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Abstract

We study the estimation of an unknown quantum channel E with input dimension d1, output
dimension d2 and Kraus rank at most r. We establish a connection between the query com-
plexities in two models: (i) access to E , and (ii) access to a random dilation of E . Specifically,
we show that for parallel (possibly coherent) testers, access to dilations does not help. This is
proved by constructing a local tester that uses n queries to E yet faithfully simulates the tester
with n queries to a random dilation. As application, we show that:

• O(rd1d2/ε
2) queries to E suffice for channel tomography to within diamond norm error ε.

Moreover, when rd2 = d1, we show that the Heisenberg scaling O(1/ε) can be achieved, even if
E is not a unitary channel:

• O(min{d2.51 /ε, d21/ε
2}) queries to E suffice for channel tomography to within diamond norm

error ε, and O(d21/ε) queries suffice for the case of Choi state trace norm error ε.

• O(min{d1.51 /ε, d1/ε
2}) queries to E suffice for tomography of the mixed state E(|0⟩⟨0|) to

within trace norm error ε.

1 Introduction

Characterizing quantum dynamics is fundamental to quantum computing and quantum information
science, playing a central role in the modeling, control, and verification of quantum systems. An
important question is how to estimate a quantum physical process when it is given as a black box.
Quantum channel tomography (also known as quantum process tomography) refers to this task: one
probes the unknown quantum process, which is mathematically modeled as a quantum channel E ,
and aims to reconstruct E from the experimental data.

A notable special case arises when the unknown channel has input dimension 1, in which case
the problem reduces to quantum state tomography. For pure states, the optimal theory has been
well understood since the early days of quantum information science [Hay98, BM99, KW99]. The
mixed-state case was settled decades later [HHJ+17, OW16], using techniques quite different from
those developed for pure states (see also [OW17, GKKT20, Yue23, SSW25, PSW25] for subsequent
advances). Surprisingly, Pelecanos, Spilecki, Tang, and Wright [PSTW25] recently showed that
mixed-state tomography can be reduced to pure-state tomography while achieving the optimal
performance. This directly inspires us to study efficient methods for quantum channel tomography
by leveraging results from isometry channel tomography.

Tomography of a general quantum channel, however, is substantially more challenging, and has
been studied for nearly three decades [CN97, PCZ97, Leu00, DP01, MRL08, KKEG19, BHK+19,
SSKKG22, Ouf23b, Ouf23a, HCP23, FFGO23, Car24, RAS+24, ZLK+24, ZRCK25, YMM25]. This
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added difficulty stems from both the potential power of sequential and adaptive strategies and the
complexity of the metrics used to quantify distances between quantum channels. More specifically,
one may prepare arbitrary input states, including states produced by applying the unknown channel
in earlier rounds of an experiment. Moreover, standard notions of distance between channels, most
notably the diamond norm [AKN98, Wat18], are defined via a maximization over all possible
input states (including those entangled with an ancilla), which makes both analysis and estimation
considerably more demanding.

Haah, Kothari, O’Donnell, and Tang [HKOT23] resolved the problem for unitary channels by es-
tablishing a query complexity of Θ(d2/ε), where ε denotes the target accuracy in the diamond norm.
For quantum channels with input dimension d1 and output dimension d2, Oufkir addressed the dia-
mond norm tomography problem in the setting of non-adaptive incoherent measurements, showing
that the query complexity is Θ̃(d31d

3
2/ε

2) [Ouf23b, Ouf23a], where the upper bound is by generalizing
the process tomography algorithm of [SSKKG22]. For general measurement schemes, Rosenthal,
Aaronson, Subramanian, Datta, and Gur [RAS+24] proved a lower bound of Ω(d21d

2
2/ log(d1d2))

for full Kraus-rank channel tomography; Yoshida, Miyazaki, and Murao [YMM25] proved a lower
bound of Ω((d2−d1)d1/(ε2 log 1/ε))1 for isometry channel tomography. Notably, these lower bounds
hold even if ε is an average-case distance error.

1.1 Our results

In this paper, we study general estimation tasks of quantum channels and establish a connection
between the query complexities in different access models. Our main result is as follows.

Theorem 1.1 (Dilations do not help for parallel testers, Theorem 3.3 restated). If there exists
a parallel (possibly coherent) tester that solves a channel estimation task using n queries to an
arbitrary dilation of an unknown quantum channel E, then there exists a parallel tester that solves
this task using n queries to E itself.

Theorem 1.1 provides a clean and systematic approach for designing new quantum algorithms
for quantum channel estimation. In general, access to a Stinespring dilation of a quantum channel
E appears more powerful than access to E itself. However, Theorem 1.1 shows that when we restrict
to algorithms that make queries in parallel, these two access models are equally powerful in terms of
query complexity. Consequently, one can first design an algorithm assuming queries to the dilation
and then translate it into an algorithm that queries the original channel using Theorem 1.1. This
is often simpler, since the dilation is an isometry and therefore shares many useful properties with
unitary operators.

Theorem 1.1 can be viewed as an extension of the previous result by [CWZ24], which studies
the power of local test for quantum states and shows that access to purifications does not help
for mixed-state testing. Related results trace back to [SW22, Theorem 35], and were recently
strengthened in an algorithmic sense by [TWZ25], which explicitly constructs an algorithm for
generating random purifications of a mixed state (see also [GML25]). This is further leveraged
in [PSTW25] for optimal mixed-state tomography. Intuitively, local test and random purification
can be viewed as dual concepts in the Heisenberg and Schrödinger pictures, respectively. Finally,
we note that Theorem 1.1 partially answers a conjecture from [TWZ25] asserting that access to
channel dilations does not help.

Now, we introduce the applications of Theorem 1.1. Suppose E is an unknown quantum channel
that has input dimension d1, output dimension d2 and Kraus rank at most r.

1Since we consider the tomography with success probability at least 2/3, the lower bound in [YMM25] applies to
our setting if the success probability is amplified to 1−O(ε2), which incurs an additional logarithmic factor on ε.
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Corollary 1.2 (Channel tomography in diamond norm, Corollary 3.4 restated). Tomography of E
to within diamond norm error ε can be done using O(rd1d2/ε

2) queries to E.
When r = d1d2 and ε = Ω(1), the result in Corollary 1.2 matches the lower bound Ω(d21d

2
2/ log(d1d2))

in [RAS+24] up to logarithmic factors; and when r = O(1) and d2 = (1 + Ω(1))d1, it matches the
lower bound Ω((d2− d1)d1/(ε

2 log 1/ε)) in [YMM25] up to logarithmic factors. Corollary 1.2 is ob-
tained by applying Theorem 1.1 to a diamond-norm isometry channel tomography algorithm (see
Lemma A.1), which is essentially a slight modification of the O(d2/ε2) unitary channel tomography
algorithm in [HKOT23].

Notably, when rd2 = d1 (i.e., when the quantum channel E can be obtained from a unitary
channel followed by tracing out a subsystem), we can achieve the Heisenberg scaling O(1/ε), even
if E is not a unitary channel. We call the parameter regime rd2 = d1 as the boundary regime, since
any quantum channel must satisfy the constraint rd2 ≥ d1.

