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Abstract

How many black-box queries to a quantum channel are needed to learn its full classical
description? This question lies at the heart of quantum channel tomography (also known as
quantum process tomography), a fundamental task in the characterization and validation of
quantum hardware. Despite extensive prior work, the optimal query complexity for quantum
channel tomography is far from fully understood.

In this paper, we study tomography of an unknown quantum channel with input dimension
dy, output dimension dy, and Kraus rank at most r, to within error . We identify the dilation
rate 7 = rds/dy (which always satisfies 7 > 1 due to the trace preservation of quantum channels)
as a key parameter, and establish that the optimal query complexity of channel tomography
exhibits distinct scaling laws across three regimes of .

e In the boundary regime (7 = 1): we show that the query complexity is ©(rdids/¢c) for
Choi trace norm error ¢, and is upper bounded by O(min{rd}®dy /e, rd;ds/e?}) and lower
bounded by Q(rd;ds/e) for diamond norm error e.

e In the away-from-boundary regime (7 > 1+ §2(1)): we show that the query complexity is
O(rdydy/e?) for both Choi trace norm and diamond norm errors €.

Our results uncover a sharp Heisenberg-to-classical phase transition in the query complexity
of quantum channel tomography: at 7 = 1, the optimal query complexity exhibits Heisenberg
scaling 1/e, whereas for 7 > 1 + Q(1), it exhibits classical scaling 1/¢2. In addition, we show
that in the near-boundary regime (1 < 7 < 1+ o(1)), the query complexity exhibits a mixture
of Heisenberg and classical scaling behaviors.
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1 Introduction

Quantum channel tomography (also known as quantum process tomography) asks how to recon-
struct an unknown quantum process from experimental data. Specifically, given query access to
a quantum channel £, the goal is to learn a full classical description of £ to within some pre-
scribed error, with high probability (say, at least 2/3). This task is central to the characteri-
zation and validation of quantum devices, and it has been studied extensively for nearly three
decades [CN97, PCZ97, Leu00, DP01, MRL08, KBLG18, KKEG19, BHK 19, SSKKG22, Ouf23b,
Ouf23a, CWLY23, HCP23, CLO'23, FFGO23, RCEK24, VH25, FQR24, Car24, RAS'24, ZLK 24,
COZ" 24, WD25, CGdW25, CG25, CdH 25, WLKD25, ZRCK25, Ang25, YMM25].

A key question is the optimal query complexity of quantum channel tomography. We consider
an unknown channel with input dimension d;, output dimension do, and Kraus rank at most r.
Several important special cases are by now well understood:

e When the input dimension d; = 1, the task reduces to quantum state tomography. The opti-
mal query complexity for pure-state tomography was established in [Hay98, BM99, KW99].
The mixed-state case was settled later by Haah, Harrow, Ji, Wu, and Yu [HHJ"17] and
by O’Donnell and Wright [OW16]. Further refinements and extensions appear in [OW17,
GKKT20, Yue23, CHL*23, CGZ24, SSW25, PSW25, PSTW25].

e When the unknown channel is a unitary channel (i.e., d; = do = d and r = 1), Haah, Kothari,
O’Donnell, and Tang [HKOT23] established that the optimal query complexity is ©(d?/e),
where ¢ is the diamond norm error. Notably, in this case, Heisenberg scaling 1 /¢ is achievable.

e When the unknown channel is an isometry channel, Yoshida, Miyazaki, and Murao [YMM25]
established a lower bound of Q((dy — dq)d; /€?) for Choi trace norm error &, where € suppress
the logarithmic factors.'

e When only non-adaptive incoherent queries are allowed, Oufkir [Ouf23b, Ouf23a] established
near-optimal bounds of ©(d$d3/c?) for full-Kraus-rank (i.e., r = dydz) channel tomography
under diamond norm error ¢, generalizing the algorithm in [SSKKG22].

e A folklore approach, based on optimal mixed-state tomography in trace norm applied to the
Choi state of the unknown channel, yields a query upper bound of O(rdids/c?) for quantum
channel tomography under diamond norm error.

Despite this progress, the optimal query complexity of general quantum channel tomography
is still far from fully understood. In particular, it remains unclear how the dimension parameters
d1,ds,r interact with the error parameter € in the optimal query complexity. A central question
is to understand when this optimal query complexity has Heisenberg scaling 1/ (compared to
classical scaling 1/£2), while simultaneously maintaining the optimal dependence on the dimension
parameters. In other words:

Question 1.1. When and how does the optimal query complexity of quantum channel tomography
exhibit Heisenberg scaling?

!Since we consider the tomography with success probability at least 2/3, the lower bound in [YMM25] applies to
our setting, provided that the success probability is amplified to 1 — 0(62), which incurs an additional logarithmic
factor in e.
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Figure 1: Heisenberg-to-classical phase transition in the query complexity of quantum channel
tomography. Here, ¢ € (0,1] can be an arbitrary constant. For simplicity of presentation, we focus
on the scaling of ¢, by taking d; to be a constant and 7 to be an independent parameter. Orange
(resp. blue) regions indicate where the optimal query complexity of channel tomography should
lie, according to our upper and lower bounds, under diamond norm error (resp. Choi trace norm
error). The optimal query complexity exhibits Heisenberg scaling 1/¢ in the boundary regime and
classical scaling 1/ in the away-from-boundary regime. In the near-boundary regime, it exhibits
a mixture of Heisenberg and classical scalings.

1.1 Our results

To answer the above question, we prove new upper and lower bounds on the query complexity of
quantum channel tomography. In particular, we identify the dilation rate 7 = rdy/d; as a key
parameter. Note that 7 > 1 always holds since quantum channels are trace-preserving. Depending
on the value of 7, this leads to three parameter regimes: boundary regime (7 = 1), near-boundary
regime (1 < 7 <14 0(1)), and away-from-boundary regime (7 > 1+ (1)). We establish multiple
optimal bounds and identify when the optimal query complexity exhibits Heisenberg scaling: the
dependence 1/¢ is achievable in the boundary regime, but is no longer possible once one moves
beyond the boundary regime; and in the away-from-boundary regime, only the classical scaling 1 /&2
is possible. An illustration of such Heisenberg-to-classical phase transition is shown in Figure 1.

In the following, we characterize in detail how the query complexity behaves across these
regimes. Our results cover both the Choi trace norm” and the diamond norm, which are stan-
dard metrics in quantum information theory for quantifying average-case and worst-case errors,
respectively.

1.1.1 Boundary to away-from-boundary: a phase transition

For boundary and away-from-boundary regimes, we establish the following query complexity bounds
for quantum channel tomography and observe a Heisenberg-to-classical phase transition.

Theorem 1.2 (Boundary and away-from-boundary regimes, Theorems 3.4, 3.5, 6.1 and 6.2 re-
stated). Consider an unknown quantum channel £ with input dimension di, output dimension da,

2By the Choi trace norm, we mean the trace norm of normalized Choi states; see Definition 2.4.



and Kraus rank at most r. Let T = rdy/dy > 1 be the dilation rate. Then, the query complexity of
the tomography of € to within error € has the following bounds.
: L . , did
e In the boundary regime T = 1: we establish matching upper and lower bounds 0f9(%> for
13

1.5
Choi trace norm error €; and also establish an upper bound 0fO<min{M7 ”‘?—QJQ}) and a

lower bound of Q(%) for diamond norm error €.

e In the away-from-boundary regime T > 1+ ¢, for ¢ € (0,1] an arbitrary (but fixed) constant:
we establish matching upper and lower bounds of @(’"dal—fb) for both diamond norm and Choi
trace norm errors e.

Boundary Away-from-boundary
T=1 T>1+c
rdyds \ ' _ (rdtPdy rdidy )\ rdydy
Upper bounds O< c ) » O min e g2 0 g2
Theorem 3.5 Theorem 3.4
rdids rdidy
Lower bounds Q< € > Q( g2 >
Theorem 6.1 Theorem 6.2

Table 1: Boundary and away-from-boundary regimes. Here ¢ € (0, 1] can be an arbitrary constant.
All bounds hold for both diamond norm and Choi trace norm errors except: tholds for Choi trace
norm error; tholds for diamond norm error.

Table 1 summarizes the results in Theorem 1.2. We note that Theorem 1.2 is optimal in the
following senses:

e The dependence on all parameters di, do, r and € is optimal in the away-from-boundary regime,
for both diamond norm and Choi trace norm errors.

e The dependence on all parameters dy, ds,r and ¢ is optimal in the boundary regime for Choi
trace norm error.

e The dependence on dj, ds, and 7 is optimal in all regimes for both constant diamond norm
and Choi trace norm errors.

It also shows, from the boundary regime to the away-from-boundary regime, the optimal query
complexity exhibits a phase transition from Heisenberg scaling 1/¢ to classical scaling 1/£2.

As a special case of Theorem 1.2, we consider quantum channels with equal input and output
dimensions, i.e., d; = dy = d, which are simply called d-dimensional quantum channels. In this case,
T = r is always a positive integer and 7 = 1 if and only if £ is a unitary channel. Using Theorem 1.2
in conjunction with the unitary channel tomography results by Haah, Kothari, O’Donnell, and
Tang [HKOT23], we obtain a complete characterization of the query complexity for tomography of
d-dimensional quantum channels.

Corollary 1.3 (Tomography of d-dimensional quantum channels). The query complexity of tomog-
raphy of d-dimensional quantum channels with Kraus rank at most r, and to within either diamond
norm error € or Choi trace norm error €, s

rd?
© <5min{r,2} > ’



As another illuminating and well-studied special case of Theorem 1.2, we consider tomography
of quantum channels with input dimension d; = 1, which reduces to quantum state tomography.
In this regime, our result recovers the recent optimal sample lower bound [SSW25] (without loga-
rithmic factors) for quantum state tomography, matching the upper bound established in [OW16].

Corollary 1.4 (Optimal lower bound for state tomography). Tomography of a d-dimensional mized
state with rank at most r, to within trace norm error &, requires Q(Z—S) samples.

Our proof of this lower bound proceeds via a different line of reasoning than that in [SSW25]
and may offer complementary insights.

The following result underpins our upper bounds in Theorem 1.2 by establishing a connection
between the query complexities in two different access models: given access to an unknown channel
itself, or given access to one of its Stinespring dilations. We say a quantum algorithm is a tester
if it makes queries to an unknown quantum channel and outputs a classical outcome. A tester is
a parallel tester if its queries to the unknown channel can be made in parallel. Formal definitions
can be found in Section 2.3.

Theorem 1.5 (Dilation does not help for parallel testers, Theorem 3.3 restated). If there exists
a parallel (possibly coherent) tester that solves a channel estimation task using n queries to an
arbitrary dilation of an unknown quantum channel £, then there exists a parallel tester that solves
this task using n queries to £ itself.

We note that Theorem 1.5 partially answers a conjecture from Tang, Wright, and Zhandry [TWZ25],
which asserts that access to channel dilations does not help. In particular, if we can extend the
statement in Theorem 1.2 to general (sequential) testers, then this may be viewed as a dual version
of the conjecture in [TWZ25], in the Heisenberg and Schrodinger pictures, respectively. Further
discussion can be found in Section 1.4.

