that a 82 02 = 02 84 a = a for any a. When the algebra A is clear, we simply write ks and @ for
k2 and @4, respectively.

THEOREM 4.5 (LIFTING OF SPECIFICATION). Let Spec = (Sig, E) be a classical specification, and let
be a quantisation from Sig to QSig. Suppose QSig contains a quantum gate symbol SUM; : sq, s4 for each
sort s in Sig, where sq = 11(s). We define QSpec = (QSig, n(E)), where n(E) = {n(e) | equation e € E}.
If

(1) A is an algebra of Spec; and

(2) A is a quantisation of A along n and SUMZ : |a) |b) + |a) |a @, b) for any sort s and any

a,be A,
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then A is a quantum algebra of QSpec.

Here, corresponding to the discussion below Definition 4.3, the unitary operator SUMJ' :
|a) |b) ¥ |a) |a &8s b) is a canonical way to realise the copying in the computational basis when
b = 0. The proof of Theorem 4.5 is deferred to Appendix A.

The above definitions of quantisation are general. In the following subsections, we examine two
specific quantisation methods that appear commonly in quantum algorithm design.

4.1 Bit Oracle Quantisation

The first quantisation method is bit oracle quantisation (BO-quantisation for short). The BO-
quantisation of a classical algebra is defined as follows.

Definition 4.6 (BO-quantisation). Let n be a quantisation from Sig to QSig and A be a Sig-algebra.
Then, a quantisation A of A along 7 is a BO-quantisation if for each nonconstant operation symbol
O:81,...,8, > s

(1) Up is out-of-place with 5, = 0;

(2) preg[ = postg[ = Lort(up); and

(3) forany a; € Ay,,...,anp € As,,a € A,

US (la1) -+ lan) [a)) = la1) - - - |an) la Bs O (as, ..., an)) . ™)

It is easy to check that Uoﬂ defined in equation (7) indeed satisfies the condition (5). When QSig
includes the gate symbol SUM; for each sort s, the BO-quantisation of terms and equations can be
naturally induced by Definition 4.6, according to Definitions 4.1 and 4.4.

Definition 4.6 naturally yields the common bit oracle in quantum algorithms as follows, where
the designated ky;+ is the identity and Byt reduces to XOR.

Example 4.7. Consider the following
e Signature Sig = (S,OP) with S = {bit} and OP = {0pit, f}, where Opir :— bit and
f:bit,...,bit — bit.
—————
o Algebra A of signature Sig with Ap;+ = {0,1} and Og‘it =0, where f4:{0,1}" — {0,1} is a
n-ary Boolean function.

Then the following gives a BO-quantisation of A:
e Signature QSig = (Sq4, K, U) with S; = {abit}, K = {|0qbit>}, and U = {Uf, preg, postf>,
where [0gpit) : gbit and Uy, preg, post : gbit,...,gbit.
n+l
o Algebra A of signature QSig: 7‘(£it = C%, |0gpit)”" = 10), prejf{ = postjf‘ =1, and
U %, b) = X b & f4(2) (®)
for any x € {0,1}" and b € {0, 1}.

In this example, the unitary operator U7 is often known as the bit oracle or standard oracle used

by a quantum algorithm to query a black-box function f. The bit oracle has been employed in the
design of many quantum algorithms, e.g., the Deutsch-Jozsa algorithm [7] and the modular expo-
nentiation subroutine of Shor’s algorithm [34]. It should be noted that on the RHS of Equation (8),
the first n qubits are used to record the input X, and the last qubit is used to store the computational
outcome f(X). In this way, Uy is made invertible and thus a unitary operator.
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14 Mingsheng Ying, Zhicheng Zhang, and Kean Chen

4.2 Phase Oracle Quantisation

The second quantisation method is phase oracle quantisation (PO-quantisation for short). The
PO-quantisation of a classical algebra is defined as follows.

Definition 4.8 (PO-quantisation). Let n be a quantisation from Sig to QSig and A be a Sig-algebra.
Then, a quantisation A of A along 1 is a PO-quantisation if for each nonconstant operation symbol
O:s1,...,8, > s:

(1) Up is out-of-place with 5, = 0.
(2) pregI = L5 sng ® QFT |4 | and posl‘gI =1,

.....

Sng ® QFTT N where QFT|, | is the quantum

.....

Fourier transform on Z|4 | defined by

! 3 k@ k) p)
VlAsl beAs

for any a € A, where w = ¢ l. and
(3) forany a; € As,,...,an € As,,a € As,

QFT |4, la) =

2mif|As

. A
U ay, . .., an) la) = o=@ k(0% (@nan)) 1, ° 0 g,) |a) . (9)

It is also easy to check that Ug‘ defined in equation (9) satisfies the condition (5). When QSig
includes the gate symbol SUM; for each sort s, the PO-quantisation of terms and equations can be
naturally induced by Definition 4.8, according to Definitions 4.1 and 4.4.

Definition 4.8 naturally yields the common phase oracle (or more accurately, the controlled
version of the common phase oracle) in quantum algorithms, where the designated kpi+ is the
identity, o = —1 and QFT, = H is the Hadamard operator.

Example 4.9. Consider the same signature Sig and algebra A as in Example 4.7. Then, the following
gives a PO-quantisation of A:

e Signature QSig = (Sg, K, U): Sq = {gbit}, K = {|0qbit)}, and YU = {Uf, pref,postf}, where
|Ogbit) : gbit and Uf,pref, posty gbit,...,gbit.
—_———
n+l1
o Algebra A of signature QSig: quit = C%, |0gpit) ™" = 10), prejf{ = postjf‘ =1,®H,and
U2 by = ()" x.b)
for any x € {0,1}" and b € {0, 1}.
In this example, Uy is often known as the (controlled) phase oracle for a quantum algorithm to

query a black-box function f. The phase oracle has been applied in Grover’s search [15], amplitude
amplification [4], and several other quantum algorithms.

4.3 Phase Kickback Trick

In quantum algorithms, the phase kickback trick provides a useful connection between a bit oracle
and a phase oracle, and now we can view it through the lens of ADTs. For example, in the Deutsch-
Jozsa algorithm that decides whether a given Boolean function f : {0,1}" — {0, 1} is constant or
balanced, the bit oracle Uy is defined by

Urlxy) =Xy e f(x)
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forany x € {0,1}" and y € {0, 1}. A key idea in this algorithm is that the target register is initialised
in the superposition |—) = \/ii(|0) — |1)). We observe:
Urlx =) =@ e ()P |- = -1y P me|-). (10)
In the final expression above, the phase (—1)/*) appears in front of the quantum state. On the
other hand, if the target register is initialised in [+) = \/%(lo) +[1)), then
Urlx,+) = [x) ® |+) . (11)
Combining Equations (10) and (11) gives
(1, ® H)Up(1, ® H) %, b) = (-1)*™) [, b) . (12)

More generally, the phase kickback implies a correspondence between BO-quantisation and
PO-quantisation. Suppose 7 is a quantisation from Sig to QSig. Let A and B be BO- and PO-
quantisations of the same algebra A along 5, respectively. For each sort s in Sig, suppose that A
and B have the same quantum domain

‘7'13? = '7‘(525 = span{|a) : a € A}

Then, analogous to Equation (12), for any operation O : sy, ...,s, — s, we have:

Ug = (1slq,...,an ® QFT|ASI)U(?(151qs~~'s3nq ® QFTTAS\)’ (13)

which is essentially equivalent to

A
post,

This means that BO-quantisation and PO-quantisation can be related by changing how classical
data are encoded into quantum data through pre,, and post,,.

Uoﬂ preg[ = postg Ug preg .

5 Illustrative Application I: Quantum Arrays

Arrays are a fundamental data type widely used in classical programming. To illustrate the frame-
work developed in Sections 3 and 4, we show how quantum arrays can be defined via the quantisation
of classical arrays. In particular, this approach offers a new perspective for understanding Quantum
Random Access Memories (QRAMs) [10, 11].