Corollary 1.3 (Channel tomography in Heisenberg scaling, Corollary 3.5 restated). When rd2 =
d1, tomography of E to within diamond norm error ε or within Choi state trace norm error ε can
be done using O(min{d2.51 /ε, d21/ε

2}) or O(d21/ε) queries to E, respectively.
Corollary 1.3 is obtained by applying Theorem 1.1 to the unitary estimation algorithm due to

Yang, Renner, and Chiribella [YRC20], which achieves the Heisenberg scaling using parallel queries
(see also [Kah07, YYM25]).

Corollary 1.4 (State tomography with state-preparation channels, Corollary 3.6 restated). When
rd2 = d1, tomography of the mixed state E(|0⟩⟨0|) to within trace norm error ε can be done using
O(min{d1.51 /ε, d1/ε

2}) queries to E.
Corollary 1.4 is obtained by applying Theorem 1.1 to the state estimation algorithm due to

Chen [Che25], which achieves the Heisenberg scaling using parallel queries.

1.2 Discussion

While preparing this manuscript, we became aware of an independent and concurrent work by
Mele and Bittel [MB25], who established the same upper bound O(rd1d2/ε

2) for quantum channel
tomography in diamond norm error. They also provided an explicit and non-trivial dependence
on the failure probability. We note that their method and ours are based on different techniques.
They obtain the upper bound by analyzing tomography of Choi states, which yields an explicit
tomography algorithm. In contrast, our approach is based on simulating access to dilations of
quantum channels using the local test techniques, thereby reducing general channel tomography to
a more tractable task—isometry channel tomography. In addition, we also provide upper bounds
with Heisenberg scaling O(1/ε) for (possibly non-unitary) channels in the boundary regime rd2 = d1
(i.e., the regime in which channels admit unitary Stinespring dilations).

1.2.1 Open questions

Corollary 1.3 shows that the error dependence can be improved from the classical scaling O(1/ε2)
to the Heisenberg scaling O(1/ε) in the boundary regime rd2 = d1. This raises a new question:
how does the true query complexity of quantum channel tomography behave in the near-boundary
regime rd2 ≈ d1? We conjecture that the transition between classical and Heisenberg scalings is
“smooth”, in the sense that the complexity exhibits a mixture of these two scalings.

Finally, we note that this paper shows dilations do not help for parallel testers, while the
conjecture in [TWZ25] remains open in full generality: can one prove that dilations do not help for
arbitrary (e.g., sequential) testers?
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2 Preliminaries

2.1 Notation

We use L(H) to denote the set of linear operators on the Hilbert space H. Similarly, we use
L(H0,H1) to denote the set of linear operators from H0 to H1. Given two orthonormal bases for
H0 and H1 respectively, we can represent each linear operator in L(H0,H1) by a dim(H1)×dim(H0)
matrix and for such a matrix X, we use |X⟩⟩ ∈ H1⊗H0 to denote the vector obtained by flattening
the matrix X. It is easy to see the following facts:

||ψ⟩⟨ϕ|⟩⟩ = |ψ⟩|ϕ∗⟩, |XY Z⟩⟩ = X ⊗ ZT|Y ⟩⟩,

where |ϕ∗⟩ is the entry-wise complex conjugate of |ϕ⟩ w.r.t. to a given orthonormal basis, and ZT

is the transpose of the matrix Z. The inner product can be denoted by ⟨⟨X|Y ⟩⟩ = tr(X†Y ). For
two linear operators X,Y , we use X ⊑ Y to denote that Y −X is positive semidefinite.

2.2 Quantum channels

A quantum channel with input dimension d1 and output dimension d2 is described by a linear
map E : L(Cd1) → L(Cd2) such that E is completely positive and trace-preserving (see, e.g.,
[NC10, Wat18, Hay17]).

In the Kraus representation [Kar83], a quantum channel E is written as

E(ρ) =
r∑

i=1

EiρE
†
i ,

where Ei : Cd1 → Cd2 are non-zero linear operators that satisfy
∑r

i=1E
†
iEi = I, which are called

Kraus operators. We can always find a set of Ei such that tr(E†
iEj) = 0 for i ̸= j, then those Ei

are called orthogonal Kraus operators and r is called the Kraus rank. Note that r must satisfy the
constraint d1/d2 ≤ r ≤ d1d2. In particular, a quantum channel that has Kraus rank r = 1 is an
isometry channels V = V (·)V †, where V : Cd1 → Cd2 is an isometry operator, i.e., V †V = Id1 , and
it must hold that d1 ≤ d2.

Notation 2.1. We use QChanr
d1,d2 to denote the set of all quantum channels E : L(Cd1) → L(Cd2)

that have Kraus rank at most r. In particular, we use ISOd1,d2 to denote the set of isometry channels
with input dimension d1 and output dimension d2, which is equivalent to QChan1

d1,d2.

In the Choi-Jamio lkowski representation [Cho75, Jam72], E is represented by the Choi-Jamio lkowski
operator

CE = (E ⊗ I)(|I⟩⟩⟨⟨I|) ∈ L(Cd2 ⊗ Cd1),

where |I⟩⟩ =
∑
i
|i⟩|i⟩ ∈ Cd1 ⊗ Cd1 is an unnormalized maximally entangled state. We may simply

call it the Choi operator. Note that we can write CE =
∑r

i=1 |Ei⟩⟩⟨⟨Ei|, where Ei are orthogonal
Kraus operators and thus |Ei⟩⟩ are pairwise orthogonal vectors. Therefore, the Kraus rank equals
the rank of the Choi operator.

Stinespring dilation. Using the Stinespring dilation [Sti55], we can also write a quantum chan-
nel E with Kraus operators {Ei}ri=1 as

E(ρ) = trHanc(V ρV
†), (1)
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where Hanc
∼= Cr and V =

∑r
i=1|i⟩anc⊗Ei is an isometry operator. An isometry channel V = V (·)V †

that satisfies Equation (1) is called a dilation of E . Suppose V1 is a dilation of E , then V2 is a dilation
of E if and only if they differ by a unitary on Hanc, i.e., V2 = (U ⊗ Id2)V1 for U : Hanc → Hanc a
unitary.

Notation 2.2. For a quantum channel E with Kraus rank at most r, we use Dilationr(E) to
denote the set of all dilations of E with an ancilla system of dimension r. For an isometry channel
V : L(H1) → L(H2 ⊗H3), we use ContractH3(V) to denote the quantum channel

ρ 7→ trH3(V ρV †).

Haar distribution. Given a quantum channel E ∈ QChanr
d1,d2 , we define the Haar distribution

on Dilationr(E) by the following procedure: pick an arbitrary dilation V ∈ Dilationr(E) and
output (U ⊗ Id2) ◦ V for a Haar random unitary U ∈ Ur. This is well defined since the resulting
distribution does not depend on the choice of the dilation V. It is easy to see that this distribution
is invariant under Ur in the following sense:

Pr[A] = Pr[{(U ⊗ Id2) ◦ V | V ∈ A}],

for any U ∈ Ur and measurable set A ⊆ Dilationr(E).

Notation 2.3. We use V ∼ Dilationr(E) and U ∼ Ud to denote that V and U are sampled from
Haar distributions on Dilationr(E) and Ud, respectively.

2.3 Formalism of quantum channel testers

A quantum channel tester means a quantum algorithm that can make multiple queries to an un-
known quantum channel and then produces a classical output. We adopt the quantum tester for-
malism based on Choi-Jamio lkowski representation (see, e.g., [CDP09, BMQ21, BMQ22]), which
provides a practical framework for studying various classes of quantum testers, such as parallel and
sequential ones.