Moreover, we also obtain the following Heisenberg-scaling query upper bound for quantum
state tomography with state-preparation channels, by applying Theorem 1.5 to the pure-state
tomography algorithm due to Chen [Che25], which achieves the Heisenberg scaling using parallel
queries without inverses.

Corollary 1.6 (State tomography with state-preparation channels, Theorem 3.6 restated). When
T = 1, tomography of the mized state E(|0X0|) to within trace norm error € can be done using

1.5
O(min{dl— @}) queries to &.

e g2

1.1.2 Near-boundary: new upper and lower bounds

In the near-boundary regime, we prove new upper and lower bounds on the query complexity of
quantum channel tomography, which exhibits a mixture of Heisenberg and classical scalings.

Theorem 1.7 (Near-boundary regime, Theorems 3.4, 3.7, 6.1 and 6.3 and Corollary 6.4 restated).
Consider an unknown quantum channel £ with input dimension dy, output dimension ds, and
Kraus rank at most r. Let 7 = rdy/dy > 1 be the dilation rate. Then, for v € (1,3) where T
can be arbitrarily close to 1, the query complexity of the tomography of £ to within error € has the
following bounds.
2
o For Choi trace norm error €: we establish an upper bound of O(% +
2
bound 0fQ(% + ﬂ)

£

(r=Dd}
22

> and a lower



o For diamond norm error e: we establish an upper bound of O(j—g) and a lower bound of
Q(ﬁ + (771)2‘1%) .

€ €2

Choi trace norm Diamond norm
0 derL_l)d% O di
Upper bounds € g2 g2
Theorem 3.7 Theorem 3.4
QO £+(T—1)2 O £+(T—1)2d%
Lower bounds e g2 € g2
Theorem 6.1 and Corollary 6.4 | Theorems 6.1 and 6.3

Table 2: Near-boundary regime, i.e., 7 € (1, %) can be arbitrarily close to 1.

Table 2 summarizes the results in Theorem 1.7. We note that the 1/£2 terms in the lower bounds
in the near-boundary regimes imply that the query complexity of quantum channel tomography no
longer exhibits Heisenberg scaling 1/ once it leaves the boundary regime, i.e., even for 7 arbitrarily
close to 1, as long as it is independent of €. This transition was illustrated in Figure 1.

1.2 Overview of techniques

Upper bounds. Our upper bounds for quantum channel tomography are directly inspired by
the recent work of Pelecanos, Spilecki, Tang, and Wright [PSTW25], who showed that mixed-state
tomography can be reduced to pure-state tomography while still achieving optimal performance.
In this paper, we prove in Theorem 3.1 that any channel tomography algorithm that can make
parallel queries to a Stinespring dilation of an unknown channel £ can be faithfully simulated by
an algorithm that queries only &£ itself. This enables a reduction from general quantum channel
tomography to isometry channel tomography, which is a more tractable problem. As a conse-
quence, by combining this reduction with existing parallel-query algorithms for isometry tomogra-
phy [YRC20, YMM25] and with a generalization of the base tomography algorithm from [HKOT23]
(see Section 8), we obtain the upper bounds presented in this paper.

Theorem 3.1 is proved by constructing a “local” tester (see Equations (9) and (10)) that
can faithfully simulate the “global” tester with access to a random Stinespring dilation, using
representation-theoretic tools together with the quantum comb formalism [CDP09, BMQ22]. This
result can be viewed as a generalization of the earlier result by [CWZ24], which studies the lo-
cal test for quantum states and shows that access to purifications does not help for mixed-state
testing. Related results trace back to [SW22, Theorem 35|, and were recently strengthened in
an algorithmic sense by [TWZ25], which explicitly constructs an algorithm for generating random
purifications of a mixed state. Intuitively, local test and random purification can be interpreted as
dual concepts in the Heisenberg and Schrédinger pictures, respectively. This line of work is further
extended in [GML25, WW25, MGC™25, GMZ*25, YNM25]. In particular, [GMZ"25, YNM25]
explicitly construct random Stinespring dilation superchannels that convert parallel queries to a
quantum channel into parallel queries to its random Stinespring dilation. These results can also be
viewed as dual to our local test techniques with respect to the Schrodinger and Heisenberg pictures.
Moreover, from an algorithmic sense, they additionally provide explicit circuit implementations of
this conversion.
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Figure 2: A pictorial representation of our constructions of channel packing nets.

Lower bounds. To prove our lower bounds, we proceed using a two-stage method. The first stage
consists of constructing sufficiently large packing nets of quantum channels with specific structures
and desired properties. The second stage consists of proving lower bounds on the query complexity
of algorithms that can learn, and thus discriminate between, the quantum channels in the packing
nets.

Existing results on nets of the set of isometries [Sza97] lead to packing nets of the set of
quantum channels of input dimension dy, output dimension do and Kraus rank r of cardinality
satisfying In [N| = Q(rdids). This along with a polynomial method can be used to obtain the
general lower bound Q(rdjds) [GMZ'25], which is tight in the dimensions and the Kraus rank
but does not capture the dependency on error parameter €. To make the dependence on ¢ precise
and optimal, we opt for carefully designed packing nets and a new proof strategy. We distinguish
between the boundary and non-boundary regimes.

Roughly speaking, our constructions in the non-boundary regimes share the following idea (see
Figure 2). To ensure complete-positivity, we construct the channels via their Stinespring isometries.
The isometries are chosen of the following form

V =Vy+ €A, (1)

where V{ corresponds to a center map and A is a noisy perturbation. The center supermap Vy =
Vo(-)VOT admits Kraus operators that are orthogonal and have almost the same Hilbert—Schmidt
norm. The noisy perturbation is constructed using the Haar randomness applied on certain output
space of A. The concentration phenomenon in high-dimensions permits us to prove that two inde-
pendent channels constructed in this way will be e-far apart in the Choi trace norm (or diamond
norm) with a probability that is at least 1—exp(—Crdids) with C' a universal constant. A probabilis-
tic argument then concludes existence of the packing net of cardinality satisfying In |N| = Q(rdida).
A crucial feature of our construction that leads to classical scaling is that the center and perturba-
tion components have orthogonal images. This can give insights to the phase transition behavior,
since at the boundary such construction with the orthogonality feature is not possible.

In the boundary regime, the construction has a similar form as in Equation (1). The center map
is close to identity. The perturbation, unlike in the non-boundary regime, is a Haar conjugated
anti-Hermitian traceless diagonal matrix with entries 4-i. This construction is inspired by Paninski
distribution [Pan08] that was used to prove optimality of the mixedness testing problem. As
stated before, this construction does not exhibit the orthogonality feature. Nevertheless, it has
the property that the center and perturbation matrices are orthogonal in Hilbert-Schmidt inner
product. This is sufficient to establish the Heisenberg-scaling lower bound.



We now proceed to the second stage of the lower bound proof. We study two structured families
of isometries, referred to as type I and type II instances, corresponding to the boundary and non-
boundary regimes, respectively. Both families take the perturbative form in Equation (1), but with
different choices of V5 and A. Then, we show that discriminating a set of isometries of type I
or type II requires at least Q(f/e) or Q(f/e?) queries, respectively, where f depends on both the
cardinality of the set and the dimensions of the isometries. By construction, the channels in the
packing nets described above admit Stinespring dilations that are exactly of type I or type II. It
follows that the hardness of isometry discrimination transfers directly to channel discrimination:
any algorithm that can distinguish among the channels in the packing net can also distinguish
among the corresponding dilation isometries, simply by discarding the ancilla system. Since a
tomography algorithm with sufficiently high precision can solve the discrimination problem, these
query lower bounds also apply to quantum channel tomography.

We now elaborate on the hardness of the isometry discrimination problem. We formulate the
task of discriminating among a set A/ of isometries within the quantum comb framework [CDP08,
CDP09, BMQ22]. In this framework, any discrimination algorithm making n adaptive and coherent
queries to an unknown channel can be represented by a sequential tester {Tv }vear, where Y v v Ty
forms an (n + 1)-comb with 1-dimensional input and output spaces. Then, the success probability
of the discrimination problem is |T%/T Soven Tv * [V)(V|®", where x denotes the link product (see
Definition 2.8), representing the contraction between combs and |V)){(V| is the Choi operator of the
isometry channel V. The technical heart of the proof is a decomposition of |V)®" into orthogonal
sectors indexed by either where (for type I isometry V') or how many (for type II isometry V)
perturbative components (i.e., A) appear. By collecting the Haar average over the orbit of the
perturbation for each sector, we can construct an operator A -I' that can universally upper bound
(w.r.t. the Lowner order) [V )(V|®" for all V € N/, where A > 0 is a scalar depending on n, d, e and
I' is an n-comb. Since ) i, Ty is an (n + 1)-comb, its contraction with the n-comb I' evaluates
to 1. It follows that the success probability, which must be at least 2/3, is upper bounded by

1 A
N Ty (A-D) =
a2 Tvr T = 15

VeN

Solving the inequality 2/3 < \/|N| yields the desired query lower bounds.

We remark that, when the orthogonal decomposition of [V ))®" is based on how many perturba-
tive components appear (the type II case), the property that T' is a comb relies on the orthogonality
between the image of the perturbation A and that of the center map Vy. However, as mentioned
above, this is not possible in the boundary regime. Thus for the type I isometries, the decompo-
sition is based on where perturbative components appear, which is less “compact” and ultimately
yields a Heisenberg-scaling lower bound of Q(1/¢) rather than the classical-scaling bound Q(1/£2).

1.3 Related work

Quantum channel tomography. The problem of quantum channel tomography (also known as
quantum process tomography) has been studied under a variety of models and error metrics. Early
works [CN97, PCZ97] consider protocols that prepare input states from a complete set of basis
states, perform state tomography on the corresponding output states, and reconstruct the channel
using an inversion protocol. Later, [Leu00, DP01] use the Choi-Jamiotkowski isomorphism [Cho75,
Jam72] to reduce channel tomography to Choi state tomography. These approaches, together with
the direct scheme of [MLO06], are compared in terms of resource requirements in [MRLO0S].
Subsequent works [Kah07, KKEG19, SSKKG22, HKOT23, Ouf23b, RAS™24, GMZ" 25| focus on
obtaining rigorous bounds on the query complexity with explicit dependence on the estimation error.



For example, [KKEG19, SSKKG22] propose randomized protocols for channel tomography and
establish query complexity bounds under the Choi-Frobenius norm and the Choi trace norm errors.
One of the protocols in [SSKKG22] is generalized by [Ouf23b], which shows that it achieves near-
optimal query complexity for full-Kraus-rank channel tomography under the diamond norm error
in the non-adaptive single-copy setting. Complementing these upper bounds, [RAS™24] establishes
a query lower bound of Q(d?d3/ log(dyds)) for full-Kraus-rank (i.e., r = didz) channel tomography
under constant Choi trace norm error. Moreover, [GMZ™'25] proves a query lower bound of Q(rd;ds)
for channel tomography under constant diamond norm error.