5.1 Classical Arrays

For convenience of the reader, let us recall the basic theory of arrays. First, we describe the signature
Sig = (S, OP) of the ADT of arrays. Let 7 be a set of index sorts and V a set of value sorts, so that
S =7 U V. The value sorts and their dimensions are generated as follows:

(1) val € V is a primitive value sort, and dim(val) = 0;
(2) if I € T and 7 € V, then array(I,7) € V, and dim(array(l,7)) = dim(r) + 1.

A canonical algebra A of Sig gives the following interpretation. For every I € 7 and 7 € V, define
Aarray([,r) =A; > A

Consequently, if

r=array(lj,array(ly,...,array(I,,val)...)),
then

A=A, > (A, > - > (A, = Aval) ).
Equivalently, A; = (A, X -+ X Ar,) = Aval.
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16 Mingsheng Ying, Zhicheng Zhang, and Kean Chen

For the operation symbols, let OP contain two classes of symbols:

readr, : array(I,7),l = 7

14
writer . : array(I,7),I, 7 — array(I, 7) (1)

where I € 7 and 7 € V. They are also called selector and store operations, respectively. For

simplicity, the subscripts I, 7 of read; ; and writer , will often be omitted. In the canonical algebra

A, they are interpreted as follows:

read‘ff : (a, j) & alj] 15)

writefT :(a, j,0) > d

for a € Asrray(ir), J € Ar, and v € A., where a’[i] = a[i] if i # j and a’[j] = v. Intuitively,
read(a, j) denotes the value stored in array a at index j, and write(a, j, v) denotes the array obtained
by updating a with value v stored at index j.

We assume countably many variables and constants of each sort. The terms are constructed from
variables and constants using operation symbols, and their sorts are defined in the usual way. A
basic theory of arrays was first introduced by McCarthy [27], where the functions read and write
are characterised by the following axioms. For every I € 7 and 7 € V:

e Axiom 1 (read-over-write):
Va:array(l,7),i,j:Lo:7.(i = j — read(write(a,i,v), j) =v)

(i # j — read(write(a, i,v), j) = read(a, j))
e Axiom 2 (extensionality):
Va,b: array(l,7).(Vi: L.read(a,i) = read(b,i)) > a=b

It should be pointed out that, essentially, the above two axioms do not constitute an equational
specification as in Definition 2.6. Instead, they are formulated in a first-order logical language.
However, they are easy to understand for our purposes.

5.2 Quantum Arrays
Now let us examine quantum arrays through the lens of the quantisation of the classical ADT
of arrays (see Section 4). Suppose QSig = (Sg, K, U) is the quantum signature obtained from a
quantisation 1 of the classical signature for arrays. For I € I and 7 € V, write
I, = n(), g = (1), garray(ly, 7q) = n(array(l, 7)).
In particular, write qval = p(val). Then
Sq=1UYV,, I,={nI):1eT1}, Vy={n(r) : eV}
Let A be the canonical algebra for the signature of classical arrays considered previously. We
consider the following quantised algebra A of A along . We define:
A
(1) qual
(2) forevery I € T, H* = span{|j) : j € Ar}; and
q
(3) forevery 7 € V, 'HTZI = span{|t) : t € A;}. Furthermore, for everyI € 7 and 7 € V,

= Span{|0> 10 € Avar ks

7_{?[ — Span{|a> cae€ Aarray(I,T)} = ®(J_{T§I’ (16)

qarray(Ig,7q) ~—
JEAr
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where we denote |a) = (X) 4,
k1(j) increasing (see Section 4). By expanding the RHS of Equation (16) recursively, if

|a[j]), and the indices j are ordered by keeping the designated

r=array(lj,array(ly,...,array(I,,val)...)),

then
HI = X H

7q qgval-
(Jtseesfin) EAL X" XAp,
Next, we explain how the read and write symbols in OP are quantised to gate symbols in U. As in
Section 4, for each I € 7 and 7 € V, we assume that the designated 0 satisfies O?rray( Lo) [j]=04
for any j € Aj. Let k; and k; be the designated bijections for A; and A, respectively. We recursively
choose the designated bijection for the corresponding array sort to be

Karray(o)(@) = D 1AM - ke (al 1), (17)
JEA]

For the concrete one-dimensional QRAM examples below, fix an index sort idx € I and write
gidx = n(idx), array = array(idx, val), garray = garray(qgidx, gqval).

Quantum read. The operation read‘?r can be quantised in the same way as the BO-quantisation in
Definition 4.6:

(1) Ureads pre,eqq> and post,,,, have the sort qarray(Iy, 74), Iy, 74
(2) pret i= postt =1,
rea

read
(3) UA 1ay 1)) o) = la) 1)) |o 8, a[j]) for any a € Ayrray(rr), j € Ar,and v € A.

We simply use gread to denote the gate U,y for convenience.

What gread” effectively implements is a QRAM read operation. Consider the case when A;gy =
ZN, Aval = Zy, and their designated bijections are the identity maps. Then, an array a of sort array
stores N classical values a[0],a[1],...,a[N — 1] from A,,1 at addresses 0,1, ..., N — 1. In classical
computing, RAM (Random Access Memory) allows one to access a memory cell by providing an
address. In QRAM (Quantum Random Access Memory), the key idea is that the address itself can
be in a quantum superposition. This means one can query many memory locations simultaneously
in superposition. A QRAM read implements the following transformation:

Zﬁj la[0].....a[j].....a[N = 1]) |j) |0) - Zﬁj la[o].....alj].....alN = 1]) |j) |a[j]),
Jj J
(18)

which is an instantiation of gread”. So, in one operation, we can “load” data from multiple addresses
coherently.

Quantum write. The operation write}“T can be quantised in-place as follows:

® Uwprites PTe,,ipe> and post. .., have the sort qarray(Iy, 1), Iy, 74
A _ A _
* pr;write - po‘gtwrite =1
o U, 1) 1) [o) = &'} 1) lalj]) for any @ € Aurray(re),Jj € Ar,and v € Ar, where a'[i] = ali]
ifi # jand d’'[j] = v.
We simply use gwrite to denote the gate U, for convenience.
What qwrite” effectively implements is a QRAM swap operation. Again, consider the case when

Aidx = ZN, Aval = Zu;, and their designated bijections are the identity maps. Then, an array a of
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sort array stores N classical values a[0],a[1],...,a[N — 1] from A,,; at addresses 0,1,...,N — 1.
A QRAM swap implements the following transformation:

Zﬁj la[0],....alj]....,a[N =1]) |j) |0) = Z,Bj la[0],...,0,...,a[N = 1]} |j} la[j]). (19)
J J

Therefore, in one operation, gwrite can “write” data to multiple addresses coherently.
According to Theorem 4.5, by properly reexpressing Axiom 1 and Axiom 2 using equations we
can derive specifications for the ADT of quantum arrays. Beyond that, quantum arrays actually
satisfy extra properties. The following proposition shows that quantum array operations gread and
qwrite satisfy an equation similar to the first part of the Axiom 1 for classical array operations
read and write. This property is specified as a quantum equation (see Definition 3.5). Suppose that
for each sort s in Sig, SUMj : s¢, 4 is a gate symbol in QSig and SUM{ |a) |b) = |a) |a @5 b) for any
a,be A;.
ProposITION 5.1. The algebra of quantum arrays with gates qread and qwrite satisfies the following
specification:
Vq, : qarray, q; : qidx, g, qy : qval (20)
(qwrite[qa, qi qul; qread|qa, qi» qu]) = (SUM[qu, qu]; qwrite[qa, i> qu])

However, a natural quantum analogue of Axiom 2 is not true. Let us consider the simplest case
when Ajgx = Aval = Z;. Even if we restrict attention to the principal variable, the equation
(qread[qa, i 4] |®) = gread|qa, 4, 4] [¥)) U ¢

does not imply |®) = |¥), because the state of a composite quantum system is not uniquely
determined by the states of its subsystems, which is indeed one of the fundamental differences
between classical and quantum systems.