First, we define the link product “⋆”:

Definition 2.4 (Link product “⋆” [CDP08, CDP09]). Suppose X is a linear operator on Hi =
Hi1⊗Hi2⊗· · ·⊗Hin and Y is a linear operator on Hj = Hj1⊗Hj2⊗· · ·⊗Hjm, where i = (i1, . . . , in)
is a sequence of pairwise distinct indices, and likewise for j = (j1, . . . , jm). Let a = i∩ j be the set
of indices in both i and j and b = i∪j be the set of indices in either i or j. Then, the combination
of X and Y is defined by

X ⋆ Y = trHa

(
XTHa · Y

)
= trHa

(
X · Y THa

)
,

where Ha means the tensor product of subsystems labeled by the indices in a, THa means the partial
transpose on Ha, both X and Y are treated as linear operators on Hb, extended by tensoring with
the identity operator as needed.

Remark 2.5. The link product has many good properties: it preserves the Löwner order: if X,Y ⊒
0 then X⋆Y ⊒ 0 [CDP09, Theorem 2]. It is commutative X⋆Y = Y ⋆X, and associative (X⋆Y )⋆Z =
X ⋆ (Y ⋆ Z) whenever X,Y, Z do not share a common subsystem (i.e., there is no subsystem that
is a subsystem of all three). Moreover, it characterizes the channel concatenation under the Choi
representation: given two quantum channels E1 : L(H1) → L(H2) and E2 : L(H2) → L(H3), we
have CE2◦E1 = CE2 ⋆ CE1, where CE denotes the Choi operator of E.
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Parallel testers. Suppose a quantum channel tester uses n queries to an unknown quantum
channel E . We label the input and output systems of the i-th query to E as HA,i and HB,i, i.e., the
i-th copy of the unknown channel is a linear map from L(HA,i) to L(HB,i).

In a parallel tester, one prepares a multipartite input state, possibly including ancilla systems,
and applies the unknown channel in parallel to its subsystems, ensuring that the output of any use
never interacts with the inputs of the others. After all channel uses, a single joint measurement is
performed on the combined output state.

Definition 2.6 (Parallel tester). A parallel tester is a set of linear operators {Ti}i for Ti ∈
L(
⊗n

j=1HA,j ⊗ HB,j), such that Ti ⊒ 0 and
∑

i Ti = ρA ⊗ IB, where IB is the identity opera-
tor on

⊗n
j=1HB,j, and ρA is a positive semidefinite operator on

⊗n
j=1HA,j and tr(ρA) = 1.

When we apply a parallel tester {Ti}i to a quantum channel E , we get the classical outcome i
with probability

pi = Ti ⋆ C
⊗n
E = tr(Ti(C

⊗n
E )T) = tr(TT

i C
⊗n
E ), (2)

where C⊗n
E ∈ L(

⊗n
j=1HA,j ⊗HB,j) is the Choi operator of all n queries to the channel E and (·)T

denotes matrix transposition.
To see that the parallel tester {Ti}i can be realized by an algorithm that makes queries in

parallel, we consider the following procedure:

• Assume
∑

i Ti = ρA ⊗ IB. Prepare a quantum state (
√
ρA

T ⊗ IA)|IA⟩⟩ in
⊗n

j=1HA,j ⊗⊗n
j=1HA,j . Indeed, this is a valid quantum state because ⟨⟨IA|(ρTA ⊗ IA)|IA⟩⟩ = tr(ρTA) = 1.

• Apply the quantum channel IA ⊗ E⊗n on the prepared state and obtain the mixed state
(
√
ρA

T ⊗ IB)C⊗n
E (

√
ρA

T ⊗ IB).

• Perform the POVM
{

(
√
ρT
A
⊗ IB)−1 TT

i (
√
ρT
A
⊗ IB)−1

}
i

and obtain the result i, where (·)−1 is
the pseudo-inverse. Then, one can easily see that the probability of getting result i is exactly
that in Equation (2).

Conversely, any algorithm that makes queries in parallel can be described by a parallel tester. To
see this, assume that the algorithm first prepares a state ρ on (

⊗n
j=1HA,j) ⊗Hanc, where Hanc is

an ancilla system, and then apply the channel E⊗n ⊗ Ianc on ρ followed by a POVM {Ei}i, where
each Ei ∈ L((

⊗n
j=1HB,j) ⊗Hanc) is positive semidefinite. Then, let Ti = ET

i ⋆ ρ. We can see that
{Ti}i is a parallel tester and the probability of obtain outcome i is

tr(Ei · (E⊗n ⊗ Ianc)(ρ)) = tr(Ei · (C⊗n
E ⋆ ρ)) = ET

i ⋆ C
⊗n
E ⋆ ρ = Ti ⋆ C

⊗n
E ,

which is exactly the same as that in Equation (2).

2.4 Schur-Weyl duality on bipartite systems

Let H1,H2, . . . ,Hn be a sequence of Hilbert spaces such that Hi
∼= Cd for 1 ≤ i ≤ n. Consider

the Hilbert space
⊗n

i=1Hi. This space admits representations of the symmetric group Sn (i.e., the
group of all permutations on the set {1, 2, . . . , n}) and unitary group Ud (i.e., the group of unitaries
on d-dimensional Hilbert space). The unitary group acts by simultaneous “rotation” as U⊗n for
any U ∈ Ud and the symmetric group acts by permuting tensor factors:

p(π)|ψ1⟩ · · · |ψn⟩ = |ψπ−1(1)⟩ · · · |ψπ−1(n)⟩, (3)
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where π ∈ Sn. Two actions U⊗n and p(π) commute with each other, and hence
⊗n

i=1Hi admits
a representation of group Ud × Sn. More specifically, the Schur-Weyl duality (see, e.g., [FH13])
states that

n⊗
i=1

Hi

Sn×Ud∼=
⊕
λ⊢d n

Pλ ⊗Qd
λ, (4)

where Pλ and Qd
λ are irreducible representations of Sn and Ud labeled by Young diagram λ,

respectively. We use pλ(π) and qλ(U) to denote the actions of π ∈ Sn and U ∈ Ud on Pλ and Qd
λ,

respectively.
Now, suppose we have two sequences of Hilbert spaces (HA,1, . . . ,HA,n) and (HB,1, . . . ,HB,n),

where HA,i
∼= Cd1 and HB,j

∼= Cd2 . We define the action of group Sn×Sn on
⊗n

i=1HA,i⊗HB,i as
pA(π1)⊗ pB(π2) for (π1, π2) ∈ Sn ×Sn, where pA(·) denotes the permutation action on

⊗n
i=1HA,i

(and similarly for pB(·)). We define the action of Ud1 × Ud2 on
⊗n

i=1HA,i ⊗HB,i as (UA ⊗ UB)⊗n

for (UA, UB) ∈ Ud1 ×Ud2 . Note that the action of Sn×Sn commutes with the action of Ud1 ×Ud2 .
Therefore, we have a Schur-Weyl duality on this bipartite system as

n⊗
i=1

HA,i ⊗HB,i

Sn×Sn×Ud1
×Ud2∼=

⊕
λ⊢d1

n
µ⊢d2

n

Pλ ⊗ Pµ ⊗Qd1
λ ⊗Qd2

µ ,

where Pλ ⊗ Pµ ⊗Qd1
λ ⊗Qd2

µ is an irreducible representation of Sn ×Sn × Ud1 × Ud2 .