Unitary channel tomography. Unitary channel tomography is a special case of general channel
tomography where the input and output dimensions are equal and the Kraus rank is 1. It is studied
under different assumptions, models, and error metrics [AJV01, PS02, BBMT04, CDPS04, Hay06,
CDS05, Kah07, YRC20, HKOT23, GL25, YMM25]. In particular, [YRC20] and [YMM25] study
tomography of unitary and isometry channels under average-case channel fidelity; [HKOT23] estab-
lishes the optimal query complexity ©(d?/e) for unitary channel tomography under the diamond
norm. Moreover, the lower bound in [YMM25] with the upper bound in [HKOT23] establishes that
pure Heisenberg scaling is impossible for isometry channel tomography, except in the unitary case.

On the upper bound side, our result is based on a reduction from general channel tomography
to isometry channel tomography, building on the base unitary tomography algorithm in [HKOT23]
that makes parallel queries. Through a reduction to the algorithm in [YRC20], we further show
that Heisenberg scaling can be achieved even for non-unitary channels. We also leverage a reduc-
tion to the algorithm in [YMM25] to obtain upper bounds for channel tomography under the Choi
trace norm error in the near-boundary regime. On the lower bound side, new packing-net con-
structions are needed to capture the full dependence on the channel dimensions, Kraus rank, and
error. In contrast to [HKOT23], our packing nets have additional structure and leverage symmetry
arguments.

Quantum state tomography. Quantum state tomography (or more generally, quantum state
learning [AdW17, AA23]) is a special case of quantum channel tomography where the input dimen-
sion is 1. The optimal sample complexity of d-dimensional rank-r quantum state tomography under
the trace norm error is established as ©(dr/e?) in [OW16, HHJ*17], and the logarithmic factor is
removed only recently by [SSW25]. As noted above, quantum state tomography algorithms can
be used to perform channel tomography via various reductions. In particular, pure state tomog-
raphy [CL14, KRT17, GKKT20] is a key ingredient in the optimal algorithm for unitary channel
tomography in [HKOT23]. Moreover, using a different proof strategy, our results recover the upper
bound of [OW16, HHJ"17] and the recently established lower bound of [SSW25] as special cases.

Independent work. Mele and Bittel [MB25] established the same upper bound O(rd;dz/e?) for
quantum channel tomography under diamond norm error, which is concurrent and independent
to our Theorem 3.4. They also derived an explicit and non-trivial dependence on the failure
probability. We note that their method and ours differ substantially. Specifically, they obtain the
upper bound through an analysis of the tomography of Choi states, which leads to an explicit
tomography algorithm. In contrast, our approach uses the local test technique to simulate access
to dilations of quantum channels, allowing us to reduce general channel tomography to a more
tractable problem of isometry channel tomography. Moreover, we establish additional upper bounds
achieving Heisenberg scaling 1/¢ for (possibly non-unitary) channels in the boundary regime 7 = 1.
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They also established a query lower bound. When the failure probability is constant, their lower

is  rde 4 mlog(3m) ' _ 2rdidy—d3—r?
bound is Q( i for diamond norm error ¢, where § = =575

. r—|dy/d
m = max{mm{dl, \‘WJ }, Lr>rdyjdo) 410 d1 - ]lr22d1}-

We can see that 8 € (£,1] and m € [0,d;]. Moreover, when r > [di/d>] + 1,% it follows that
m > 1, thereby showing that pure Heisenberg scaling is unattainable for any quantum channel
whose Kraus rank is not minimal. However, when d; is not a multiple of de and r = [d;/d2] is
minimal, their lower bound does not rule out Heisenberg scaling, although this case still lies in the
non-boundary regime (7 > 1). By comparison, our lower bounds rule out pure Heisenberg scaling
across the entire non-boundary regime, and exhibit sharper parameter dependence in all regimes
(in particular, our lower bounds are optimal in the away-from-boundary regime).

and

1.4 Discussion

In this paper, we study the query complexity of quantum channel tomography. Our results answer
Question 1.1 as follows. We identify the dilation rate 7 = rda/d; as a key parameter. We show that
when 7 = 1, the optimal query complexity exhibits Heisenberg scaling 1/e; whereas for 7 > 1, it
no longer has Heisenberg scaling due to our lower bounds. Moreover, we establish multiple optimal
bounds in the boundary regime (7 = 1) and the away-from-boundary regime (7 > 1+ Q(1)), as
well as new upper and lower bounds in the near-boundary regime (1 < 7 < 14 0(1)). We conclude
by highlighting several directions for future work.

A natural open problem is to determine the optimal query complexity of quantum channel
tomography across all parameter regimes. This includes sharpening the upper and lower bounds in
the near-boundary regime, as well as improving the bounds in the boundary regime for diamond
norm error.

A second question, closely related to the first, is whether Theorem 1.5 can be extended to
sequential testers. More precisely, suppose a tester that makes an arbitrary sequence of queries,
not necessarily in parallel, to an arbitrary dilation of an unknown quantum channel £. Can one
then construct another tester that makes the same number of queries to £ itself and solves the same
estimation task? This may be viewed as a dual formulation, in the Heisenberg and Schrédinger
pictures respectively, of a conjecture of Tang, Wright, and Zhandry [TWZ25, Conjecture 1.8]. A
positive answer would lead to progress on the first question: by applying such an extended “dilation
does not help” theorem to the bootstrapped tomography algorithm proposed by Haah, Kothari,
O’Donnell, and Tang [HKOT23], one could obtain a matching upper bound on the query complexity
of quantum channel tomography in the boundary regime for diamond norm error.

2 Preliminaries

Notation. Given a Hilbert space H, we denote by £(H) the set of linear operators on H. Similarly,
we denote by L(Ho,H1) the set of linear operators from Ho to H;. Given two orthonormal bases
for Hy and H;1, respectively, we can represent every linear operator in £(Hg, H1) by a dim(H;) X
dim(Hp) matrix, and, for such a matrix X, we use | X)) € H; ® Ho to denote the vector obtained
by flattening the matrix X. It is easy to see the following properties:

10X = |¥)le™), XYZ) =X ®Z"Y)),

3That is, just above the minimal Kraus rank [di/d2] that a valid quantum channel can have, given the input
dimension d; and output dimension ds.
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Symbol

Description

Introduced in

Ce

QChany, ,;,
ISOy, 4,
Dilation, ()
Contracty, (V)

V ~ Dilation, (&)
U~TUyq

X*Y

{As}ecqonany,

Choi-Jamiotkowski operator of the channel &, (i.e., unnor-
malized Choi-Jamiotkowski state).

Set of all quantum channels £ : £(C%) — £(C9) that have
Kraus rank at most r.

Set of isometry channels with input dimension d; and out-
put dimension ds, which is equivalent to QChan}jhd2

Set of all dilations of the quantum channel £ with an ancilla
system of dimension r.

Quantum  channel defined as the  contration
P trHS(VpVT), where V' : H1 — Ho ® Hgz is an isometry.
The dilation V is sampled from Haar distributions on
Dilation, (£).

The unitary U is sampled from Haar distributions on Uy.
Link product between X and Y.

Quantum channel tester.

Estimation task of quantum channels, i.e., set of classical
outcomes that are regarded as correct answers when the
unknown channel is £.

Equation (2)
Notation 2.1
Ibid.
Notation 2.2
Ibid.
Notation 2.3
Ibid.
Definition 2.8

Section 2.3
Definition 3.2

Table 3: Summary of the notation used in the paper.

where |¢*) denotes the entry-wise complex conjugate of |¢) and ZT denotes the transpose of the
matrix Z with respect to a given orthonormal basis. The inner product can be rewritten as
(X]Y) = tr(X'Y). For two Hermitian operators X,Y, we write X < Y to denote that ¥ — X is
positive semidefinite.

Let n,m,d be positive integers such that n > m. Let H; = --- = H,, = C¢ be n copies of a
d-dimensional Hilbert space H. Let S C [n] = {1,2,...,n} be a set of integers and let |)) € C? be
a state. We denote by

1)
the state |¢)®I51 ¢ ®;cs Hi. Therefore, if [) € C? is another state, then we call

)% @ |ip) SIS
the state Q- |z:) € @i Hi, where |z;) = [p) for i € S, and |z;) = |p) for i ¢ S.

2.1 Quantum channels

A quantum channel with input dimension d; and output dimension ds is a linear, completely
positive and trace-preserving map & : L(C%) — L(C®) (see, e.g., [NC10, Wat18, Hay17]), which
is also called a CPTP map.

Any quantum channel £, in the Kraus representation [Kar83], can be written as

=1

12



where E; : C% — C% are non-zero linear operators satisfying

T
ZEZTE’Z =14 and tr(E;rEj) =0 for i#j.
i=1

The integer r is called Kraus rank and {E;} are called Kraus operators. Since, for each i, EZT E;
has rank at most da, and since these operators sum to I4,, one can easily see that rdy > d;. In
particular, a quantum channel having Kraus rank r = 1 is an isometry V(-) = V - VT, where
V : Ch — C® is an isometry operator — i.e. it satisfies VIV = I, — and it must hold that dy > d;.

Notation 2.1. We denote by QChany, ;, the set of all quantum channels £ : L(CH) — £(C®)
having Kraus rank at most r. In particular, we denote by ISOy, 4, the set of all isometry channels
with input dimension di and output dimension do, which is corresponds to QChancll \da-

In the Choi-Jamiotkowski representation [Cho75, Jam72], any channel £ can be identified by its
Choi-Jamiotkowski operator as follows:

Ce = (€@ I)(IINI]) € LIC= @ CM), (2)
where we have denoted by |I)) = >7|i)|i) € C® ® C an unnormalized maximally entangled state.

7
We may simply call C¢ Choi operator or (unnormalized) Choi state. Note that it it possible to
write the Choi operator as Cg = > .., |E;){(Ei|, where E; are orthogonal Kraus operators and
thus | E;)) are pairwise orthogonal vectors. Hence, the Kraus rank is equal to the rank of the Choi
operator. As a consequence, one can easily see that r < djds.

Stinespring dilation. Given a quantum channel £ with Kraus operators {E;}I_;, using its
Stinespring dilation [Sti55], we can also write £ as

E(p) =t (VpV'T), (3)

where Hane = C" is an ancilla system and V = >0, |i)anc ® E; is an isometry operator. Any
isometry channel V(-) =V - VT satisfying Equation (3) is called a dilation of £&. Two isometries
V1 and Vs, are two dilations of the same channel £ if and only if they differ by a unitary on Hanc,
namely, Vo = (U ® I4,)V; for a unitary U : Hane — Hanc-

Notation 2.2. Given a quantum channel £ with Kraus rank at most r, we denote by Dilation, ()
the set of all dilations of £ with an ancilla system of dimension r. Given an isometry channel
V:L(H1) = L(Ha @ Hg), we denote by Contracty, (V) the quantum channel

P trﬂg(VpVT).