6 lllustrative Application Il: Quantum Error Correction

Quantum error correction is fundamental to fault-tolerant quantum computing [13, 22]. To further
illustrate the framework developed in Sections 3 and 4, we show how a quantum error-correcting
code can be described as a quantisation of a classical error-correcting code. In particular, we first
consider the quantisation of a classical 3-bit repetition code and then show how its 9-bit extension
gives rise to the Shor code.

6.1 Classical Repetition Code
We first describe a classical repetition code as an ADT. Consider the signature Sig = (S, OP),
where S = {1bit,pbit, idx, array}, 1bit and pbit denote sorts of logical bits and physical bits,
respectively. Following Section 5.1, idx is an index sort, and array = array(idx, pbit) is the sort
for an array of physical bits. For simplicity, consider the canonical algebra A of Sig for the 3-bit
repetition code. It gives:
Alpit = Apbit = {09 1}> Ajdx = {0> 1, 2}7 Aarray = Ajax — Apbit-

Thus, A,rray consists of arrays of 3 physical bits indexed by {0, 1, 2}. For the operation symbols, let
OP contain the following symbols:

enc:1lbit — array,

flip : array, idx — array,

corr : array — array.
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For a = a[0],a[1], a[2] € Aarray, define
2 .
“oali
maj(a) — \‘ =0 [ ]J
2
to be the majority of a[0], a[1], a[2].
In the canonical algebra A, the operations are interpreted as

enc® i x > x,x,x

fip*: (a,1) -

corr® : a — maj(a), maj(a), maj(a),
where a’[j] = a[j] if j # i and a’[i] = a[i] @ 1. Intuitively, enc(x) is the code word that encodes x
by repeating it three times, flip(a, i) flips the physical bit a[i] in the array a, and corr(a) produces

a code word by replacing every entry of a with maj(a). Then, the algebra A satisfies the following
equations:

Vx :1bit. corr(enc(x)) = enc(x),

Vx :1bit, i: idx. corr(flip(enc(x),i)) = enc(x).

The first equation states that corr leaves a code word unchanged. The second equation states that
it recovers the code word after a bit flip on any physical bit.

(21)

6.2 Quantum Repetition Code

Now let us show the 3-qubit repetition code as a quantisation of the classical 3-bit repetition code.
Suppose QSig = (Sq, K, U) is the quantum signature obtained from a quantisation 5 of the classical
signature Sig in Section 6.1. Let

lgbit = p(1bit), pgbit = n(pbit), gidx = n(idx), garray = n(array).
In addition, let gsyn be an ancilla sort for syndromes. Then
Sq = {1lgbit, pgbit,qidx, garray, gsyn}.
Consider a quantum algebra A with

HAL = HA = span{]0). 1)), HL, = span{]0),[1), [2)),

2
Hieray = () His e HZ,, = span{[0). [1). [2). | L)}.
i=0

Here, | L) is the designated |04syn), Which is a computational-basis state orthogonal to [0), [1), |2).
As in Section 5, we denote |a) = |a[0], a[1], a[2]). In particular, the designated |0garray) = [0,0, 0).
We choose the designated functions kipit, kpbit, and kigx to be identity functions, and define karray
as in Equation (17).

Next, we explain how the operation symbols enc, flip, and corr are quantised to gate symbols in

Uu.

Quantum encoding. The operation enc” can be quantised out-of-place as follows:
(1) Uenc, pre,,,, and post,, . have sort 1gbit, garray.
(2) prell. = post = 1.

enc

(3) Uefc [x)10,0,0) = |0) |x, x, x) for any x € Ajpit.
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We simply use genc to denote the gate U, for convenience.

Compared with the classical enc in Section 6.1, the gate genc encodes |x) as |x,x,x) in the
computational basis and resets the logical bit to |0). Note that when the logical qubit is initially in
superposition, the physical qubits become entangled.

Quantum flip. The operation flip® can be quantised in-place as follows:

(1) Ui, pregip, and post g, have sort garray, qidx.

A _ A _

(2) preg, = posty,, = 1

(3) UJ;ZL lay |i) = |flip™(a, i)) |i) for any a € Agrray and i € Ajgy.
As usual, we simply use gflip to denote the gate Ug;, for convenience.

Note that gflip implements the classical operation flip in the computational basis. It leaves the
index unchanged and applies a Pauli X gate to the physical qubit indexed by i.

Quantum correction. The operation corr can be quantised in-place as follows:

(1) Ucorr, pre,,,,, and post ., have sort garray, gsyn.

(3) UA |a) |L) = |corr*(a)) |syn(a)) for any a € Agrray, Where

corr

1, a=corr’(a),

22
J,  jis the unique index such that a[j] # maj(a). (22)

syn(a) = {
As usual, we simply use gcorr to denote the gate U, for convenience.

Intuitively, gcorr implements the classical corr in the computational basis and produces the
syndrome syn(a). In the computational basis, when a is a code word, the syndrome is L; otherwise,
it is the index of the unique physical bit that differs from maj(a), which is the error location when
a is obtained from a bit-flip on a code word. Note that gcorr coherently performs the syndrome
extraction and error correction together.

According to Theorem 4.5, the equations in Equation (21) can be lifted to a specification of the
quantum repetition code. Here, we give a direct specification that the quantum repetition code
corrects a single Pauli X error.

PRroPOSITION 6.1. The quantum algebra A with gates qgenc, qflip, and qcorr satisfies the following
specification:

Vq; : 1lgbit. (qenc[ql, qal; qeorr[qa, qs] 10)g, |L)g, = genclqi, qal [0}, |-L)q, ) U ga, (23)
Vgq; : 1abit, g; : qidx. (qenc[qz, qal; qfliplqa, 4il; georr[qa, gs] 10}y, |L),

(24)
= genclqr, 4al 10)g, 14)q, ) U da

The first equation states that qcorr leaves a quantum code word unchanged. The second equation
states that it recovers the quantum code word after gflip introduces a Pauli X error on any physical
qubit. In both equations, g, is the only principal variable.

6.3 Shor Code

The 3-qubit quantum repetition code in Section 6.2 can only correct a Pauli X error. Inspired by
the repetition code, the Shor code [33] is the first quantum error-correcting code that can correct
an arbitrary single-qubit error. Let us examine the 9-qubit Shor code as a quantisation of a 9-bit
repetition code. We reuse the classical signature Sig in Section 6.1 with slight modifications: the
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operation symbol flip in Section 6.1 is replaced by two operation symbols flipX, flipZ : array, idx —
array of the same sort.
Consider the canonical algebra B for a 9-bit repetition code. It gives
Bipit = Bppit = {0, 1}, Biax ={0,1,...,8}, Barray = Bidx — Bppit-
For a € Byrray and r € {0, 1,2}, we define
Y2 al3r+t]

2

Srom(a)lr]
==

m(a)[r] = { J maj(a) = {

Intuitively, the 9 physical bits of a are split into three groups, where the r' group consists of
a[3r], a[3r + 1], a[3r + 2]. The value m(a)[r] is the majority of the r' group, while maj(a) is the
majority of m(a)[0], m(a)[1], m(a)[2].