3 Local test of quantum channel

In this section, we introduce and prove our main results.

Theorem 3.1. Let d1, d2, r be positive integers and rd2 ≥ d1. If there exists a parallel tester
{Ti}i that uses n queries to an unknown isometry channel V ∈ ISOd1,rd2 and outputs a classical

outcome i with probability Pi(V), then there exists a parallel tester {T̃i}i∪{T̃⊥}, where ⊥ is an extra
irrelevant label outside the range of i, that uses n queries to an unknown channel E ∈ QChanr

d1,d2,
and outputs a classical outcome i with probability EV∼Dilationr(E)[Pi(V)].

We introduce the following notation.

Notation 3.2 (Estimation tasks of quantum channels). An estimation task of quantum channels
in QChanr

d1,d2 is a set {AE}E∈QChanr
d1,d2

, where AE is a set of classical outcomes that are regarded

as correct answers when the unknown channel is E.

As a direct application of Theorem 3.1, we have the following result.

Theorem 3.3. Let d1, d2, r be positive integers, rd2 ≥ d1 and {AE}E∈QChanr
d1,d2

be an estimation

task. If there exists a parallel tester that uses n queries to an arbitrary dilation V ∈ Dilationr(E)
of an unknown channel E ∈ QChanr

d1,d2 and outputs an i ∈ AE with probability at least 1− δ, then
there exists a parallel tester that uses n queries to E and outputs an i ∈ AE with probability at least
1 − δ.

Proof. Let Pi(V) be the probability of the parallel tester outputting i conditioned on making queries
to V. Therefore, we have

∑
i∈AE

Pi(V) ≥ 1 − δ for any V ∈ Dilationr(E). By Theorem 3.1, there
exists a parallel tester that uses n queries to E and the probability of outputting i is

P̃i(E) = E
V∼Dilationr(E)

[Pi(V)].
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Thus, the probability of outputting an i ∈ AE is

∑
i∈AE

P̃i(E) = E
V∼Dilationr(E)

∑
i∈AE

Pi(V)

 ≥ 1 − δ.

3.1 Channel tomography and estimation

Using Theorem 3.3, we can obtain the following results.

Corollary 3.4. There exists a parallel tester that uses O(rd1d2/ε
2) queries to an unknown channel

E ∈ QChanr
d1,d2 and outputs an estimate F such that ∥F − E∥⋄ ≤ ε with probability at least 2/3,

where ∥ · ∥⋄ is the diamond norm.

Proof. First, we define the estimation task {AE}E∈QChanr
d1,d2

as

AE =
{
F ∈ QChanr

d1,d2

∣∣ ∥F − E∥⋄ ≤ ε
}
.

Note that any dilation in Dilationr(E) for E ∈ QChanr
d1,d2 is an isometry channel in ISOd1,rd2 .

Then, by Lemma A.1, we have a parallel tester that uses n = O(rd1d2/ε
2) queries to a dilation

V ∈ Dilationr(E) and outputs W such that with probability at least 2/3, we have

∥Contractr(W) − E∥⋄ ≤ ∥W − V∥⋄ ≤ ε,

where the first inequality is due to the contractivity of the diamond norm. Let the tester output
Contractr(W) upon getting W. Then it can solve the task {AE}E∈QChanr

d1,d2
using n queries to

an arbitrary dilation of E . Then, by Theorem 3.3, there exists a parallel tester that can also solve
this task using n queries to E .

Our main result can also provide the Heisenberg scaling O(1/ε) for (non-unitary) quantum
channel estimation tasks. The first example is the average-case distance tomography of quantum
channels.

Corollary 3.5. Let rd2 = d1. There exists a parallel tester that uses O(d21/ε) queries to a quantum
channel E ∈ QChanr

d1,d2 and outputs an estimate F such that ∥1
dCF − 1

dCE∥1 ≤ ε with probability
at least 2/3, where CE denotes the unnormalized Choi operator of E and ∥ · ∥1 is the trace norm.

There also exists a parallel tester that uses O(min{d2.51 /ε, d21/ε
2}) queries to a quantum channel

E ∈ QChanr
d1,d2 and outputs an estimate F such that ∥F − E∥⋄ ≤ ε with probability at least 2/3,

where ∥ · ∥⋄ is the diamond norm.

Proof. We define the task {AE}E∈QChanr
d1,d2

as

AE =

{
F ∈ QChanr

d1,d2

∣∣∣∣ ∥∥∥∥1

d
CF − 1

d
CE

∥∥∥∥
1

≤ ε

}
.

Note that any dilation in Dilationr(E) for E ∈ QChanr
d1,d2 is a unitary channel in ISOd1,d1 . By

Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that uses n = O(d21/ε) queries
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to a unitary dilation U ∈ Dilationr(E) and outputs W such that with probability at least 2/3, we
have ∥∥∥∥1

d
CContractr(W) −

1

d
CE

∥∥∥∥
1

≤
∥∥∥∥1

d
CW − 1

d
CU

∥∥∥∥
1

=
√

1 − Fent(W,U) ≤ ε,

where the first inequality is by the contractivity of trace norm, and the last inequality is be-
cause the Yang-Renner-Chiribella algorithm will output an estimate W with entanglement fidelity
Fent(W,U) ≥ 1− ε2, and with probability at least 2/3. Let the tester output Contractr(W) upon
getting W. Then it can solve the task {AE}E∈QChanr

d1,d2
using n queries to an arbitrary dilation of

E . Then, by Theorem 3.3, there exists a parallel tester that can also solve this task using n queries
to E .

Similarly, we define the task {AE}E∈QChanr
d1,d2

as

AE =
{
F ∈ QChanr

d1,d2

∣∣ ∥F − E∥⋄ ≤ ε
}
.

By Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that uses n = O(d21/(ε/
√
d))

queries to a unitary dilation U ∈ Dilationr(E) and outputs W such that with probability at least
2/3, we have

∥Contractr(W) − E∥⋄ ≤ ∥W − U∥⋄ ≤
√

2d
√

1 − Fent(W,U) ≤ ε,

where the second inequality is due to [HKOT23, Proposition 1.9]. Let the tester output Contractr(W)
upon getting W. Then it can solve the task {AE}E∈QChanr

d1,d2
using n queries to an arbitrary dila-

tion of E . Then, by Theorem 3.3, there exists a parallel tester that can also solve this task using n
queries to E . Then, combining this result with Corollary 3.4, we know that O(min{d2.51 /ε, d21/ε

2})
queries suffice.

Another example is the (mixed) state tomography using state-preparation channels.

Corollary 3.6. Let rd2 = d1. There exists a parallel tester that uses O(min{d1.51 /ε, d1/ε
2}) queries

to a quantum channel E ∈ QChanr
d1,d2 and outputs an estimate F(|0⟩⟨0|) such that ∥F(|0⟩⟨0|) −

E(|0⟩⟨0|)∥1 ≤ ε with probability at least 2/3, where ∥ · ∥1 is the trace norm.

Proof. We define the task {AE}E∈QChanr
d1,d2

as

AE =
{
ρ ∈ L(Cd2)

∣∣ ∥ρ− E(|0⟩⟨0|)∥1 ≤ ε
}
.