Haar distribution. Given any arbitrary quantum channel £ € QChan], g WE define the Haar
distribution on Dilation, (&) as follows: choose an arbitrary dilation V € Dilation, (£), and output
(U ®Zy,) oV, where U € U, is a Haar random unitary. This procedure is well defined since the
resulting distribution does not depend on the choice of the initial dilation V. It is easy to see that
such distribution is invariant under U,, i.e.

for any unitary U € U, and any measurable set A C Dilation,(£).

Notation 2.3. We denote by V ~ Dilation, () and U ~ Uy two random variables V and U that
are sampled from the Haar distributions on Dilation,(E) and Uy, respectively.
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Distance measures. In this paper, we are going to use the Choi trace norm and the diamond
norm [AKNO8, Watl18] as the average-case and worst-case measures between quantum channels,
respectively.

Definition 2.4. Let £, F € QChanle,d2 be two quantum channels. We define the Choi trace norm
between £ and F as

1
—||Ce = C
d1|| e — Crll,

where || - ||1 denotes the Schatten 1-norm (i.e. trace norm) and Cg is the (unnormalized) Choi state
of £. We define the diamond norm between £ and F as

1€ = Fllo = sup 1€ ©Za,)(p) — (F @ Za, ) ()1,

where the supremum is taken over all quantum states p € CM @ C% .

A simple relation between the diamond norm of quantum channels and trace norm of the
corresponding Choi-Jamiotkowski operators is the following: given two quantum channels £, F €
QChany, , , we have (see, e.g., [KR21, Proposition 50]):

1
dTIICs = Crly < 1€ = Fllo < [|Ce = Crlhh- (4)

As an average-case measure, the Choi trace norm is widely used in learning of quantum chan-
nels [KKEG19, SSKKG22] and also in other tasks in quantum information theory [MdW16, KR21,
RAS™24]. Moreover, we will also consider the channel fidelity [Rag01] (or entanglement fidelity [Nie02]).
Specifically, given two quantum channels &, 7 € QChany, ;,, their channel fidelity Fe, is defined

as the fidelity of their normalized Choi states:

Ce Cr
F =F—, —
Ch(gaf) <d ) dl > )

where F denotes the fidelity between quantum states. Note that channel fidelity is closely related
to the Choi trace norm by a straightforward lifting of the relation between fidelity and trace norm
for quantum states.

2.2 Quantum combs

The framework of quantum combs [CDP08, CDP09] provide a powerful description of higher-order
transformations of quantum processes. More specifically, the Choi-Jamiotkowski representation of
quantum channels, which describes transformations of quantum states, can be extended to the
higher-order setting of transformations of quantum processes. Such higher-order objects are called
quantum combs. More precisely, deterministic and probabilistic quantum combs are defined as
follows.

Definition 2.5 (Deterministic comb [CDP09]). Let n > 1 be an integer. A deterministic n-comb,
defined on a sequence of 2n Hilbert spaces (Ho, H1, - .., Han—1), is a positive semidefinite operator X
on ®§i§1 H; such that there exists a sequence of operators X0 x0=1  x® xO) satisfying

tr1,, 1 (X0) = Dy, , @ XU, 1< <, (5)

where X = X and X© =1,

14



Figure 3: The combination of a 4-comb X with a 3-comb Y, yielding a 1-comb X xY on (Ho, H7).

Definition 2.6 (Probabilistic comb [CDP09]). Let n > 1 be an integer. A probabilistic n-comb,
defined on a sequence of 2n Hilbert spaces (Ho, H1, ..., Han—1), is a positive semidefinite operator

X on ®3i§1 H; such that X <Y for some deterministic n-comb Y on (Ho, H1, ..., Hon—1).

Remark 2.7. In this paper, quantum comb refers to a deterministic comb by default, and the term
probabilistic comb will be used explicitly when needed.

It is easy to see verify following facts:

e a quantum l-comb is the Choi-Jamiotkowski operator of a quantum channel;
e any convex combination of quantum n-combs is also a quantum n-comb.
Now, let us introduce the link product “x”.

Definition 2.8 (Link product “x” [CDP08, CDP09]). Let X be a linear operator on H; = H;, ®
Hi, @ @H;, and letY be a linear operator on Hj = Hj, @Hj, @ @H;,,, where i = (i1,...,1p)
is a sequence of pairwise distinct indices, and likewise for j = (ji,...,Jjm). Let @ =1Nj be the set
of indices appearing in both © and 3 and b =1U j be the set of indices appearing in either t or j.
Then, the combination of X and Y is

XxY =try, (X - Y) = try, (X - Y THa),

where Hq denotes the tensor product of subsystems labeled by the indices in a, Ty, denotes the
partial transpose on Hq, both X andY are treated as linear operators on Hp, extended by tensoring
with the identity operator as needed.

The link product provides the mathematical description of the combination of quantum combs.
For instance, suppose X is an n-comb on (Ho,Hi,...,Han—1) and Y is an (n — 1)-comb on
(H1,Ha ..., Hopn—2). Then,

XxY =1try, (XTHM"*Z (Dzp ®Y ® I’Ho)) = 90, s (X (g ® YT IHO))

turns out to be a l-comb on (Hg, Haon—1), as in the example illustrated in Figure 3. The link
product also has many useful properties:

e it preserves the Lowner order: if X, Y > 0 then X xY > 0 [CDP09, Theorem 2J;

e it is commutative, namely X *Y =Y *x X, and associative, that is, (X xY)*xZ = X x (Y x Z),
whenever X,Y,Z do not share a common subsystem (i.e., there is no subsystem that is a
subsystem of all three).

Moreover, the link product characterizes the channel concatenation under the Choi representa-
tion. Namely, given two quantum channels & : L(#H1) — L(H2) and & : L(H2) — L(H3), we have
Ceyoe, = Cg, x Cg,, where Cg¢ is the Choi operator of €.
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2.3 Formalism of quantum channel testers

A quantum channel tester is any quantum algorithm that can make multiple queries to an unknown
quantum channel in order to produce a classical output. We are going to use the quantum tester
formalism based on Choi-Jamiotkowski representation (see, e.g., [CDP09, BMQ21, BMQ22]), which
provides a practical framework in order to study various classes of quantum testers, such as parallel
and sequential ones.

Consider a quantum channel tester using n queries to an unknown quantum channel £. Let us
label the input and output systems of the i-th query to £ as Ha; and Hp, i.e. the i-th copy of
the unknown channel is a linear map from L£(Ha ;) to L(HB,;).

Parallel testers. A parallel tester can only make parallel queries. Specifically, it prepares a
multipartite input state, possibly including auxiliary systems, and applies the unknown channel
in parallel to its subsystems, ensuring that the output of any use never interacts with the inputs
of the others. Eventually, after all channel uses, a single joint measurement is performed on the
combined output state.

Definition 2.9 (Parallel tester). A parallel tester is defined as any set of linear operators {T;};,
with T; € E(®?:1 Haj; ® Hpj), such that T; > 0 and ), T; = pa ® I, where Ip is the identity
operator on ®?:1 Hg,j, and pa is a positive semidefinite operator on ®?:1 Ha; with tr(pa) = 1.

When applying a parallel tester {7T;}; to a quantum channel £, we get the classical outcome ¢
with probability

pi =T; % Cé@" = tr(E(Cg@”)T) = tr(ﬂTC‘?”), (6)

where C&" € /J(®?:1 Ha j ®Hg ;) denotes the Choi operator of all n queries to the channel £ and

()T is matrix transposition.
To see how the parallel tester {T;}; can be realized by an algorithm that makes queries in
parallel, we consider the following procedure.

o Assume >, 7, = pa ® Ip; prepare a quantum state (/pa = & Ix)|Ia) in Qi Hay ®
&’_; Ha,;- This is indeed a valid quantum state, since (Ial(px @ IN)|IA)) = tr(py) = 1.

e Then, apply the quantum channel Zpy ® £%" to the prepared state, obtaining the mixed state
(VPa' ®@Is)CE™(\/pa' ® Ig).

e Finally, perform the POVM {(\/ﬁg ® Ig) "t TF (\/ﬁ/{ ® IB)*l}i, obtaining the result i, where
(\)7! is the pseudo-inverse. Then, it is easy to see that the probability of getting result i is
exactly that in Equation (6).

Conversely, all algorithms that make queries in parallel can be described by a parallel tester. To
see this, assume that the algorithm first prepares a state p on (®§”:1 Ha i) ® Hane, Wwhere Hapc is
an ancilla system, and then apply the channel £™ ® T, on p followed by a POVM {E;};, where
each F; € L((@?:l HB,j) ® Hanc) is positive semidefinite. Then, let T; = EXxp. We see that {T}};
is a parallel tester, and the probability of obtain outcome i is given by

t0(E; - (€57 @ Tanc) () = tr(E; - (CE"  p)) = BT« CE" % p = Ty x CE™,

which is exactly the same as Equation (6).
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Sequential testers. A sequential tester can make queries sequentially, adaptively and coherently.
Specifically, it sends a quantum system through the first use of the channel £ and then it feeds the
resulting (quantum) output into subsequent uses, potentially along with auxiliary systems, while
allowing arbitrary CPTP maps to act between uses of £. After all n uses of the channel £, a POVM
is performed on the final state. In other words, sequential testers represent coherent and adaptive
query-access algorithms.

Definition 2.10 (Sequential tester). A sequential tester that uses n queries to an unknown channel
is defined as any set of linear operators {T;};, with T; € E(®?:1 Ha;@HB,), such that T; > 0 and
> Ti is a quantum (n+1)-comb on (Ho, Ha 1, HB 15 - -, HAn, HB s Hnt1), where Ho = Hyyq = C
are one-dimensional.

It is known that any sequential tester can be obtained by a sequential query-access algorithm
and any sequential query-access algorithm can be described by a sequential tester [CDP09, BMQ)22].
When applying a sequential tester {7;}; to n queries to a quantum channel £, we get the classical
outcome ¢ with probability

pi =T; % CF" = tr(T,(CE™T) = tr(TFCE™),
where CZ™ denotes the Choi operator of all n queries to the channel £ and ()T represents matrix
transposition.
Quantum channel discrimination. Let A be a finite set of quantum channels. Then, the
discrimination problem for channels in N can be defined as follows.

Problem 2.11. Suppose the channel £ is uniformly randomly chosen from the set N'. The algo-
rithm (or tester) can make n queries to the channel £ in order to identify £.

Consider a sequential tester {Tg}een for this discrimination task, where Tg corresponds to
outputting the label £. Then, the success probability can be computed as

Tg * C®n
P>

P[success] =

where Cg¢ is the (unnormalized) Choi state of £. We say an algorithm solves the discrimination
problem if the success probability is larger than 2/3.