In the algebra B, the operations are interpreted as

enc®(x)[i] = x,

fipXB(a, )] = flpzP(a, ] = | O T=E
aljl, J#i
corr®(a)[i] = maj(a),

where x € Bipit, a € Barray, and i, j € Bigx. Here, although both flipX and flipZ are interpreted as
a bit flip error in algebra B, their quantisations will correspond to different quantum errors later.
Similar to the algebra A for the 3-bit repetition code (see Section 6.1), the algebra B satisfies

Vx :1bit. corr(enc(x)) = enc(x),
Vx : 1bit, i:idx. corr(flipX(enc(x),i)) = enc(x), (25)
Vx : 1bit, i:idx. corr(flipZ(enc(x),i)) = enc(x).
Suppose QSig = (Sq, K, U) is the quantum signature obtained from a quantisation 5 of this
signature. Let
lgbit = n(lbit), pgbit = n(pbit), gidx = n(idx), garray = n(array).

In addition, let gsyn be an ancilla sort for syndromes, with designated state |0gsyn) = |L, L, L, L).
Consider a quantum algebra 8 with

HE o = HE = span{]0), 1D}, HZ, = span{|0),[1),...,[8)},

pgbit —
8
B B B 4
Haarray = ®7’(quit, Hazyn = span{|s) : s € {0,1,2, L}*}.
i=0
As usual, we denote |a) = |a[0],...,a[8]). In particular, the designated state |0garray) = [0Y®°. For

a single-qubit unitary operator U, let U; = 1% ® U ® 1®~%) which applies U on the qubit indexed
by i. The designated functions kipi+, kpbit, Kidx, and Karray are chosen as in Section 6.2.

Next, we explain how the operation symbols enc, flipX, flipZ, and corr are quantised to gate
symbols in U.

Quantum encoding. For x € {0,1}, let
1000) + (—=1)* [111) \**

W) = NG : (26)

The operation enc? can be quantised out-of-place as follows:

(1) Uenc, pre,,., and post,, . have sort 1gbit, garray.
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(2) preenc 1, and post3 B 10) [%,) = 10) |encB(x)) for any x € Bipit.
(3) Uge |x) 0)*” = |0) | ¥y) for any x € Bupit.

We simply use genc to denote the gate U,y for convenience.

Compared with Section 6.2, the gate genc here encodes the computational-basis |x) into a Shor
code word |¥,). If the logical qubit is initially in superposition, the physical qubits are in the
corresponding superposition of |¥) and |¥;).

Quantum flip. The operations flipX® and flipZ® can be quantised in-place as follows:
(1) Uﬂi[g, Usiipz, preﬂ,px, Pregizs postﬂlpx, and postﬂlpz have sort qarray, qidx.
(2) pre ipx = POst ﬂsz =1 and pre ﬂlpZ pos ﬂsz =1, H)®1,
3)U ﬂle —Z X; ® |i){i|] and U ﬂsz o Zi ® |i)(il.
We simply use gflipX and qflipZ to denote the gates Up;px and Upy,z, respectively, for convenience.
The gates qflipX and qflipZ leave the index |i) unchanged and apply Pauli X and Z gates,
respectively, on the physical qubit indexed by i. Thus, they introduce the corresponding Pauli
errors.

Quantum correction. For a € Byrray, we define syn(a) € {0,1,2, J_}4 as follows. For r € {0, 1, 2},

1, a[3r+t] =m(a)[r] for every t € {0,1,2},
t, tisthe unique index such that a[3r + t] # m(a)[r].

syn(a)[r] = {

Further, we define

1, m(a)[r] = maj(a) for every r € {0, 1,2},

r,  ris the unique index such that m(a)[r] # maj(a).

syn(a)[3] = {

Intuitively, syn(a) is the syndrome produced for an arbitrary a. For each r € {0, 1, 2}, if there is an
entry in the ' group of a that differs from m(a)[r], then syn(a)[r] records the index of this entry;
otherwise, it records L. Similarly, if an entry m(a)[r] differs from maj(a), then syn(a)[3] records
the index r; otherwise, it records L. Consequently, it is easy to check that a — (maj(a), syn(a)) is
a bijection.
ForP e {1,X,Y,Z},i=3r+t,and k € {0,1,2,3}, where r,t € {0, 1,2}, let us define o(P,i) €
{0,1,2, L}* by
t, k=randP e {X,Y},
o(P,i)[k] =3r, k=3andP e {Z,Y}, (27)
1, ow.

Intuitively, o(P, i) is the syndrome needed to correct the Pauli error P;. Suppose we start with a Shor
code word. A Pauli X error changes one physical qubit, so its syndrome records the information
about i = 3r + t. A Pauli Z error on any of the three physical qubits in the same group r has the
same effect, so its syndrome only records the r. A Pauli Y error combines X and Z, so its syndrome
contains both kinds of information.

Let {|®.) : x € {0,1},s € {0,1,2, L}*} be an orthonormal basis of H2

qarray
|(Dx,0'(P,i)> = Pi |\Ijx> (28)

for x € Bipit, P € {1, X,Y,Z}, and i € Bjgx. The existence of such a basis is proved in Lemma A.2.
Here, in |®, ), x records the logical bit and s records the syndrome.
The operation corr® can be quantised in-place as follows:

such that

(1) Ucorr, pre,,,,» and post ., have sort garray, gsyn.
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(2) prefm la) | L, L, L, 1) = |®ngj(a),syn(a)) |L, L, L, L) and postfm |¥,) |s) = |encB(x))|s) for
every x € Bipit, a € Barray, and s € {0, 1,2, 1}

(3) UCZO;,, |Dys) | L, L, L, L) =|¥) |s) for every x € Bpit and s € {0, 1, 2, 13
We simply use gcorr to denote the gate U,,,, for convenience.

Intuitively, pre,,,, implements the bijection a = (maj(a), syn(a)) by mapping |a) to |®n4i(a),syn(a))
while leaving the initial syndrome in gs unchanged. The quantum gate gcorr maps |® ) to the
corrected Shor code word |¥,) and records the syndrome in g;. Finally, post, ., maps |¥) to the
computational-basis repetition code word |enc?(x)).

As in Section 5, we can derive specifications for the Shor code by lifting Equation (21) using
Theorem 4.5. Beyond that, the Shor code actually satisfies stronger error-correction properties. The
following equations specify that the Shor code corrects a single Pauli X, Z, or Y error.

corr

PROPOSITION 6.2. The quantum algebra 8 with gates qenc, qflipX, qflipZ, and qcorr satisfies the
following specification:

Vq; : 1gbit. (qenc[ql,qa]; qcorr[qa, qsl |0>qa |1, 1,1, L)qs

(29)
= genclgr ] 10)g, 11, L. L, 1), ) b g,
Vg : Labit, qi s gidx. (genclgr gals aflipX[ge @l: 4e0rrlqe gs] [0)g, 14, L, 1, L), o
= genclgr, gal 10}, 145 1, 1, 1)y, ) U gas
Vqr : 1abit, g; : qidx. (qenc{qz,qa]; aflipZ[qa qi1; qeorr[qa, gs1 10) g, | Lo L, L. L)y, 1)

= genc|qi, qa) |0>qa 4L, 1, L>qs ) ! 4a

Yq; : labit, g; : qidx. (qenC[qz,qa]; qflipX[qa, 9i1; @flipZ[qa, qi]; georr[qa, gs] 10)q, |1, L, L, L)y

= qenc[‘ﬁ, CIa] |0>qa |J-9 J-’ J-’ J—>qs ) U‘ qa'
(32)

The first equation states that gcorr leaves an error-free Shor code word unchanged. The second
and third equations state that gcorr recovers the code word after a Pauli X or Z error, respectively.
The fourth equation covers a Pauli Y error through sequential application of gflipX and gflipZ. In
all equations, g, is the only principal variable. Following the standard quantum error-correction
argument, being able to correct Pauli X, Y, Z errors means that the Shor code corrects an arbitrary
single-qubit error.