Note that any dilation in Dilationr(E) for E ∈ QChanr
d1,d2 is a unitary channel in ISOd1,d1 . By

Chen’s algorithm [Che25], we have a parallel tester that uses n = O(min{d1.51 /ε, d1/ε
2}) queries to

a unitary dilation U ∈ Dilationr(E) and outputs |ψ⟩ such that with probability at least 2/3, we
have

∥ trr(|ψ⟩⟨ψ|) − E(|0⟩⟨0|)∥1 ≤ ∥|ψ⟩⟨ψ| − U |0⟩⟨0|U †∥1 ≤ ε,

where the second inequality is because Chen’s algorithm will output an estimate |ψ⟩ for U |0⟩ 2

to within trace norm error ε with probability at least 2/3. Let the tester output trr(|ψ⟩⟨ψ|) upon
getting |ψ⟩. Then it can solve the task {AE}E∈QChanr

d1,d2
using n queries to an arbitrary dilation of

E . Then, by Theorem 3.3, there exists a parallel tester that can also solve this task using n queries
to E .

2In [Che25], the author considered estimating U |d⟩ for notation convenience, here we consider estimating U |0⟩.
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3.2 Construction of the local testers

Here, we prove Theorem 3.1. Our proof follows a similar idea to the construction of local testers
for quantum states in [CWZ24], while generalizing it to testers for quantum channels.

First, we define some notation that will be used in this section.

Notation 3.7. For i ∈ [n], let HA,i
∼= Cd1 and HB,i ⊗ Hanc,i

∼= Cd2 ⊗ Cr label the input and
output subsystems of the i-th query to the unknown isometry channel V ∈ ISOd1,rd2. We have the
following decompositions by Schur-Weyl duality

n⊗
i=1

HA,i ⊗HB,i

Sn×Ud1d2∼=
⊕

λ⊢d1d2
n

Pλ ⊗Qd1d2
λ ,

and
n⊗

i=1

Hanc,i

Sn×Ur∼=
⊕
λ⊢rn

Pλ ⊗Qr
λ.

Therefore, we have

n⊗
i=1

HA,i ⊗HB,i ⊗Hanc,i

Sn×Sn×Ud1d2
×Ur∼=

⊕
λ⊢d1d2

n
µ⊢rn

PAB,λ ⊗ Panc,µ ⊗Qd1d2
AB,λ ⊗Qr

anc,µ,

where PAB,λ ⊗ Qd1d2
AB,λ denotes the subspace Pλ ⊗ Qd1d2

λ in
⊗n

i=1HA,i ⊗ HB,i, and Panc,µ ⊗ Qr
anc,µ

denotes the subspace Pµ ⊗Qr
µ in

⊗n
i=1Hanc,i.

Then, we provide the proof of Theorem 3.1.

Proof of Theorem 3.1. Let s := min{r, d1d2}. Note that here we do not assume r ≤ d1d2 (though
the Kraus rank of a channel E ∈ QChanr

d1,d2 is at most d1d2). Our construction of the tester

{T̃i}i ∪ {T̃⊥} is as follows.

• We first construct a new tester {T i}i where

T i := E
U∼Ur

[U⊗nTiU
†⊗n], (5)

where U⊗n acts on
⊗n

j=1Hanc,j .

• Then, we define

T̃i :=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)
, (6)

where |IPλ
⟩⟩ ∈ PAB,λ ⊗ Panc,λ is the unnormalized maximally entangled state defined w.r.t.

the Young’s orthogonal basis (also called Young-Yamanouchi basis, on which π ∈ Sn acts as
a real matrix [CSST10]). Note that T̃i is a linear operator on

⊗n
j=1HA,j ⊗HB,j .

To verify our construction, we first show in Lemma 3.8 that {T i}i is a parallel tester that uses n
queries to an isometry channel V ∈ ISOd1,rd2 and outputs i with probability

E
W∼Dilationr(Contractr(V))

[Ti ⋆ C
⊗n
W ],

10



and also provides an explicit expression of this probability. Then, using Lemma 3.8, we show in
Lemma 3.9 that there exists a positive semidefinite operator T̃⊥ such that {T̃i}i∪{T̃⊥} is a parallel
tester that uses n queries to a quantum channel E ∈ QChanr

d1,d2 and outputs i with probability

EW∼Dilationr(E)[Ti ⋆ C
⊗n
W ], as desired.

First, we prove the following lemma about the properties of {Ti}i.

Lemma 3.8. The tester {T i}i as defined in Equation (5) has the following properties:

1. {T i}i is a parallel tester, and for any V ∈ ISOd1,rd2, it satisfies

T i ⋆ C
⊗n
V = E

W∼Dilationr(Contractr(V))
[Ti ⋆ C

⊗n
W ].

2. The probability can also be written as

T i ⋆ C
⊗n
V =

∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
,

where s = min{r, d1d2}, and |Vλ⟩ ∈ Qd1d2
AB,λ⊗Qr

anc,λ is the vector appearing in the decomposition

|V ⟩⟩⊗n =
⊕

λ⊢sn
|IPλ

⟩⟩ ⊗ |Vλ⟩ due to Lemma 3.10.

Proof. Item 1. Note that

∑
i

T i = E
U∼Ur

[
U⊗n

∑
i

TiU
†⊗n

]
= E

U∼Ur

[
U⊗n(ρA ⊗ IB,anc)U

†⊗n
]

= ρA ⊗ IB,anc, (7)

where ρA is a density operator on
⊗n

j=1HA,j , IB,anc is the identity operator on
⊗n

j=1HB,j⊗Hanc,j ,

and we use the fact that {Ti}i is a parallel tester and U⊗n acts only on
⊗n

j=1Hanc,j . Therefore,

{T i}i is a parallel tester. On the other hand, note that

T i ⋆ C
⊗n
V = tr

(
T
T
i C

⊗n
V

)
= E

U∼Ur

[
tr
(
TT
i U

⊗nC⊗n
V U †⊗n

)]
(8)

= E
U∼Ur

[
tr
(
TT
i C

⊗n
U◦V
)]

= E
W∼Dilationr(Contractr(V))

[
tr
(
TT
i C

⊗n
W
)]

(9)

= E
W∼Dilationr(Contractr(V))

[
Ti ⋆ C

⊗n
W
]

where Equation (8) uses the definition of T i in Equation (5), and Equation (9) is due to the unitary
freedom of Stinespring dilation and the definition of the Haar distribution on Dilationr(·).

Item 2. We consider |V ⟩⟩ as a bipartite state in (Cd1 ⊗ Cd2) ⊗ Cr. Then, by Lemma 3.10, we
can write |V ⟩⟩⊗n =

⊕
λ⊢sn

|IPλ
⟩⟩⊗|Vλ⟩, where |IPλ

⟩⟩ ∈ PAB,λ⊗Panc,λ is an unnormalized maximally

entangled state and |Vλ⟩ ∈ Qd1d2
AB,λ ⊗Qr

anc,λ. Also note that U⊗nT i = T iU
⊗n for any U ∈ Ur where

U⊗n acts on
⊗n

j=1Hanc,j . Therefore,

T i ⋆ C
⊗n
V = tr

(
T
T
i |V ⟩⟩⟨⟨V |⊗n

)

11



= tr

(
T
T
i E

U∼Ur

[U⊗n|V ⟩⟩⟨⟨V |⊗nU †⊗n]

)

= tr

TT
i E

U∼Ur

 ⊕
λ,µ⊢sn

|IPλ
⟩⟩⟨⟨IPµ | ⊗ qλ(U)|Vλ⟩⟨Vµ|qµ(U)†

 (10)

= tr

TT
i ·

⊕
λ⊢sn

|IPλ
⟩⟩⟨⟨IPλ

| ⊗ trQr
anc,λ

(
|Vλ⟩⟨Vλ|

)
⊗ 1

dim(Qr
λ)
IQr

anc,λ

 (11)

=
∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
,

where in Equation (10) qλ(U) acts on Qr
anc,λ, and Equation (11) is by using Schur’s lemma [FH13].