2.4 Schur-Weyl duality on bipartite systems

Let us consider a sequence of Hilbert spaces Hi,Ho, ..., Hn such that H; = C? for 1 < i < n.
The Hilbert space ;. ; H; admits representations of the symmetric group &, (i.e. the group of
all permutations on the set {1,2,...,n}) and unitary group Uy (i.e. the group of unitaries on d-
dimensional Hilbert space). The unitary group acts by simultaneous “rotation” as U®" for any
U € U,, while the symmetric group acts by permuting tensor factors:

p(7T)|¢1> ‘wn> = Wn—1(1)>"' ‘wﬂ—l(n)>v (7)

where 7 € &,,. The two actions U®™ and p(7) commute with each other, hence @7 ; H; admits a
representation of group Uy x &,,. In particular, the Schur-Weyl duality (see, e.g., [FH13|) states
that

n

) Hi P P 9L, (8)

=1 A=gn

6n XUd
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where P, and Qi are irreducible representations of &, and Uy labeled by Young diagram A,
respectively. We denote by p,(m) and g, (U) the actions of 7 € &,, and U € Uy on Py and 0%,
respectively.

Now, let us consider two sequences of Hilbert spaces (Ha 1,...,Han) and (HB1,...,HBn),
where Hp ; = C% and Hgp,j = C%. We define the action of group &,, x &,, on R Ha i @Hp,; as
pa(m1) ®@pg(m2) for (w1, m2) € &, X &, where p, (+) denotes the permutation action on Q)" ; Ha 4,
and similarly for pg(-). We define the action of Uy, x Ug, on @7 ; Ha,i @ Hp,; as (Ua ® Ug)®" for
(Ua,Up) € Uy, x Ug,. Since the tensor product of irreducible representations of two groups G, G2
is still irreducible with respect to G1 x Ga, we can see the Schur-Weyl duality on the bipartite
system:

n &n X6 xUg; xUq,
Q) Hai ® Ha,i o P P eP.®Of ©Qn,
=1 )\'*dl n
HEd, m

where Py @ P, ® Qf\ll ® QﬁQ is an irreducible representation of &,, x &,, x Uy, x Ug,.

3 Local test of quantum channels

Here, we first prove the local test of quantum channels and use it to derive our upper bounds for
quantum channel tomography.

Theorem 3.1. Suppose di,da and r are positive integers such that rdo > di. If there exists a
parallel tester {T;}; that makes n queries to an unknown isometry V € ISOgy, r4, and produces a
classical outcome i with probability P;(V), then there ewists another parallel tester {T;}; U {T\}
(where L is an extra irrelevant label outside the range of i) that makes n queries to an unknown
channel £ € QChany, ,;,, and produces a classical outcome i with probability VNDHEOHT(S)[H(V)].

The proof of Theorem 3.1 is deferred to Section 3.2. Then, for a more convenient use of
Theorem 3.1, we need the following definition.

Definition 3.2 (Estimation tasks of quantum channels). An estimation task of quantum chan-
nels in QChanZl’d2 1s described by a set {Ag}geQChanglde, where Ag denotes the set of classical
outcomes considered to be the “correct answer” w.r.t. the unknown channel £.

We can easily obtain the following result, by using Theorem 3.1.

Theorem 3.3. Suppose dy,ds and r are positive integers such that rds > dy, and {AS}SGQChangl,dQ
18 an estimation task of quantum channels. If there exists a parallel tester that makes n queries to
an arbitrary dilation V € Dilation,(€) of an unknown channel £ € QChany, 4, and produces a
classical outcome i € Ag with probability at least 1 — 0, then there exists another parallel tester that
makes n queries to £ itself and produces a classical outcome i € Ag with probability at least 1 — 0.

Proof. Suppose P;(V) is the probability of the parallel tester outputting ¢ when making queries to
V. Therefore, we can see that >, 4 P;(V) > 1—4 for any V € Dilation,(£). Due to Theorem 3.1,
there exists a parallel tester that makes n queries to £ and outputs ¢ with probability

PE)=_ _E  [BV).

V~Dilation, (&)
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Therefore, we can see that the probability of this tester outputting ¢ € Ag¢ is lower bounded as

Z Pz(g) - VNDiliIi%ionr(E) Z Pz(V) Z 1- 6

1€Ag icAg

3.1 Quantum channel tomography and estimation

We can use Theorem 3.3 and the isometry tomography algorithm under diamond norm shown in
Section 8.1 to give the following result.

Theorem 3.4. There exists a parallel tester that makes O(rdyda/e?) queries to an unknown channel
& € QChany, ,, and produces an estimate F satisfying || F — €|l < € with probability at least 2/3.
Here, || - ||o denotes the diamond norm.

Proof. We consider the estimation task {Ag}ecqchan; , Wwhere
1,42

Ag = {F € QChan] g4, | |F — £, <e}.

Note that, for & € QChany , , any isometry in Dilation, () is in ISOg, r4,- Then, due to
Lemma 8.1, we have a parallel tester that makes n = O(rdids/e?) queries to a dilation V €
Dilation, (£) and produces W satisfying

|Contract, (W) — &|lo < W =V, <,

with probability at least 2/3, where the first inequality is by the contractivity of the diamond norm.
We set the tester to finally output Contract,(W) when producing W. Then, it solves the task
{A‘g}ge(;,zcm,ﬂgl’d2 by making n queries to a dilation of £. Due to Theorem 3.3, there exists another
parallel tester that solves this task by making n queries to £ it self. O

We also provide upper bounds with Heisenberg scaling O(1/¢) for (possibly non-unitary) channel
tomography in the boundary regime (7 = 1), by using Theorem 3.3 and the unitary tomography
algorithm shown in [YRC20].

Theorem 3.5. Suppose 7 = rda/dy = 1. There exists a parallel tester that makes O(rdydy/e)
queries to an unknown channel & € QChang, ;4 and produces an estimale F salisfying HéC]: —
1C¢|l1 < € with probability at least 2/3. Here, Cg is the (unnormalized) Choi state of € and || - |1
denotes the trace norm.

Moreover, there exists a parallel tester that makes O(min{rdi-°ds/e,rd1ds/e*}) queries to an
unknown channel & € QChang ;, and produces an estimate F satisfying || F — Ello < & with
probability at least 2/3, where || - ||o denotes the diamond norm.

Proof. Consider the task {Ag}geQChangl 0 where

1 1
-Cr—=C¢

Ag = {.7: € QChany ,, Hd g

gs}.
1

Note that for & € QChany, 4, any isometry in Dilation,(£) is a di-dimensional unitary. Using
Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that makes n = O(d?/e) =
O(rdidy/¢e) queries to a unitary U € Dilation,(€) and produces W satisfying

1 1 1
H - = \/1—Fch(W,U) SE,

1
gCContractT(W) - ECS dCW - ECM .

1
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with probability at least 2/3, where the first inequality is due to the contractivity of trace norm,
and the last inequality is because the Yang-Renner-Chiribella algorithm produces an estimate W
satisfying Fa, (W, U) > 1 — 2, with probability at least 2/3. Here, F, denotes the channel fidelity
(or equivalently, entanglement fidelity). We set the tester to finally output Contract, (V) upon
producing W. Then it solves the task {Ag}geQChanél,dQ by making n queries to a dilation of £.
Due to Theorem 3.3, there exists a parallel tester that solves this task by making n queries to £
itself.
Similarly, consider the task {AE}SGQChanQMQ where

Ag = {]: € QChanZhd2 } |F—=£€ll, < 8}.

Using to Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that makes n =
O(rdyda/(e/+/d1)) = O(rd}>ds /<) queries to a unitary U € Dilation,.(£) and produces W satisfy-
ing

|Contract, (W) — E|lo < |W —Ullo < v/2d1y/T — Fa, OV, U) < ¢,

with probability at least 2/3, where the second inequality is by [HKOT23, Proposition 1.9]. We
set the tester to finally output Contract,(W) upon producing W. Then it solves the task
{Ag}geQChangl,dQ by making n queries to a dilation of £. Due to Theorem 3.3, there exists a
parallel tester that solves this task by making n queries to £ itself. Combining this with Theo-
rem 3.4, we can see that O(min{rd}-5ds /e, rd1d2/e*}) queries suffice. O

We also demonstrate (mixed) state tomography with Heisenberg scaling, when state-preparation
channels are available. This is obtained by combining our Theorem 3.3 with the pure state tomog-
raphy algorithm given in [Che25].

Theorem 3.6. Suppose T = rdy/dy = 1. There exists a parallel tester that makes O(min{di® /e, d; /e%})
queries to a channel £ € QChany, ,, and produces an estimate p satisfying ||p — E(J0)0[)[1 <
with probability at least 2/3, where || - ||1 is the trace norm.

Proof. Consider the task {Ag }5€QChangl iy where

Ag ={pe L) | llo-e(oxoDll, <e}.

Note that, for £ € QChany, ,,, any isometry in Dilation,(£) is a d;-dimensional unitary. Using
Chen’s algorithm [Che25], we have a parallel tester that makes n = O(min{d}®/e,d;/e%}) queries
to a unitary Y € Dilation, (€) and produces |¢) satisfying

[t ([ )e]) = EOXOD 11 < )] = U0X0|U T < e,

with probability at least 2/3, where the second inequality is because Chen’s algorithm produces
an estimate |1)) for U]0)* to within trace norm error ¢ with probability at least 2/3. We set the
tester to finally output tr,(|¢))t|) upon producing |¢). Then, it solves the task {Ag}geQChangl’@
by making n queries to a dilation of £. Due to Theorem 3.3, there exists a parallel tester that
solves this task by making n queries to & itself. O

Note that Theorem 3.5 and Theorem 3.6 provide Heisenberg-scaling upper bounds in the bound-
ary regime 7 = rdy/d; = 1. We also provide upper bounds with mixing Heisenberg- and classical-
scalings in the non-boundary regime 7 > 1. This is obtained by combining our Theorem 3.3 with
the isometry tomography algorithm provided in [YMM25].

“In [Che25], the author considered estimating U|d) for notation convenience, here we consider estimating U|0).
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Theorem 3.7. Suppose 7 = rdy/di > 1. There exists a parallel tester that makes O((rds —
di)d1/e? + d2/e) queries to an unknown channel £ € QChany, ,, and produces an estimate F
satisfying | 2Cr — 1C¢ |y < e with probability at least 2/3. Here, Cg is the unnormalized Choi state
of £ and || - ||1 denotes the trace norm.

Proof. Consider the estimation task {Ag}geQChangl 0 where

1 1
Ag = {f S QChanZth ‘ HdCJ—- — gCg

Ss}.
1

Note that, for & € QChany, 4, any isometry in Dilation, (&) is in ISOg, +4,. Using Yoshida-
Miyazaki-Murao algorithm [YMM25] (see also Lemma 8.4), we have a parallel tester that makes
n = O((rdy — dy)dy/e® + d? /€) queries to an isometry V € Dilation,(€) and produces an estimate
W satisfying
1 1

< ||=Cyw — =C'
= [laew-o
with probability at least 2/3, where the first inequality is by the contractivity of the trace norm.
We set the tester to finally output Contract,(VV) upon producing W. Then it solves the task
{Ag}geQChangl 0 by making n queries to a dilation of £. Due to Theorem 3.3, there exists a

<e¢
1

9

1 1
’ ‘ g C’Contract,- w) — 8 Ce

parallel tester that solves this task by making n queries to & itself. O

3.2 Construction of the local testers

Now, we prove Theorem 3.1. Our proof draws on an idea similar to the construction of local testers
for quantum states in [CWZ24], and extends it to local testers for quantum channels.
We introduce some notation that will be used in the proof later.