7 Embeddings of Quantum Data Types

So far, we have only considered the quantisation of individual ADTs. In classical computing, various
relationships between different ADTs have been exploited for practical applications in software
engineering. In particular, an embedding allows values of one ADT to be represented as values
of another while preserving the relevant operations and semantics. Consequently, embeddings
between ADTs can be used for applications such as data refinement and software component
reuse. To enable these kinds of applications for quantum ADTs, in this section we ask under what
conditions quantisation preserves structural relationships between algebras. In classical universal
algebra, an embedding faithfully maps one algebra into another while preserving all operations.
This section investigates when such an embedding lifts to an embedding between the corresponding
quantum algebras.
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Definition 7.1 (Homomorphisms of algebras). Let A and A’ be two algebras of signature Sig =
(S, OP). Then:

(1) A homomorphism from A to A" is a family g = (g;)cs of mappings g, : A; — A] such that
for each operation symbol O : sy,...,s, — s, and for all a; € A, ..., a, € A;,, it holds that

95(0%(ay,...,an)) = 0% (g5, (a1), . ... gs, (an)).

Equivalently, the following diagram commutes:

A
Aslx"'XAsn O—>As

gs; X+ ng"\[ J{%

A;I X"'XA;n T A;,
(2) If all g5 are injective, then g is called an embedding.

(3) If all g5 are bijective, then g is called an isomorphism.

Let H and H’ be two Hilbert spaces. A linear operator T : H — H’ is called an isometric
embedding if

(TENTWN g = Xy

for all x,y € H, where (:|-)4, (:|") 4 denote the inner products in H and H’, respectively. It is
easy to see that T is injective and norm-preserving:

IT Gl = llxll 2
for every x € H, and the image T(H) is a closed subspace of H".

Definition 7.2 (Embeddings between quantum algebras). Let A and ‘A’ be two quantum algebras
of signature Sig, = (Sq¢, K, U). Then an embedding from A to A’ is a family G = (GS)SESq of
isometric embeddings G : H; — H, such that

(1) for each quantum state symbol |/) € K of sort sy, .. ., sy, it holds that

(Gy, ® - ® G, ) (I1)7) = 97 ; (33)

(2) for each quantum gate symbol U € U of sort sy, ..., sp, and for any |¢) € Q)1 Hs,,
(G ® - ® G, ) (U [9)) = UM ((Gy, ® -+ ® Gy,) |0)). (34)

Equivalently, the following diagram commutes:

® Wsi U—ﬂ> ® Wsi
i=1 i=1

Gy, ®~~~®Gsnl \[Gsl®---®Gsn

n n
’ ’
QH, — QM
i=1 i=1
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Since Gi,, .. ., Gs, are all isometric embeddings, H’ = (G5, ® - - ® Gs, ) (R, Hs,) is a closed
subspace of )}, H{ . Moreover, G, ® - -®Gs, : Q) Hs, — H’ and its inverse (G, ®- - -®GC;,)" :
H — ®?:1 ‘Hj, are unitary operators. Thus, the condition in Equation (34) can be rewritten as:

U= (G, ®--®G;,) o UM 0 (G, ®---®G4,)

.If all G are unitary operators, then G is called an isomorphism. In this case, Gs(H;) = H{ for
every s € Sg,and H' = @), H; .

In the remainder of this section, we give conditions under which an embedding of algebras
induces an embedding of their quantisations.

7.1 Embeddings of Quantisations
Let A and A’ be two algebras of the same signature Sig = (S, OP), and let g = (gs)ses : A — A’ be
an embedding. Let 7 be a quantisation from Sig to QSig = (S, K, U) that satisfies S; = n(S). Let
A and A’ be quantisations of A and A" along 7, respectively.

Recall that the quantisation of s € Sis sy € Sy along 5. For each s € S, we define G;,, : 7—(5? - 7—{3?,
to be the linear operator that satisfies the following condition:

Gs,(la)) = |gs(a)) for every a € As. (35)

We call G = (Gs, )ses the quantisation of g = (gs)ses along 7. Since each g is injective, {|gs(a)) :
a € As} is an orthonormal set, which means each G, is an isometric embedding. If g is further an
isomorphism, then each G . is a unitary.

For concreteness, we consider BO- and PO-quantisations in Section 4. For each s € S, let
k;“ :As = Z|a, and k?/ : A; — Z, ;) be the two designated bijections as in Section 4, and let EE?
and @2 be defined as in Section 4.

We first examine when a BO-quantisation can be embedded into another.

ProPOsITION 7.3 (EMBEDDINGS OF BO-QUANTISATIONS). Suppose that every state symbol in K is
introduced by n, and that every gate symbol in U is introduced byn. Let A and A’ be BO-quantisations
of A and A’, respectively, along . If for each s € S and a, b € As,

gs(a @l b) = gs(a) @Y g5(b),

or equivalently, the following diagram commutes:

A
A XA, —2 3 A,

gsX gsl lgs

A X A T Aq
then G in Equation (35) is an embedding from A to A’.

Next, we examine when a PO-quantisation is isomorphic to another. Unlike the BO-quantisations,
compatibility with the quantum Fourier transform in Definition 4.8 forces every g to be surjective.
Consequently, the corresponding result for PO-quantisations is stated only for isomorphisms.

PRrROPOSITION 7.4 (ISOMORPHISMS OF PO-QUANTISATIONS). Suppose that every state symbol in K is
introduced by n, and that every gate symbol in U is introduced by n. Suppose g is an isomorphism. Let
A and A’ be PO-quantisations of A and A’, respectively, along n. If for each s € S,

k?,ogs:kf,
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or equivalently, the following diagram commutes (noting that |As| = |A%]):

k2
Ay — Zja

A — o Ly

then G in Equation (35) is an isomorphism from A to A’.

8 Products of Quantum Data Types

Embeddings discussed in the last section describe one of the simplest structural relationships
between quantum ADTs. We now turn to how to construct a new quantum ADT from simpler ones.
In classical computing, products of ADTs enable us to compose independently specified abstractions
while preserving their interfaces and invariants, and they find applications in composite data
structures, modular software composition, and other settings. To introduce the same capability into
quantum software engineering, in this section we define the notion of the product of ADTs. At the
classical level, the domains of two algebras are combined using Cartesian products. At the quantum
level, the corresponding quantum domains are combined using tensor products. Furthermore, we
present the conditions under which these products are compatible with the quantisations of ADTs.

Definition 8.1. Let A and B be two algebras of signature Sig = (S, OP). Then their product is
defined as the algebra C = A X B of the same signature Sig satisfying the following conditions:

(1) for each sort s € S, Cs = Ag X Bs (Cartesian product);

(2) for each operation symbol O : sy,...,s, — s, OF is defined as follows: for any a; € Ay, and
bi € Bsi (l = l,...,n),
0%((a1,b1), ..., (an, by)) = (0 (ay, ..., an), OB (by, ..., by)). (36)

In particular, for each constant symbol ¢ :— s, we have € = (cA, cB ).

We next define the corresponding product of quantum algebras. Let s = sy, ..., s, be a string of
quantum sorts. Define the canonical unitary operator

i (@ HE) - (@ HA
i=1 i=1

® (® Wff)
by _
n(@ |aiﬁ,~>) = (@ |al~>) 210% |/3i>) (37)
i=1 i=1 i=1

for any |a;) € 7‘[5‘1,7{ and |§;) € (]‘{S(f,9 (i =1,...,n) together with linear extension.

Definition 8.2. Let A and B be two quantum algebras of signature QSig = (Sg, K, U). Then their
product is defined as the quantum algebra C = A ® B of the same signature QSig satisfying the
following conditions:

(1) for each sort s € Sy, HE = H ' ® HZ (tensor product);

(2) for each quantum state symbol |i/) € K of sort sy, ..., sp, [Y)€ = Ts:f_.,sn(W)ﬂ ® |¥)%);

(3) for each quantum gate symbol U € U of sort sy, .. ., sp,

UC=T', o (U"®U®) 0T, (38)

, Vol. 1, No. 1, Article . Publication date: September 2026.