Then, we prove the following lemma about the properties of {T̃i}i.

Lemma 3.9. The operators {T̃i}i as defined in Equation (6) have the following properties:

1. There exists a positive semidefinite operator T̃⊥ such that {T̃i}i ∪ {T̃⊥} is a parallel tester.

2. For any E ∈ QChanr
d1,d2, we have

T̃i ⋆ C
⊗n
E = E

W∼Dilationr(E)
[Ti ⋆ C

⊗n
W ].

Proof. Item 1. Note that by the definition in Equation (6),

∑
i

T̃i =
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

(
⟨⟨IPλ

|
∑
i

T i|IPλ
⟩⟩

)

=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

(
⟨⟨IPλ

|ρA ⊗ IB,anc|IPλ
⟩⟩
)
, (12)

where in Equation (12) ρA is a density operator on
⊗n

j=1HA,j , IB,anc is the identity operator on⊗n
j=1HB,j ⊗ Hanc,j and we note that U⊗n acts on

⊗n
j=1Hanc,j , as shown in Equation (7). Now,

we write ρA ⊗ IB,anc = (ρA ⊗ IB) ⊗ Ianc and decompose ρA ⊗ IB in the Schur-Weyl basis:

ρA ⊗ IB =
⊕

λ,µ⊢d1d2
n

Mλ→µ,

where Mλ→µ is a linear operator from PAB,λ⊗Qd1d2
AB,λ to PAB,µ⊗Qd1d2

AB,µ, and since ρA⊗IB is positive
semidefinite, Mλ→λ is also positive semidefinite. Furthermore, we can write

(ρA ⊗ IB) ⊗ Ianc =
⊕

λ,µ⊢d1d2
n

ν⊢rn

Mλ→µ ⊗ IPanc,ν ⊗ IQr
anc,ν

.

Then, Equation (12) equals

⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

⟨⟨IPλ
|
⊕

κ,µ⊢d1d2
n

ν⊢rn

Mκ→µ ⊗ IPanc,ν ⊗ IQr
anc,ν

|IPλ
⟩⟩


12



=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

(
trPAB,λ

(Mλ→λ) ⊗ IQr
anc,λ

)
(13)

=
⊕
λ⊢sn

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ)

⊑
⊕

λ⊢d1d2
n

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ), (14)

where Equation (13) is because |IPλ
⟩⟩ is an unnormalized maximally entangled state on PAB,λ ⊗

Panc,λ, Equation (14) is because Mλ→λ is positive semidefinite and s ≤ d1d2. Then, note that

1

n!

∑
π∈Sn

pA(π) ρA pA(π)† ⊗ IB =
1

n!

∑
π∈Sn

pAB(π)(ρA ⊗ IB)pAB(π)†

=
⊕

λ⊢d1d2
n

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ), (15)

where pA(π) and pAB(π) are the permutation actions of π on
⊗n

j=1HA,j and
⊗n

j=1HA,j ⊗ HB,j ,
respectively, and Equation (15) is due to Schur’s lemma. Note that Equation (15) is exactly equal
to Equation (14). Therefore, we have ∑

i

T̃i ⊑ ρ′A ⊗ IB,

where ρ′A = 1
n!

∑
π∈Sn

pA(π) ρA pA(π)† is a quantum state. This means that we can find a positive

semidefinite operator T̃⊥ such that
∑

i T̃i + T̃⊥ = ρ′A⊗ IB, and thus {T̃i}i∪{T̃⊥} is a parallel tester.
Item 2. Let E ∈ QChanr

d1,d2 . We choose an arbitrary dilation V ∈ Dilationr(E), where

V : HA → HB ⊗Hanc and HA
∼= Cd1 , HB

∼= Cd2 , Hanc
∼= Cr. Note that

trHanc(CV) = trHanc(|V ⟩⟩⟨⟨V |) = CE .

Considering |V ⟩⟩ as a bipartite state in (HA⊗HB)⊗Hanc, we can write |V ⟩⟩⊗n =
⊕

λ⊢sn
|IPλ

⟩⟩⊗|Vλ⟩
for |IPλ

⟩⟩ ∈ PAB,λ ⊗ Panc,λ and |Vλ⟩ ∈ Qd1d2
AB,λ ⊗Qr

anc,λ due to Lemma 3.10. Therefore, we have

tranc(|V ⟩⟩⟨⟨V |⊗n) = tranc

 ⊕
λ,µ⊢sn

|IPλ
⟩⟩⟨⟨IPµ | ⊗ |Vλ⟩⟨Vµ|


=
⊕
λ⊢sn

trPanc,λ

(
|IPλ

⟩⟩⟨⟨IPλ
|
)
⊗ trQr

anc,λ

(
|Vλ⟩⟨Vλ|

)
=
⊕
λ⊢sn

IPAB,λ
⊗ trQr

anc,λ

(
|Vλ⟩⟨Vλ|

)
, (16)

where tranc(·) denotes the partial trace on
⊗n

j=1Hanc,j . We also have

C⊗n
E =

⊕
λ⊢d1d2

n

IPAB,λ
⊗ CE,λ, (17)

for some CE,λ ∈ L(Qd1d2
AB,λ). By comparing Equation (16) with Equation (17), we know that

trQr
anc,λ

(|Vλ⟩⟨Vλ|) = CE,λ for λ ⊢s n, and CE,λ = 0 for those λ that have more than s rows.
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Therefore,

T̃i ⋆ C
⊗n
E = tr


⊕

λ⊢sn

1

dim(Pλ) dim(Qr
λ)

· IPAB,λ
⊗ trQr

anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)T

· C⊗n
E


=
∑
λ⊢sn

1

dim(Qr
λ)

tr

(
trQr

anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)T

· CE,λ

)
=
∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
= T i ⋆ C

⊗n
V (18)

= E
W∼Dilationr(E)

[Ti ⋆ C
⊗n
W ], (19)

where Equation (18) is by item 2 of Lemma 3.8 and Equation (19) is by item 1 of Lemma 3.8.

Then, we introduce the following result about bipartite pure states, which is widely used in
quantum information theory (see, e.g., [MH07]).

Lemma 3.10. Let |ψ⟩ ∈ HA ⊗ HB
∼= Cd1 ⊗ Cd2 be a vector and let s = min{d1, d2}, then |ψ⟩⊗n

can be written as
|ψ⟩⊗n =

⊕
λ⊢sn

|IPλ
⟩⟩ ⊗ |ψλ⟩,

where |IPλ
⟩⟩ is the unnormalized maximally entangled state on PA,λ⊗PB,λ defined w.r.t. the Young’s

orthogonal basis, and |ψλ⟩ ∈ Qd1
A,λ ⊗Qd2

B,λ.

Proof. Note that |ψ⟩⊗n is invariant under the “simultaneous permutation” action pA(π) ⊗ pB(π)
for any π ∈ Sn. On the other hand, by the Schur-Weyl duality, we know that

1

n!