Notation 3.8. For each i € [n], we define Hp; = C™ and Hp,i ® Hanc,i = C% @ C" to be the
input and output systems of the i-th query to an isometry channel V € I1SOy, rq,. The following
decompositions are due to Schur-Weyl duality:

n Gn XUd1d2 dvd n Gn XUr
~ ~Y T
RHaivHe, = P Paool® and  RQHume: = PP
i=1 Araydyn i=1 AFrn
Hence, we can see that
n Gnx&nxUgyay XUr g
® %A,’i X HB,i & Hanc,i = @ PAB,)\ & Panc,u & QAlB?)\ & anc,,u’
i=1 Ay apn
pErn

where we use Pap . @ QingA to denote the subspace Py ® Qﬁ\lldz in Qi Hai @ Hp,, and use

Panc,u @ QQHC’# to denote the subspace P, ® QL mn ®?:1 Hanc,i-
We give the proof of Theorem 3.1 as follows.

Proof of Theorem 3.1. Define s := Igin{dldgv, r}. Note that here, we do not assume r < dyds. The
construction of the parallel tester {7;}; U {T"| } is as follows.
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e First, we define a new tester {T;}; such that

T; = E [U*"T,UT®", (9)

U~U,

where U®™ acts on &1 Hanc,;-

e We then define the tester {T;}; U {T} as follows. For each i,

1 _
/\69 dlm('P)\) dlm(Qr) IPAB A ® trQ;nc’A <<<I77,\|T7;HPA>>), (10)

where |Ip,)) € Pa A ® Panc,x is the (unnormalized) maximally entangled state defined w.r.t.
the Young’s orthogonal basis (or Young-Yamanouchi basis) on which 7 € &,, acts as a real
matrix [CSST10]. Note that T; is a linear operator on @7 _; Ha ; ® Hp;. As we will not

explicitly use T, its definition is deferred to Equation (21) for clarity.

In order to verify our construction, we prove in Lemma 3.9 that {T;}; is a parallel tester which
makes n queries to an isometry V € ISOy, 4, and produces a classical outcome ¢ with probability

E [T; » C33'),

WnDilation,(Contract,(V))

and we also give an explicit expression of this probability. Then, by using Lemma 3.9, we prove in
Lemma 3.10 that {Z;};U{T" } is indeed a parallel tester that makes n queries to a quantum channel
& € QChang, 4, and produces outcome i with probability E [T; % C’®”], as desired. O

W~ Dilation, (£)
In the following lemma, we prove some properties of the tester {T;};.
Lemma 3.9. The tester {T;}; defined in Equation (9) satisfies:

1. {T;}; is a parallel tester. Moreover, for V € ISOy, rd,. the tester produces i with probability

T % Cy" = E [T; x C3). (11)

W~Dilation, (Contract,(V))

2. The probability in Equation (11) can also be expressed as

w05 = 3 g e (tray,,, ((m T 1ER)) - rgy,,, (V00A))

AFgn

where s = min{dids,r}, and |Vy) € QdAlng)\ ® Qe 08 a vector appearing in the decomposition
[V)E" = @ [ Tpy) @ |VA) according to Lemma 3.11.

Proof. Ttem 1. We have

ZTi - U]~EIUT
K3

where we used the fact that {7}}; is a parallel tester so that ), T; = pa ® I anc for pa a density
operator on ®?:1 Ha,; and Ip.anc the identity operator on ®?:1 HB,j @ Hanc,j- We further note
that U®" acts only non-trivially on ®?:1 Hanc,j- Therefore, {T;}; is indeed a parallel tester.

=5 [U®”(pA ® I anc)UT®" | = pa @ Ip ancs (12)

yen Z T, yten
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On the other hand, we have
T O = (T C3")
) [tr (TfU®”O§”UT ®”)} (13)

U~U,

= E, [tr(T"City)]

.

— T ®
- WNDilatioan(EContract,(V)) [tI’ (117’ CWn) ] (14)
= oo E o [T G

WnDilation, (Contract,()))

where Equation (13) is due to the definition of T; (see Equation (9)), and Equation (14) uses the
definition of the Haar distribution on Dilation,(-) (see Notation 2.3).

Item 2. We treat |V)) as a bipartite vector in (C* ® C%) ® C". Using Lemma 3.11, we can
write V)" = @, , [Ip,)) @ [Va), in which [V3) € Q353 ® QL and |Ip,)) € PaBx ® Panc, i
an (unnormalized) maximally entangled state. Also, we note that U®™ commutes with T'; for any
U € U,, in which U®™ acts non-trivially on ®?:1 Hane,j- Thus,

Ti* O™ = tr (TfT'V»«V'@n)

— (78 B, e vt

=T

=u|T; E | @ e ){Ip.| @ ax(U)VAXVila, (U)F (15)

" A pb-sn
o 1

=u (T | D il @ gy, (VAHAT) @ g e, (16)

AFsn A
1 =T
= Gy " (trap,.., (W, T3 118,)) - tray,, ., (IVAXVA))
where Equation (16) uses Schur’s lemma [FH13], and in Equation (15) q,(U) acts on Q. \. [

Next, we prove some properties of {i}l in the following lemma.
Lemma 3.10. The operators {T;}; defined in Equation (10) satisfies:

1. There exists a positive semidefinite operator T\ such that {T;}; U{T\} is a parallel tester. In
fact, T\ can be explicitly constructed, as shown in Equation (21).

2. For any quantum channel € € QChany, ,, , the tester produces outcome i with probability

ﬁ*C‘?” = E [T;  C3].

W~Dilation, (£)

Proof. Ttem 1. According to the definition in Equation (10), we have

X7

1 _
@ dlm(P)\) dlm<Q§\) . I,PAB’A ® trQ;nc»\ («IP)\’ zl: Ti|IP>\ >>>

Asn
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1
= I : I I5 anc|Ipy ) ), 17
/\g_Bndim(P)\)dim(Q’;\) PaB,A ®trganm (« PxlPA @ IB anc| PA>>) (17)

where in Equation (17) we use Equation (12). Then, we write ppo ® IBanc = (pa ® IB) ® Ianc and
write pa ® Ig according to the subspace decomposition in the Schur-Weyl duality:

pA @I = @ My,
Apbdy dym

where M)_,, is a linear operator from the subspace Pap ® Qilga to the subspace Pap, @ Qilgz,

and M)_, is positive semidefinite for each A since pp ® I is positive semidefinite. Moreoever, we
can see that

(PA®IB) ®Iane = B Mrsp®@Ip,,., @Ior,, -

Apbdydem
vhErn
This means, Equation (17) is equal to
1
@ dim(7Py) dim(Q}) TPans © oy . {(Zp, | @ Migsp @ Ipype,, @ Tog,. , [Py )
AFsn Kol dy dom
vkrn
- /@9 dim(P dlm(QT) TPap @y, (trPAB,A (My-x) ® Loy, )\> (18)
CH AT (My_sp)

= T Dy ‘P rp A=A

D Gy 1Pav @ rPana (Mo

1

< ; Apyp, @ trpyg , (Maoy), (19)

AEdydgm dlm(P/\)

where Equation (18) uses that |Ip,)) is an (unnormalized) maximally entangled state on Pap \ ®
Panc, ), and Equation (19) uses that s < didy and M)_,) > 0 for any A. Next, we have

1
] Z pa(m) papa(m)i @ Ip = ] > pap(™)(pa ® In)pap(m)!
) TI'GGn ’ 7T€6n

1
= D dm(Py) | Ipyp .\ @ trpyp , (Masn), (20)

A'_dldQ

where p (7) and pyp(7) denote the actions of 7 (i.e., permuting tensor factors) on @’_; Ha ;
and ®?:1 Ha; ® Hp,j, respectively, and Equation (20) uses Schur’s lemma. We can see that
Equation (20) equals exactly Equation (19). This means

where p™ = LY s pA( ) papa(T )T is a mixed quantum state. Thus there exists a positive
Sym

semidefinite linear operator T, satisfying >, T, + T ' =py ®Ig. In fact, we can explicitly define

T, = Z P(Sym®IB)P>\_ Z Z Py tranc zsymP)\, (21)

)\'_dld2n % N_dldQ
I(A)>s I(A)>s
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where [(A) denotes the number of rows of A, Py denotes the orghotonal projector onto the subspace

PaBr @ QdAlg?)\, and trane(7;)™™ = % ZweGn Pap(™) tranc(7;) pAB(ﬂ‘)T. Therefore, {ﬁ}z U {TVJ_} is

a parallel tester.
Item 2. Suppose £ € QChany ,, is a quantum channel. Let V € Dilation, () be an arbitrary

dilation, where V : Hao — Hp ® Hane, Ha = CH, Hp = C%, and Hane = C". We can see that

03 (O) = 030 ([VIV]) = Ce.

Treating |V)) as a bipartite vector in (Ha ® Hg) ® Hane and according to Lemma 3.11, we have
VDO = By T2 ) ® [VA) for [Ip,)) € Paba ® Panes and [Va) € Q53 © Qr, . . Thus,

anc,\*

tranc ([VI(V]®") = tranc @ [Ip (TP, | @ [VaX Vil
A pb-sn

= @ tpan (1B E) 11y, (VAN

AFsn
= B Ipass @1y, , (IVN0A]), (22)
AFsn

in which tran.(-) denotes the partial trace on all ancilla systems ®§L:1 Hane,j- Also, we can see

an = @ IPAB,/\ ® CE,)M (23)

)\Fdld2n

for certain Cg ) € E(QdAng/\). Comparing Equation (22) with Equation (23), we find that trgr  ([VAXVA[) =

A
Cg x for A= n, and also Cg y = 0 for those A with more than s rows. This means,

T
- ) )
| a ’ T . .o
T; % Cg tr )@911 dlm(P)\) dlm(Qg) IPAB,A & tI’Qanc»\ <<<I73A ‘Tzu??)\ >>> Cg
1 Ip, |Ti| 1 B C
— ;dim(gf\)tr (tlfggmc,A <<< Pl Tl ’p>\>>> : 6«\)
! T
- 3 gty (o (T ) e, (13003
iy (24)
O (25)

o W~Dilation, (£)
where Equation (24) is due to item 2 of Lemma 3.9 and Equation (25) is due to item 1 of Lemma 3.9.
O

The following result about bipartite pure states is widely used in quantum information theory
(see, e.g., [MHOT7]).
Lemma 3.11. Suppose |¢) € Ha @ Hp = CH @ C® is a vector and define s = min{dy, ds}. Then,
[)®™ has the form

)" = P 11p,) @ 1a),

A=sm

where |y) € Q‘Z{f/\ ® Q%Q/\, and |Ip,)) is the (unnormalized) mazimally entangled state on the
bipartite system Pp x @ Py w.r.t. the Young’s orthogonal basis.
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Proof. First, the state [¢))®" is invariant under the action of p, (7) ® pg(w) for any 7 € &,,. Due
to the Schur-Weyl duality, we can see that

1
Y @ ppm) = S D pan(®) ©ppu(m) ® I © Iy
n: n: AN B,u
€6y TES, Abgyn

HEa,m

l—

= @ o] Z Pa(T) ® pp ,(T) @ IQdAl)\ ® Igde (26)
Mg, n treG, ’ o
pEaon

= I I I 1 27
- D G T TN © T @ T, 21)

where in Equation (26) the (-)* denotes complex conjugate (w.r.t. the Young’s orthogonal basis
so that p,(m) is a real matrix [CSST10]), Equation (27) uses the fact that the only subspace
invariant under pj} () ® pg () for all m € &, is spanned by |Ip,)) € Pa ® Pp, when A\ = p,
and is the trivial space {0} otherwise.” Thus, the vector |¢))®" lies in the support of the projector
o ZWE&L pa (M) ®pg(7), which, according to Equation (27), means |p)&n @/\,_Sn [ Ip,)®|y). O

4 Hardness of isometry channel discrimination

In this section, we establish the difficulty of distinguishing between isometry channels with partic-
ular structures. In Section 4.1, we present a construction of a family of channels that are e-close
and prove that Q(1/e) queries are necessary to distinguish between the corresponding isometries.
Moreover, in Section 4.2, we present a different family of channels, that are also e-close, but Q(1/2)
queries are needed to discriminate between the corresponding isometries. For ease of reference, we
denote these constructions as Type I and Type II hard instances, respectively.