Quantisation of Abstract Data Types 27

is a unitary operator on R}, HE = Q7 (H' ® HZ), where U ® U® is defined by
(V" e U)(lar ..y @1Br. . ) = U (lar .. ca) O U (B fu)). (39)

for any |a;) € H and |;) € 7’[5? (i = 1,...,n) and extending linearly. Equivalently,
Equation (38) can be expressed by the following commutative diagram:

n c n
U
Que Qe
i=1 i=1
Tsl ..... sn T1

el

n
|
i=1
8.1 Products of Quantisations

Let A and B be two algebras of the same signature Sig = (S, OP), and let C = A X B. Suppose 7 is a
quantisation from Sig to QSig that satisfies S, = 11(S). Suppose that A, B, and C are quantisations
of A, B, and C, respectively, along 7.

Recall that the quantisation of s € S is s; € S; along 7. For each s € S, we define qu : 7‘[85 -
WSZ{ ® 7'(5 to be a linear operator that satisfies the following condition:

Jsq 1(@,b)) = |a) ® |b) (40)

for every a € As and b € B;. Note that J;, is a unitary. Let ] = (qu)sES-

For concreteness, we consider when a BO-quantisation (and PO-quantisation) is compatible with
products. For each D € {A,B,C} and s € S, let ksD : Dy — Zp,| be the designated bijection, and let
@D be defined as in Section 4.

ProrosITION 8.3 (PRODUCTS OF BO-QUANTISATIONS). Suppose that every state symbol in K
is introduced by n, and that every gate symbol in U is introduced by 1. Let A, B, and C be BO-
quantisations of A, B, and C = A X B, respectively, along the same quantisation n. If

(a,b) &C (d,b") = (a B4 o', b ®P b') (41)
foranys € S,a,a’ € A5, and b, b’ € Bs, then ] in Equation (40) is an isomorphism from C to A ® B.

PROPOSITION 8.4 (PRODUCTS OF PO-QUANTISATIONS). Suppose that every state symbol in K is
introduced by n, and that every gate symbol in U is introduced by . Let A, B, and C be PO-
quantisations of A, B, and C = A X B, respectively, along the same quantisation n. If

2mi kg ((a b))kf((a’,b’))) (27”' k?(a)k?(a’)) (27”' kg (b)kg (b")
= ex ex
ICs] A |Bs|
foranys €S, a,a’ € A, and b, b’ € B, then ] is an isomorphism from C to A ® B.

) (42)

9 Conclusion

This paper developed a universal-algebraic framework for data abstraction in quantum program-
ming. We formally defined the notion of abstract quantum data types and a quantisation of classical
data types and proved that their equational specifications can be soundly lifted to their quantisa-
tions. Generalised bit-oracle and phase-oracle quantisations arise as instances of this construction
and are related through phase kickback. Further, the examples of quantum arrays, the three-qubit
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repetition code, and the nine-qubit Shor code illustrate how quantum data and operations can be
organised and specified within the framework. We also established conditions under which data
type quantisation preserves embeddings, isomorphisms, and products.

As a first step toward introducing data abstraction into quantum programming, in this paper,
we examine only two typical forms of quantisation, namely bit oracles and phase oracles. One
can expect that more forms of quantisation will emerge in the development of future quantum
algorithms and programs. We also consider only purely quantum abstract data types in this paper.
In practical applications, quantum and classical data are often involved in the same program, and
measurement outcomes of quantum data are stored as classical data that subsequently participate
in classical computations. This observation suggests another interesting topic for future research:
classical-quantum hybrid abstract data types.

We can expect that data abstraction in quantum programming enables programmers to reason
about complex quantum behaviour in a manageable way as in classical programming. By hiding
mathematical and physical complexity while enforcing quantum constraints, abstraction makes
quantum software development more accessible, safer, and more scalable. As quantum comput-
ing matures, well-designed abstractions will be crucial for bridging the gap between theoretical
algorithms and practical implementations.
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A Deferred Proofs

All of the theorems and propositions in the main text of this paper were presented without proofs.
In this appendix, we give all of these proofs. We first prove the following lemma, which is useful
for proving Theorem 4.5.

LEMMA A.1. Let A and A be as in Theorem 4.5. Let t be a classical term involving classical variables
X1:81,...,Xn : Sy and p be the principal variable of n(t). We useq = qu, . . ., qn to denote the designated
variables qx,, . . ., qx, as in Definition 4.3. Denote a = ai,...,a, € As,, ..., As,. Define o5 to be an
assignment of classical variables with oz(x;) = a; fori = 1,...,n. For any quantum state

lo)g = D, Pal)g,

we have

evaljyy(n(t)) | p = ZlﬁalZ |levaly, (t)){evals, (t)],,

where eval on the LHS is defined in the quantum algebra A, and eval on the RHS is defined in the
classical algebra A.

Proor. We first consider the lemma for the computational-basis states; that is, |¢) = |a) for some
a. This case can be proved by induction on the length of ¢ with the following induction hypothesis:

e IH: Let 0 denote the variables involved in the quantisation 7(¢) but not in p, q. For any
classical assignment o of x, let a; = o(x;) and @ = a3, . . ., a,. There exists a quantum state
ly) such that:

evaljg) (n(1)) = [a)g levals (1)), ly)5 - (43)
There are three cases:
o If t = ¢, then () = |1//C)p and |1//C)ﬂ = |c¢A). Thus, Equation (43) holds.
e If t = x, then n(x) = SUM;[qx. q] |0),,. Since ks(02) = 0 and a @, 07 = a, we have

evalig) (n(x)) = SUM; [qx, q) 7 |a) 4, 105, = |adg, ladg -
Thus, Equation (43) holds.
o Ift =0O(ty,...,tm), then
n(t) =Cus...;Cms preg [p1s - - s Pms T U D1+« oo Do T15 POSEO [P1s - s s FL 1Y)« - - [Yim) [0)5,

where each 7(t;) = C; |/;) has principal variable p;. Note that in the in-place case, p = p; for
the designated index i in Definition 4.1; in the out-of-place case, p is the first variable in 7. By
the IH for ty, ..., t;, there exists a |I') such that

evaligy(Cis-..;Con 1) - [9m)) = [@7 b1y bmdpr . D o (44)

where each b; = eval;(t;), and o0; are additional variables involved in r(t;) but not in p;, g.
By Equation (5), we further have

postG UG preg 1bs, . bm) .. p, 1007 = 10% (b1, b)), ') (45)
for some |y’). Combining Equations (44) and (45), we obtain

evaliay (n(1)) = (@) levaly (1)), (IT) [Y'))s.

and Equation (43) holds.
Since all |a)7 are orthogonal, by linearity and the tracing out of g, it is easy to prove the lemma
for any quantum state |¢). O
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ProoF oF THEOREM 4.5. Since A is already a quantum algebra of QSig, it suffices to show that
A satisfies every equation in n(E). Consider any equation in E:
e = (Vx1 IS8, Xpn Sn)(tl = tz).

We use g = g1, . . ., qn to denote the designated variables gy, . . ., gx, corresponding to xi, ..., Xp, as
in Definition 4.3.