∑
π∈Sn

pA(π) ⊗ pB(π) =
⊕
λ⊢d1

n
µ⊢d2

n

pA,λ(π) ⊗ pB,µ(π) ⊗ IQd1
A,λ

⊗ IQd2
B,µ

=
⊕
λ⊢d1

n
µ⊢d2

n

p∗A,λ(π) ⊗ pB,µ(π) ⊗ IQd1
A,λ

⊗ IQd2
B,µ

(20)

=
⊕
λ⊢sn

1

dim(Pλ)
|IPλ

⟩⟩⟨⟨IPλ
| ⊗ IQd1

A,λ

⊗ IQd2
B,λ

, (21)

where in Equation (20) the (·)∗ is defined w.r.t. the Young’s orthogonal basis so that pλ(π) is
a real matrix [CSST10], and Equation (21) is because the only subspace that is invariant under
p∗A,λ(π)⊗pB,µ(π) is spanned by |IPλ

⟩⟩ ∈ PA,λ⊗PB,µ when λ = µ, and zero space {0} otherwise (this

can be seen by considering the isomorphism of representations P∗
A,λ⊗PB,µ

Sn∼= L(PA,λ,PB,µ) and all
linear operators in L(PA,λ,PB,µ) that commute with the action of π are proportional to the identity
operator when λ = µ and 0 otherwise, by Schur’s lemma). This means |ψ⟩⊗n must be in the support
of the projector 1

n!

∑
π∈Sn

pA(π) ⊗ pB(π) and thus has the form |ψ⟩⊗n =
⊕

λ⊢sn
|IPλ

⟩⟩ ⊗ |ψλ⟩.
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A Isometry channel tomography in diamond norm

In this appendix, we prove the following lemma, which extends the O(d2/ε2) unitary channel
tomography algorithm in [HKOT23] to isometry channel tomography.

Lemma A.1 (Isometry channel tomography). Let d1 ≤ d2 be two positive integers, ε ∈ (0, 1),
V : Cd1 → Cd2 be an isometry and V = V (·)V † ∈ ISOd1,d2 be the corresponding isometry channel.
There exists an algorithm that uses O(d1d2/ε

2) queries to V and outputs an isometry channel
estimate V̂ such that ∥V − V̂∥⋄ ≤ ε with probability ≥ 2/3. Moreover, these queries are used in
parallel.

The core ingredient to prove Lemma A.1 is the following lemma [CL14, KRT17, GKKT20,
HKOT23] for pure state tomography.
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Lemma A.2 (Pure state tomography, c.f. [HKOT23, Proposition 2.2]). Let d be a positive integer.
There exists a pure state tomography algorithm that uses O(d/εmax) copies of the input quantum
state |v⟩ ∈ Cd and outputs a quantum state estimate (by a classical description) |v̂⟩ such that

|v̂⟩ = ϕ
√

1 − ε|v⟩ +
√
ε|w⟩,

where ϕ is a random phase, ε ∈ [0, 1] is a random number with Pr[ε ≤ εmax] ≥ 1 − exp(−5d), and
|w⟩ is a Haar random state orthogonal to |v⟩.

The second lemma we need is to convert a weak tomography algorithm into a standard tomog-
raphy algorithm as required by Lemma A.1.

Lemma A.3. Let d1 ≤ d2 be two positive integers, V : Cd1 → Cd2 be an isometry, and V =
V (·)V † ∈ ISOd1,d2 be the corresponding isometry channel. Let A be a weak isometry channel

tomography algorithm such that given queries to V, it outputs an isometry estimate V̂ : Cd1 → Cd2

such that

Pr

[
∃ diagonal unitary Φ : Cd1 → Cd1 ,

∥∥∥V Φ − V̂
∥∥∥
op

≤ ε ≤ 1

8

]
≥ 1 − η, (22)

where ∥·∥op denotes the operator norm. Then, there exists an isometry channel tomography algo-

rithm that uses A twice in parallel and outputs an isometry estimate V̂ ′ such that

Pr
[∥∥∥V − V̂ ′

∥∥∥
⋄
≤ 98ε

]
≥ 1 − 2η.

Proof. We extend the proof of [HKOT23, Proposition 2.3] for unitary channel tomography to the
case of isometry channel tomography. Suppose A is a weak isometry channel tomography algorithm
as described in Lemma A.3. Let us apply A using queries to V to obtain an isometry estimate
V̂1 : Cd1 → Cd2 . In parallel, we apply A using queries to V ◦F to obtain another isometry estimate
V̂2 : Cd1 → Cd2 , where F is the quantum channel for quantum Fourier transform F : Cd1 → Cd1 .

By our condition of A and the union bound, we have∥∥∥V Φ1 − V̂1

∥∥∥
op

≤ ε and
∥∥∥V FΦ2 − V̂2

∥∥∥
op

≤ ε (23)

for some diagonal unitaries Φ1,Φ2 : Cd1 → Cd1 , with probability ≥ 1 − 2η. In this case, since V is
an isometry, we have V †V =

∑d1−1
j=0 |j⟩⟨j| = Id1 and consequently∥∥∥V̂1†V̂2 − Φ†

1FΦ2

∥∥∥
op

≤
∥∥∥(V̂1† − Φ†

1V
†
)
V̂2

∥∥∥
op

+
∥∥∥Φ†

1V
†
(
V̂2 − V FΦ2

)∥∥∥
op

≤
∥∥∥V Φ1 − V̂1

∥∥∥
op

+
∥∥∥V FΦ2 − V̂2

∥∥∥
op

≤ 2ε.

Let p(k, j) be the proposition ∣∣∣⟨k|(V̂1†V̂2 − Φ†
1FΦ2

)
|j⟩
∣∣∣ ≤ 4ε√

d1
. (24)

From the pigeonhole principle, we have

for any j = 0 to d1 − 1, #{k : p(k, j)} ≥ 3d1
4
, (25)
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with probability ≥ 1−2η, where #{k : p(k, j)} denotes the number of k such that p(k, j) is satisfied.

Let Φ3 =
∑d1−1

k,j=0
⟨k|V̂1

†
V̂2|j⟩

⟨k|F |j⟩ |k⟩⟨j|. If p(k, j) is satisfied, then from Equation (24), we have∣∣∣⟨k|Φ3|j⟩ − ⟨k|Φ†
1|k⟩ · ⟨j|Φ2|j⟩

∣∣∣ ≤ 4ε, (26)

where we use that |⟨k|F |j⟩| = 1√
d1

for any k, j. Further, if both p(k, 0) and p(k, j) are satisfied,

then Equation (26) implies ∣∣∣∣ ⟨k|Φ3|j⟩
⟨k|Φ3|0⟩

− ⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣∣ ≤ 2 · 4ε

1 − 4ε
≤ 16ε. (27)