4.1 Type I: Heisenberg-scaling hardness
4.1.1 Definition

Let D > d be two positive integers. We consider isometries with input dimension d and output
dimension D.

Let e € (0,1/2), d > 2 and d' = 2|%]. Let {|1)a,...,|d)a} and {|1)p,...,|D)s} be two
orthonormal bases of the Hilbert spaces Ha =2 C? and Hp = CP, respectively. Define the linear
operator Vg : Ha — Hp by

o VIS 0sila + [dsldla,  ifdis odd
R BV g Z?’:1|i>3<i|A, if d is even.

Define the linear operator A : Ha — Hg by

ld/2] d’
ZI (ila— > ldslia],
i=|d/2]+1

Sn
®We can see this by considering the representation isomorphism P; y ® P,y = L(Pa,x, Ps,u). Due to Schur’s
lemma, any linear operator in £(Pa,x, Ps,.) that commutes with the action of 7 must be proportional to the identity
operator when A = p and 0 otherwise.
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where i denotes the imaginary unit.
Let U € Uy be a unitary. We define the isometry V. : Ha — Hp by

Voy = Vo +eUAUT. (28)

Here, we abuse the notation and assume that U can act either on Ha or Hp (we identify |i)4 with
li)g for ¢ € [d] and U acts trivially on |d' + 1)p,...,|D)B).
Note that V. 7 is an isometry as one can verify:
VigVer = ViVo+ e (VUAUT + UATUTY ) + 2UATAU!
= Vivo +2uafaut
=1Ix.
Furthermore, we observe that (Vp|A)) = tr(VOTA) =0.

4.1.2 Hardness of the discrimination problem

We then obtain the following main result of this section.

Theorem 4.1. Let C > 0 be a constant. Suppose d > 8/C. Let N C{V.y |U € Uy 2y} with Ve
2

defined in Equation (28) of cardinality |IN'| > exp(Cd?). Then, at least n > min{ 0231/2, \/21?} . dg—Z

queries are needed for any algorithm that can distinguish between the isometries in N* with success

probability at least 2/3.

Proof. Consider an algorithm that distinguishes between the isometries in N using n queries. We
may assume n < \/TdQ /€ as otherwise the theorem is proven.
Recall that each isometry V in A can be written as

V =Vy+cUAUT

for some unitary U € Ug.

Let {Tv }ven be a sequential tester that describes the algorithm for distinguishing between the
isometries in the set A/. Using the bound on the cardinality of the family A/, we can bound the
success probability as follows

P[success| = Z Ty * |V )(V|®"
VeN
< exp(—Cd?) - Z Ty * [V WV |®™,
VeN

where |V ){(V|®" is an n-comb on (Ha 1, HB1,---, HAn, HBn), and Ha; and Hp; denote the input
and output spaces of the i-th query to V', respectively.
Observe that for V € N, we can express |V ))®™ as follows

V) = (Vo) +elvavty) ™
> > Vo) e [uaUT) e

i=0  SCln]
|S]=i
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e (URUH™ Y |ys), (29)
SC[n]
|S|=i

I
o

where U* acts on on Ha ; and U acts on Hp,; and for any S C [n], we define the vector
ys) = Vo) S @ |A)©5. (30)

Note that, since (Vp|A)) = tr(VOTA) = 0, the vectors {|ys)}scn are pairwise orthogonal.
Next, for S C [n], we introduce the operator I'g

Iy = E [(U ® U*>®n|'ys>('ys\ (vie UT)®"] . (31)

UnUy

Similarly, {supp(I's)}scn] are pairwise orthogonal. To see this, we observe that U @ U* fixes |Vp))
and U ® U*|A)) remains orthogonal to |Vp)) for any U € Uy.
By Lemma 4.3, there exist a set of positive numbers {\g | S C [n]} satisfying for any V € N,

S s < 3d'exp(V51n22@)

5C[n]

VIVIE" < ) AsTs,
SCln]

Hence the success probability can be bounded as

P[success] < exp(—Cd?) - Z Ty % |V IV |®™

VeN
< exp(—Cd2) Z Ty % Z Aslg
VeN SC[n]
= exp(—Cd?) - Z Ar- Y Ty Y Z
Cln) VeN SCn] T A
< exp(—Cd?) - Z As, (32)
SCln]

< exp(—Cd?) - 3d* exp(\/ 54n252d2> ,
where Equation (32) uses the fact that

® > ven Iy forms an (n + 1)-comb with input and output dimensions 1, and

A e . .
o > SCin mfs forms a probabilistic n-comb. Here, we use the fact that each I'g is a
probabilistic comb (see Lemma 4.2) and their convex combination is also a probabilistic comb,
and the contraction of an (n + 1)-comb with input and output dimensions 1 and a probabilistic

n-comb is at most 1.
Since the algorithm succeeds with probability P[success] > 2/3, we obtain that

54n2e%d? > (Cd® — 41n(d) + In(2/9))°

. 3
> (cd? — 4d)* > © <
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where we used In(d) < d—1, In(9/2) <4 and d > 8/C. Finally, we deduce

03/2 d2 C3/2 d2
12[ AR TR

O]

Technical lemmas. For S C [n], recall the definition of |yg) (see Equation (30)) and I's (see
Equation (31)).

Lemma 4.2. |vs)vs| and I's are probabilistic n-combs.

Proof. Observe that

(1) S li)ila + [d)d]a,  if dis odd
(1—¢?) Zf/ 18] A, if d is even ’

s0 try, (|Vo)(Vo|) < Ia. Moreover, we have that

trag (Vo)) (Vol) = {

tra, (|AXA]) Zy Yi|a < Ia.

hence |vg) is a probabilistic n-comb.

The similar reasoning shows that (U ® U*)®"|ys)vs|(UT @ UT)®" is also a probabilistic n-comb
for any U € Uy. Finally, we deduce that I'g is also a probabilistic n-comb since it is a convex
combination of probabilistic combs. O

C [}

1
— V2eb
such that for any V € N,

Z Ag < 3d* exp(\/3 54n262d2> ,

SC[n]

[VIVIE" < )~ AsTs. (33)

SC[n]

Proof. We remark that, because of Equation (29), |[V)®™ is contained in € scin) SuPP(I's). More-
over, by Fact 7.7, to establish Equation (33), it is sufficient to show that

3 ;Str(rslyv»«v@”) <1 (34)

SC[n]

To this end, we bound the left hand side of Equation (34) as

> 5 uTE VIV = 3 (M5 W e U hslasOT 0 U (35)

SCln) scin)

1
= > 752‘3‘ tr(Tg' [ys)vsl) (36)

sCn) %

&+ S| -2
22151
<> 58 ) (37)
SCln]
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Here, Equation (35) follows from Equation (29) and the fact that (U ® U*)®"|vs) € supp(L's),
Equation (36) uses the fact that I's commutes with (U®@U*)®" and Equation (37) is an application
of Lemma 7.1 where |yg) is viewed as a vector in the space

span({wo» WS & [9)®5 | [¢) € span{[L)a.. .. |d)a} @ span{| ). . . |d)s), |¢>€|V0>>L}>,

d?+|8|-2

®n_ This space has dimension ( 15| ) since it is

which is invariant under the action (U ® U*)

isomorphic to the symmetric space VI° lga*-1 [Har13].
For S C [n], we set Ag = p;/(’}) where i = |S| for some positive number p;. Then, we observe
> scln] AS = iz #i and Equation (37) can be written as

ST

Our goal is to look for positive numbers fi, ..., ju, such that Y 7 ; u; is small and Equation (38)
is upper bounded by 1. For this, Equation (38) can be bounded using Fact 7.6 as

(38) <Zmexp(2nH< >+2iln(a)+(d2+i)H(d2:_i))
_Zexp< 2zln< )—2(n—i)ln<n;i>+iln<1+cf>+d21n<1+diz>>
<Zexp<—zln< >—|—zln< di2>+3z'>, (39)

where the last inequality uses

. n . n . ) { Qi .
Q(R_Z)hl(n—i) <2(n—1) (n—i_1> =2i and d 1n<1—|—d2> <d 7 = q.

To further bound Equation (39), we consider two cases depending on i:

e When i < d?, we have

-2 d2 -2 2d2
—iln<22>+iln<l >+32<—zln< ! >—|—Zln< >—|—3i
née 7 n2e2 7

. V/2e3n2e242
=3ln| ——mm—

i
< V54n2e242,
where we used Fact 7.8 in the last inequality.

/e we have i > v/2e5ne, thus

e When i > d?, _\/;?

-2 d?
—iln(és2> + iln(l + > +3i < —iln(2€°) +i1n(2) + 3i = —iIn(2e°/2¢*) = —2i.
n 1
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Hence, the choice
2d? exp(\g/ 54n252d2) , if i < d?
M~ =
' exp(—1), if i > d?,

ensures that Equation (39) can be upper bounded by

1 : 1
(39) < Z ;exp(\/3 54n252d2> + Z ;exp(—%)
i > i

| |
<+ Y ep(-i) <5 +exp(—d2)e_i1 <1,

where we used that d?> > 2. Finally, we have that

e—1

Z i < 2d* exp(\/3 54n252d2> + exp(—d?) €
i=0
1
< 2d* exp(\/3 54n252d2> + 3 < 3d* exp(\/3 54n2€2d2) ,

which concludes the proof. O

4.2 Type II: classical-scaling hardness
4.2.1 Definition

Let D > d be two positive integers. We consider isometries with input dimension d and output
dimension D.