Let p be the common principal variable of 1(#;) and n(t;), as in Definition 4.4. Consider an
arbitrary quantum state

lp)g = > Pald)g
a
Since A is an algebra of Spec and e € E, we have A |= e. Therefore, for every a € A;, X --- X A,
evaly_(t1) = evals_(t2). (46)
Applying Lemma A.1 to t; and t,, and using Equation (46), we obtain

eval|yy(n(t1)) | p = evaljyy(n(t2)) | p,

which is essentially A = n(e) by the validity of equations (see Definition 3.6). The conclusion then
follows. O

PRroOF OF PROPOSITION 5.1. Note that in Equation (20), all variables are principal variables. To
show that the equation is valid in algebra A, by linearity, it suffices to consider any computational-
basis state of variables qq, qi, qvs qu:

l0) = la)g, 17)q; [0)q, [W)g, -

Let @’ be an array with a’[i] = a[i] for i # j and a’[j] = u. By evaluating the LHS of Equation (20),
we have

eval|y) (qwrite[qa, qi, qul; qread|qa, qi, go])
= gread(ga gi 4ol (@writel g 41 Gul |@)g, 11)q, l0)q, 103,
= gread(qa 41, 421 (1), 11)q, 10, laliDg, )
= [a'g, 1), lo B udy, lalil)y, -
By evaluating the RHS of Equation (20), we have
eval|y), (SUM|qu, q»); gwrite[qa, 9, qu])
= quritelda, i 4ul (SUMus 901 1), 1i)g, 10)g, 1))
= qwritelge gi gul (12)g, g, 1o ® 1), 1), )
= |a' g, 1), lo B udg, lalily, -
By linearity, we have

eval),y (qwrite[qa, i, qu; qread|qa, qi, gv]) = eval),y (SUM[qu, qo]; qwrite[qa, qi, qu])

for any quantum state |¢), and the conclusion follows.
O
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PRroOF OoF PROPOSITION 6.1. Note that in Equations (23) and (24), q, is the only principal variable.
By Equations (21) and (22) and the definition of gcorr, for every x € {0,1} and i € {0, 1, 2}, we have

georr[qas 451 lenc* (), 1L)g.
= lcorr™ (enc (x))),, Isyn(enc*(x))),. = lenc(x)),, 1),
georr[qa 5] [flip* (enc* (x), 1)), | 1),
= lcorr (flip* (enc (x), 1)), Isyn(flip® (enc” (x),1))) . = lenc™ (x))g, i)y, -

To prove that Equation (23) is valid in A, consider an arbitrary state of the variable g¢;:

0= Y, alx)g.

xe{0,1}

(47)

(48)

By evaluating the LHS and using Equation (47), we have
evally) (genclgn gal: qcorrlge 451 10)g, 11y, ) = 10)g, D e %, %,2), 1),
By evaluating the RHS, we have
evally) (genclar, gal 10)g, 14}, ) = 100g, Y e %, %,3)g, 1),
x

Both evaluations give the same state, so Equation (23) is valid.
To prove that Equation (24) is valid in A, consider an arbitrary state of variables ¢y, ¢;:

g = D, Fxi 10, lidg, -
x€{0,1}
i€{0,1,2}

By evaluating the LHS and using Equation (48), we have
evalltp) (qenc[‘ﬁ, Qa], qﬂlp[qtb ql]’ qcorr[‘]a, qS] |0>qa |J->qb) = |O>q[ Z ax,i |x’ xs x>qa |i>qi |i>qs .
By evaluating the RHS, we have

eval‘ﬁw (qenc[‘ﬂ; Qa] |0>qa |J->q5) = |0>ql Z aJC,i |x» X, x>qa |i>qi |J->qS .

Since g, is the principal variable, we trace out g, g;, ¢s. Both sides of Equation (24) give

2

Z Z Qx,i Ax’ i |x,x, x)(x', x,>x/|qa .

i=0 x,x’€{0,1}

Therefore, Equation (24) is valid. The conclusion immediately follows. m]

LEMMA A.2. There exists an orthonormal basis {|<I>x,s) :x €{0,1},s € {0,1,2, J_}4} that satisfies
Equation (28).

®3
Proor. We first consider the following orthonormal basis of (szsbi t) :

{|000>J_r|111> [100) = [011) |010) + |101) |001>¢|110>}
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Leti =3r+t, wherer,t € {0,1,2}. For P € {1, X,Y, Z}, applying P; to the state in Equation (26)
gives

1000) + (=1)* |111) )®’ ®Pt( 1000) + (1)~ |111>) o (|000> +(=1)% 111y \®@ " )

V2 V2 V2

where P; applies P on the qubit indexed by ¢t within a group of three qubits. In particular, for
different P;, we have

Pi|\Px>=(

1100) + (=1)* |011)

7 , t=0,
X(|000)+(—1)X|111>)_ [010) + (—1)*]101) 3
t - 5 = L
V2 |001) + (‘E)x l110)
‘\/E bl - b
[000) + (—1)* [111)) _ [000) — (—1)* |111)
e e 0
|100) — (-D)* Jo11)
\/E bl - b
Y(|000>+(—1)x|111>):i [010) — (=1)* |101) _
t \/5 \/5 5 5
[001) — (=1)* |110) i

NG ,

From Equation (27), (1,i) = (L, L, L, 1) for every i € Bigy, and 1; |¥;) = |¥,). Apart from
the case P = P’ = 1, o(P,i) = o(P’,i’") for distinct pairs (P,i) # (P’,i’) only if P = P’ = Z and
i,i’ € {3r,3r + 1,3r + 2} for some r € {0, 1,2}. Moreover, for every x € Bjpi+ and r € {0, 1, 2}, we
have

Zsr |¥x) = Zsrar [Wx) = Zsraa [Pa) -
Thus, for every x € Bipit, P, P’ € {1, X,Y,Z},and i, i’ € Bigy,
o(P,i) =o(P',i") = P; [¥) = P} |¥y) .

By Equations (27), (49) and (50), for every x,x” € Bipit, P,P’ € {1,X,Y,Z}, and i, i’ € Bigy, it is
easy to verify that
1, x=x"and o(P,i) =o(P, i),

(Y| PTP), W) = {
0, o.w.

Therefore, Equation (28) is well-defined and these |®, ,(p,;)) can be extended to an orthonormal
basis of ﬁ(ﬁrray. O

PRroOF oF PROPOSITION 6.2. Note that in Equations (29) to (32), g, is the only principal variable.
By Equations (27) and (28) and the definition of gcorr, for every x € Bipit, we have

qcorr[qa’ qS] |lPx>qa |J-’ J—; J—’ J—)qs

51
= G00rr[args] 10x 1)y, 1o b Ly L)y, = g, 1Ly L L L)y G

Similarly, for every x € Bipit, P € {X,Y,Z}, and i € Bjqy,
qeorr[qa, Gs] Pi [¥x)q, |1, L, L, L) g 52

= qCOV}”[qa, qs] |(I)X,O'(P,i)>qa |J-) 4,4, J—>qs = |\I/X>qa |G(P’ i)>qS .
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To prove that Equation (29) is valid in B, consider an arbitrary state of the variable g;:

g = Y, axlx)g.

x€{0,1}

By evaluating the LHS and using Equation (51), we have
eval, ) (qenc[ql, qal; qeorr[qa, qs] 10)g, |1, L, L, J_)qs) =10)g, Z x W) g, [ Lo Lo L L)g .
X
By evaluating the RHS, we have

eval|(p>(qenc[ql, 9al 10)g, |1, L, L, J‘>qs) =10)g, Z A [Wi)g, |4 L L, L)g .
X

Both evaluations give the same state, so Equation (29) is valid.
To prove that Equations (30) to (32) are valid in B, consider an arbitrary state of variables g, g;:

Oqq = D @xilx)g li)g, -

x€{0,1}
i€{0,1,....8}

By evaluating the LHSs and using Equation (52), we have
evally) (genclan gal: aflipX[qe ail: Gorrlqe 451 10)g, 11, 4, 1, L), )
= 100g, D i [¥edg, 1)g, 10X, 1)),
x,i

eval‘(P) (qenc[Qb Qa], ‘ZﬂlpZ[Qa’ ql]a qcorr[qa, QS] |0>qa |J-s J—, La J—)qs)
= 100g, > i [¥edg, 1)g, 10(Z, D)g,
X0

eval‘(ﬂ) (qe”C[CIl, qa]§ Qﬂle[qa’ qi]; Qﬂlpz[qa’ qi]; qcorr[qas qS] |0>qu |J-’ 4,1, J—>qs)
= 1100y, D i [¥edg, 1), 10(Y, D)q, -
x,i