By Equation (25), we have

for any j = 0 to d1 − 1, #{k : p(k, j) ∧ p(k, 0)} ≥ d1
2
, (28)

with probability ≥ 1 − 2η. For each j = 0 to d1 − 1, let aj and bj be the medians of the real parts

and the imaginary parts of the set
{

⟨k|Φ3|j⟩
⟨k|Φ3|0⟩

}
k
, respectively. Then, Equations (27) and (28) lead to∣∣∣∣(aj + ibj) −

⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣∣ ≤√(16ε)2 + (16ε)2,

which further implies that ϕj =
aj+ibj
|aj+ibj | satisfies

∣∣∣ϕj − ⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣ ≤ 48ε. Let Φ =
∑d1−1

j=0 ϕj |j⟩⟨j|, then

∥⟨0|Φ2|0⟩ · Φ − Φ2∥op ≤ 48ε (29)

with probability ≥ 1 − 2η. Then, we have∥∥∥V − V̂2Φ
†F†

∥∥∥
⋄
≤ 2
∥∥∥V ⟨0|Φ2|0⟩ − V̂2Φ

†F †
∥∥∥
op

(30)

≤ 2
∥∥∥V ⟨0|Φ2|0⟩ − V̂2Φ

†
2F

†⟨0|Φ2|0⟩
∥∥∥
op

+ 2
∥∥∥V̂2Φ†

2F
†⟨0|Φ2|0⟩ − V̂2Φ

†F †
∥∥∥
op

= 2
∥∥∥V − V̂2Φ

†
2F

†
∥∥∥
op

+ 2∥⟨0|Φ2|0⟩ · Φ − Φ2∥op (31)

≤ 98ε, (32)

with probability ≥ 1 − 2η, where Equation (30) is by [AKN98, Lemma 12] (see also [KSW08]),

Equation (31) uses the fact that Φ2 is a diagonal unitary, V̂2 is an isometry and F is a unitary, and
Equation (32) uses Equations (23) and (29). Finally, our algorithm outputs the isometry channel

corresponding to V̂ ′ = V̂2Φ
†F † as the estimate.

Using the above lemma, one is ready to prove Lemma A.1 for isometry channel tomography.

Proof of Lemma A.1. We extend the proof of [HKOT23, Theorem 2.1] to isometry channel tomog-
raphy. By Lemma A.3 (with proper rescaling of ε), it is sufficient to construct a weak isometry
channel tomography algorithm that satisfies Equation (22) with η = 1

6 . The algorithm works as
follows:
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1. Given queries to V, we first apply the pure state tomography algorithm in Lemma A.2 (tak-
ing d = d2 and εmax = Θ(ε2) to be determined later) on computational basis input states
|0⟩, |1⟩, . . . , |d1 − 1⟩ to obtain estimates |ṽj⟩ of |vj⟩ = V |j⟩ for all j in parallel. We have

|ṽj⟩ = ϕj
√

1 − εj |vj⟩ +
√
εj |wj⟩, (33)

where for each j = 0 to d1 − 1, the random variables ϕj , εj , |wj⟩ are as in Lemma A.2.

2. Define Ṽ =
∑

j |ṽj⟩⟨j|. Suppose Ṽ has the singular value decomposition Ṽ = U2ΛU1 with

U1 ∈ Ud1 and U2 ∈ Ud2 , respectively. Output the quantum channel V̂ corresponding to the
isometry V̂ = U2

∑d1−1
j=0 |j⟩⟨j|U1.

It is easy to calculate that the number of queries to V in the above algorithm is O
(
d1d2/ε

2
)
. To

see that V̂ satisfies Equation (22) in Lemma A.3, let us prove that∥∥∥V Φ − Ṽ
∥∥∥
op

≤ ε/2 (34)

for some diagonal unitary Φ : Cd1 → Cd1 , with probability ≥ 0.97 ≥ 5
6 . As long as Equation (34)

holds, the estimate V̂ in the algorithm above will satisfy∥∥∥V Φ − V̂
∥∥∥
op

≤
∥∥∥V Φ − Ṽ

∥∥∥
op

+
∥∥∥Ṽ − V̂

∥∥∥
op

≤ ε,

where we used ∥Ṽ − V̂ ∥op ≤ ε/2 since once Equation (34) holds, the operator norm between Ṽ and

an isometry is at most ε/2 and thus the differences between the singular values of Ṽ and 1 are at
most ε/2.

LetW =
∑d1−1

j=0 |wj⟩⟨j|, Φ =
∑d1−1

j=0 ϕj |j⟩⟨j|, B1 =
∑d1−1

j=0
√
εj |j⟩⟨j|, andB2 =

∑d1−1
j=0

√
1 − εj |j⟩⟨j|.

Then,
∣∣√1 − εj − 1

∣∣ ≤ √
εj for all j = 0 to d1 − 1 implies ∥B2 − Id1∥op ≤ ∥B1∥op, where

Id1 =
∑d1−1

j=0 |j⟩⟨j|. By Lemma A.2 (taking d = d2, where d2 are sufficiently large), we have

∥B1∥op ≤
√
εmax,

with probability ≥ 0.99. By the triangle inequality,∥∥∥V Φ − Ṽ
∥∥∥
op

= ∥V Φ(B2 − Id1) +WB1∥op ≤ ∥V ∥op · ∥Φ∥op · ∥B2 − Id1∥op + ∥W∥op · ∥B1∥op

and therefore ∥∥∥V Φ − Ṽ
∥∥∥
op

≤
√
εmax(1 + ∥W∥op), (35)

with probability ≥ 0.99.
Now we prove that

∥W∥op ≤ cW (36)

for some constant cW > 0, with probability ≥ 0.98. This will lead to Equation (34) by combining
with Equation (35) and choosing εmax = Θ(ε2) to be sufficiently small.

For each j = 0 to d1 − 1, define a quantum state

|yj⟩ =
√
δjψj |vj⟩ +

√
1 − δj |wj⟩, (37)

where
√
δj = |⟨0|xj⟩| is the overlap between a Haar random state |xj⟩ ∼ Cd2 and the state |0⟩, and

ψj ∼ [0, 2π) is an uniformly random phase. We also require that |x0⟩, . . . , |xd1−1⟩ are independent
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and ψ0, . . . , ψd1−1 are independent. Then, |yj⟩ ∼ Cd2 and |y0⟩, . . . , |yd1−1⟩ are independent. Let

Y =
∑d1−1

j=0 |yj⟩⟨j|. Using [Ver18, Theorem 3.4.6, complex version],
√
d2Y has its column vectors

being independent sub-gaussian isotropic random in Cd2 , and we can bound the maximal singular
value of Y with high probability by [Ver18, Theorem 4.6.1, complex version]:

∥Y ∥op ≤ cY (38)

for some constant cY > 0, with probability ≥ 0.99. Let E1 =
∑d1−1

j=0

√
δjψj |j⟩⟨j| and E2 =∑d1−1

j=0

√
1 − δj |j⟩⟨j|. Since

∥W∥op =
∥∥(Y − V E1)E

−1
2

∥∥
op

≤
(
∥Y ∥op + ∥V ∥op · ∥E1∥op

)
·
∥∥E−1

2

∥∥
op
,

by combining with Equations (37) and (38), we have

∥W∥op ≤ (cY + 1) · (1 − max
j
δj)

−1/2 (39)

with probability ≥ 0.99. As
√
d2|xj⟩ are sub-gaussian (like the case of

√
d2|yj⟩, according to [Ver18,

Theorem 3.4.6, complex version]),
√
d2δj are also sub-gaussian by definition, yielding

Pr
[√

δj ≤ 0.1
]
≥ 1 − e−Θ(d2).

By a union bound, for sufficiently large d2 and note that d1 ≤ d2, Pr
[
(1 − maxj δj)

−1/2 ≤ 2
]
≥ 0.99,

and therefore we establish Equation (36).
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