By evaluating the RHS, we have

evall(p) (qenc[‘ﬂ, Qa] |0>qa |J-9 J-’ J-’ J—>qs) = |0>q1 Z ax,i |‘Px>qa |i>qi |J-’ J—a J—, J—)qs .
X,

Since g, is the principal variable, we trace out ¢, g;, ¢s. Both sides of Equations (30) to (32) give

8
Z Z 1O 1 | ) (Pl g, -

i=0 x,x’€{0,1}
Therefore, Equations (30) to (32) are valid. The conclusion immediately follows. O
PROOF OF PROPOSITION 7.3. As observed after Equation (35), every G;, is an isometric embedding.
It suffices to verify the two conditions in Definition 7.2.
(1) Let |¢) € K be a quantum state symbol. Then, there is a constant symbol ¢ :— s such that
[) = n(c). Since g is a homomorphism, g;(c¢*) = ¢, which means
Gy, )7 = Gy, ey = 1¢%) = 1™

Consequently, Equation (33) holds.
(2) Let U € U be a quantum gate symbol. It suffices to consider the following cases.
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e Suppose U = preg, or U = post, for some nonconstant operation symbol O. This case is
trivial because preg = postg =1lforBe{A A}

e Suppose U = Up for some nonconstant operation symbol O : si,...,s, — s. Write
Sig = n(s;) and sy = 17(s). For a; € A, and a € A, we have

ng @ Gs, U 1) -0} a)

= 195, (1)) -+ - 195, (an)) |95 (a B O (ay, .., an)))

= 195, (@1)) 195, (an)} 19s(a) 2 0% (g, (@), .. g5, (an)))
= U3 (Goy ®.-- © Gy, ® Gy, ) lar) -+ 1an) ).

S1g Snq

(G ®..8C

The second equality follows from the condition about &4 and m4" and the fact that g is a
homomorphism.
By linearity, Equation (34) holds.
Thus, G satisfies Definition 7.2 and is an embedding from A to A’. ]

PROOF OF PROPOSITION 7.4. As observed after Equation (35), every Gs, is unitary. It suffices to
verify the two conditions in Definition 7.2. For each s € S, let Ny = |A,| = |A;| and w; = e2m/Ns,

(1) Let |[¢) € K be a quantum state symbol. Similar to the proof of Proposition 7.3, G, [y =

[Y) " and therefore Equation (33) holds.
(2) Let U € U be a quantum gate symbol. It suffices to consider the following cases.
e Suppose U = pre, or post, for some nonconstant operation symbol O : sy,...,s, — s. For
any a € As, since g; is bijective,

Gs, OFT 4 la) =

1 Z kA (a)k2 (b
a)ss (a)ks (b) Igs(b)>
VIAS| beA;

1 e o
o s @EY @) oy (53)

S

1As] g, (byea
= QFTlAslGSq |a> .

Here, the second equality uses k2 = k% o g,. Tensoring Equation (53) with R, Gsiy
followed by linearity leads to Equation (34) for U = pre,,. Taking the adjoints proves it for
U = post,.

e Suppose U = Up for some nonconstant operation symbol O : sy,...,s, — s. For a; € Ay,
and a € A, Equation (9) gives

(Ggyy ® ... ®Gs,, ® G5 U |ay, ... an) |a)

Sng
k& (a)k (0% (ay,..., n
= o WO @) 16 (@), gy (an)) 195 (a))
kY (95(@)k (Y (s, (a1)senfisn (an)))
_ws

|951 (a1),... :gsn(an)> |gs(a)>

=UJ(Gy, ®...®Gs,, ® Gs.) las, ..., an) |a).

an

The second equality follows from k2" o g; = k and the fact that g is a homomorphism. By
linearity, Equation (34) holds.
Thus, G satisfies Definition 7.2 and is an isomorphism from A to A’. ]

PROOF OF PROPOSITION 8.3. As observed after Equation (40), every s, is unitary. It suffices to
verify the two conditions in Definition 7.2.
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(1) Let [f) € K be a quantum state symbol, so |¢/) = n(c) for a constant symbol ¢ :— s. Since
[) has the single sort sq, Ts, = 1. Then
T 1006 = T, (e, ¢P)) = ey @ [Py = [9) 7®% .

Consequently, Equation (33) holds.

(2) Let U € U be a quantum gate symbol. It suffices to consider the following cases.

e Suppose U = pre, or U = post, for some nonconstant operation symbol O. This case is
trivial because preg = postg =1for D € {A, B,C}, and Equation (38) further implies
that preg@B = postgl‘g’fg = 1. Therefore, Equation (34) holds in both cases.

e Suppose U = Up for some nonconstant operation symbol O : sy,...,s, — s. Let us denote

a=ay,....ap, b = by,...,by, and (a,b) = (ay,b1),...,(ay by). For a; € Ay, b; € By,
a € As, and b € By, we have

Usig ® -+ ® Jony ® s, )US 1(a.5)) (@ b))
= Usy ® - 8 L5, ® J5,) [(a, D)) |(a,0) B 0°((a,0)))

= Qe ® o) © (law! 0" @) © 1b &F 0°(B)))

=T (V! 1@ 10y © US 15) 1))

S1g>---sSnq>Sq

— U8y, ®...® )5, ® Js,) (@) [(a,b)).

Here, the first equality follows from Equation (7); the second follows from Equations (36),
(40) and (41); the third follows from Equations (7) and (37); and the last follows from
Equations (37) and (38).

By linearity, Equation (34) holds.

Thus, J satisfies Definition 7.2 and is an isomorphism from C to A ® B. O

PROOF OF PROPOSITION 8.4. As shown in the proof of Proposition 8.3, Equation (33) holds. It
remains to verify Equation (34) for every U € U through the following cases.

e Suppose that U = pre, or U = post,, for some nonconstant operation symbol O : s3,...,s, —
s. Equation (42) implies that for each sort s € S,

JS‘I QFTlcs‘ = (QFTlAs‘I ® QFT‘le )qu' (54)

Consequently,

(Jsig ® - ® Js,, ®]Sq)preg
= (]slq ®...® ]an ®qu)(151q,4..,an ® QFT|CS|)

= (Joyy ®...®J5,) ® ((QFT|AS| ® QFT‘BS|)]sq)

-1 A B
=T sngsg (P7€0 ® Prep) Ty, sngusg Usig ® - ® sy ® J5,)
= pregg’B(]slq ®... ®anq ®]Sq)>

where the second equality uses Equation (54), the third follows from Equation (37), and the
final follows from Equation (38). Combining the above together, Equation (34) holds for
U = pre,,. Taking adjoints proves it for U = post,,.
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® Suppose U = Uo for some nonconstant operation symbol O : sq,...,s, — s. Write a =
a1,...,0n, b=b1,...,by,and (a,b) = (a1,b1), ..., (an, by). For a; € Ay, b; € By, a € A, and
b € By, let a’ = 0O4(a) and b’ = OB(b). By Equation (36), 0°((a, b)) = (a’,b’). Then we have
Usny ® - ® Jon, ® Js,)US [(@,0)) |(a,b))
27i k§ ((a,b))kS ((a', 1)) —
p( ] )(Jslq®---®fs,,q®qu)|(a,b)>|(a,b)>
(2mk§‘(a)kg*(a’)) (2mk§(b)kf(b’)
=exp| ——————— | exp| —————"——
|As] | Bs|
—US®B(Jy, ®...® )y, ® Js,) [(@ D)) [(a,b)

Here, the first equality follows from Equation (9); the second follows from Equation (42); and
the last follows from Equations (9) and (38). By linearity, Equation (34) holds.

Thus, J satisfies Definition 7.2 and is an isomorphism from C to A ® B. O

)(Jslq 8.8 %, ® ) [@0) |(a.b)
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