Let ¢ € (0,1/2) and d' < min{d, D — d} be a positive number. Let {|1)4,...,|d)a} and
{|)B,...,|D)B} be two (arbitrary) orthonormal bases of the Hilbert spaces Ha = C? and Hp = CP,
respectively. Define the linear operator Vy : Ha — Hp by

d’ d
Vo = \/@ZmB(i\ﬁ > liyslila,

i=d'+1

and the linear operator A : Ha — Hp by

d/
A=) "|d+ i)pi|a.
=1

Let U € Up_4 be a unitary. We define the isometry V. 7 : Ha — Hp as
Ve = Vo +eUA. (40)

Here, U € Up_q4 acts on the subspace spanned by {|d + 1)g,...,|D)s}.
It can be easily checked that V, y is an isometry:

d/

d d’
VIieVer =@ =) lalila+ Y i)alila+2 _[i)alila = Ia.
=1

i=1 i=d'+1

Observe that the images of Vy and UA are orthogonal.
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4.2.2 Hardness of the discrimination problem
We then obtain the following main result of this section.

Theorem 4.4. Let C > 0 be a constant. Suppose D —d > 64/C?. Let N C {V.y|U € Up_q}
with Ve defined in Equation (40) of cardinality IN'| > exp(C(D — d)min{d, D — d}). Then, at
least n > min{%, ﬁ} L (P=d) mi_g{d’D_d} queries are needed for any algorithm that can distinguish

between the isometries in N with success probability at least 2/3.

Proof. Let dyiy := min{d, D —d}. Consider an algorithm that distinguishes between the isometries
in A using n queries. We may assume n < ﬁ(D — d)dmin/e? as otherwise the theorem is proven.
Recall that each isometry V in N is of the form

V=W+ecUA,

for some unitary U € Up_g4.

Let {Tv }ven be a sequential tester that describes the algorithm for distinguishing between the
isometries in the set A/. Using the bound on the cardinality of the family N, we can bound the
success probability as follows

P[success| = Vi[’ : VZ;\/TV * [V IV |@m
< exp(=C(D = d)duin) - Y Ty [V )(V]*".

VeN

where |V ){(V|®™ is an n-comb on (Ha 1, HB 1,---, Han: HBn), and Ha; and Hp,; denote the input
and output spaces of the i-th query to V', respectively.
Observe that for V' € N, we can express |V ))®™ as follows

VYO = (V6 +<lUa)) "
=Y Y W) @ ayes

i=0  SC[n]
|S|=i

=S e (Mo ()
where U®™ acts as (Iy ® U)®™ on @, Hp,; and for i € {0,1,...,n}, we define the vector

— LS vpyells g apes, (42)

i) =
RNOF-=

|S|=i

Observe that, since (Vp|A)) = tr(VJA) = 0, the vectors {|7;) };c[n) are pairwise orthogonal. Next,
for i € [n], we introduce the operator I';

I,= E [U®"|%)<%1UT®"] . (43)

U~Up_q4

We observe that {supp(T';)};c[, are also pairwise orthogonal. To see this, we note that the number
of |Vo) in |y;) is exactly n — i, and |Vp)) is orthogonal to U|A)) for any U € Up_4.
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By Lemma 4.6, there exists a set of positive numbers {\;}I'_, satisfying for any V € N,

zn: )\z < 4(D - d) d?nm eXp(\/8TL62(D - d)dmin) ’

VIVIE" <D Al

=0

Hence, the success probability can be bounded as

P[success] < exp(—C(D dmin) Z Ty * [V (V™
VeN
< exp(—C(D — d)dmin) - Y Tv Z AT
VeN
= —C(D — d)dmin) - A T
exp(~C(D — d)din) kz Y V*sz T
0 VeN
< exp(—C(D — d)dmin) - Z Ai (44)

< exp(—C(D — d)dumin) - 4(D — d)2d2,, exp(\/8n52(D - d)dmin> ,

where Equation (44) uses the fact that

® > ven Iy forms an (n + 1)-comb with input and output dimensions 1, and

° Z] 0 Zk F forms a probabilistic n-comb. Here, we use the facts that each I'; are prob-
abilistic combs (see Lemma 4.5) and their convex combination is also a probabilistic comb,

and the contraction of an (n 4+ 1)-comb with input and output dimensions 1 and a probabilistic
n-comb is at most 1.

For ease of notation, we denote by @ = (D — d)dpin. Since the algorithm succeeds with
probability P[success] > 2/3, we obtain that

V8ne2@Q > CQ —2In(Q) + In(1/6)
>00-1/3> 50

where we used In(v/Q) < vQ — 1, In(6) < 2 and Q = (D — d)dmin > D —d > 64/C?. Finally, we
conclude ) )
n>C— Q_c* (D—d)dmin.
T 32 2 32 g2
0

Technical lemmas. For i € [n], recall the definition of |v;) (see Equation (42)) and I'; (see
Equation (43)).

Lemma 4.5. |v;)Xv;| and T'; are probabilistic n-combs.
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Proof. Denote by |y/*) the state |y;) defined in Equation (42). We prove, by induction on n, that
for all i <mn, [y")7}| is a probabilistic n-comb.
First, we observe that

trags ((VoN(Vol) = Vol Vo < In,  trag (|AN(Vo]) = ATVp =0,

(45)
tra (VONA) = Vo A =0, trg (|AN(A]) = ATA < Ia.

For i = n, we have that [y7?) 77| = |A)(A|®™ is a probabilistic n-comb because try, (|ANA]) <
Ix. Similarly, for i = 0, we have that Y3}y = |[Vo)(Vo|®™ is a probabilistic n-comb because
tras (|Vo)(Vo|) < Ia. Thus the hypothesis holds automatically for the case n = 1.

Let n > 2 and suppose that [y~ 1}y ~!| is a probabilistic (n — 1)-comb for all i < n — 1. Now
we prove |y/')77| is a probabilistic n-comb for any ¢ < n.

Let 0 < ¢ < n (since the cases i = 0 and ¢ = n are already proved). We can express |y/") as
follows

/) Vo) @ [y2!

Hence,

(i)

n—1

trag, (500 ]) = ((é)) trag, ([VoN(Vol) @ Iy~ Xt + B trag, (|ANCA]) @ 7 X
("N G

(?)(UHB(WO»«AD ® |y Xviy | tra (JAX(V]) @ 1oy X |>

(i)

< (,}) In @ X+ B In @ I3 X,

where we use Equation (45) in the last inequality. By induction hypothesis, we have that |y~ ')~y !|

and |y '¥(7/7!| are probabilistic (n — 1)-combs. Since (";1) + (T.L*l) = (), we deduce that

) )

) I X 0 Ry Ol

is a probabilistic (n — 1)-comb. Therefore, |y/*)(7/'| is a probabilistic n-comb.

Since U is applied only on Hg, it is easy to see that U®"|;)X~;|UT®" is also a probabilistic n-
comb. Finally, I'; is also a probabilistic n-comb because it is a convex combination of probabilistic
n-combs. O

Lemma 4.6. Recall that dp;, = min{d, D — d}. Suppose n < ﬁ(D — d)dmin/e?. There exists
positive numbers X, ..., A\, such that for any Ve N

zn: )\z S 4(D - d) d?nm exp(\/8n52(D - d)dmin> ’
1=0

VVIE™ <) AT (46)

=0
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Proof. We remark that, because of Equation (41), |V )®" is contained in @’ supp(T';). Moreover,
by Fact 7.7, to establish Equation (46), it is sufficient to show that

2oau

To this end, we bound the left hand side of Equation (47) as

L V) <1, )
"1 -1 ny "1 (n
S ) =35 ()

3 7 3
=0 7

)
= i i (n) e? (I )il (49)
)

i <(D —d)d i 1> (50)

&2 tr (T U ) U (48)

7

S G N

Here Equation (48) follows from Equation (41) and the fact that U®"|~;) € supp(T';), Equation (49)
uses the fact that I'; commutes with U®", and Equation (50) is an application of Lemma 7.1 where
i) is viewed as a vector in the space

span [ ¢ 3 [1)®9 @ 1) B\
SCln]
|S|=i

[v) eIl |, (52)

where
I =span{|d + 1)B,...,|D)g} @ span{[1)a,...,|d)a}.

The space defined in Equation (52) is invariant under the action U®™ for any U € Up_4 since
U fixes |Vp)) and II is an invariant space under U (recall that U acts as I; & U on Hg). By
Lemma 7.2, it has dimension ((Dfd)furi*l)
uses d' < min{d, D — d} = dyn.

Our goal is look for positive numbers X, ..., A, such that Y " ;A; is small and Equation (51)
is upper bounded by 1. For ease of notation, we denote Q@ = (D — d)dpin. Equation (51) can be
upper bounded using Fact 7.6 as follows

<Zexp( <2>+2i1n(5)+(@+i)H<Qii>>
_ ;;Aiexp(_un(é> - (n—z’)ln(n;Z) +iln<1+?> +an<1+22)>
§§iexp<—iln(n;> —|—iln<1+?> +2¢>, (53)

where the last inequality uses

(n—i)1n<n7zi> < (n—i) (nii—1> —i and an(l—i-é) gQé):

To further bound Equation (53), we consider two cases depending on the value of i:

. Therefore, we obtain Equation (50). Equation (51)
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e When ¢ < ), we have

. . )
—iln<l2> —l—iln<1+ Q) +2i < —z‘ln<’2> —}—iln(Q) +2i
ne 7 & 7

202
_%m(v?ew>

i
< V/8ne2Q, (54)
where the last inequality follows from Fact 7.8.

e When i > Q, since we assumed that n < 55 (D — d)dmin/e? = 5- -L:Q/e? we have i > 2etne?
thus

—iln<22> + iln(l + Q) +2i < —iln(2eh) +iIn(2) + 2 = —2i.
ne (3

Therefore, the choice

- {3QGXP(\/M) L ifi<Q

exp(—1), if1>Q,

ensures that Equation (53) can be upper bounded by

1
(SS)SZ)\—exp( 8ne2@Q >+Z—exp —21)
: i
—i—Zexp )< = —l—exp( Q)£<l,
i>Q

where we use that Q = (D — d)dpin > 1. Finally, we have that

< 3Q? exp(\/ 8n62Q) + exp(—Q)e f :
< 3Q* exp(\/8n€2Q> + % < 4Q? eXp<\/ 8n€2Q)

=4(D —d)*d>,, exp<\/8n€2(D - d)dmin> ,

-
&

which concludes the proof. O

5 Packing nets of quantum channels

In this section, we construct packing nets of quantum channels that correspond to the type I and
type II hard instances defined in Section 4. The packing nets have different distances and cardinality
depending on the parameter regimes. We summarize the results in Table 4.

Let di,d2 and r denote the input dimension, output dimension and upper bound of Kraus rank
of the quantum channels. In this section, we further assume

r < didz/2, (55)
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Type of hardness Assumption Distance Logarithm of cardinality

Seftyizz ;1 dy <rdy < 4dy Choi: Q(e) Q(d})
Type 11 rdy > dy Choi: (k%) | Q(k*(rdz — d1)?)
Section 5.2 rdy < di+7 Diamond: Q(e) Q(rdy — d1)?)
Type 11 rdy > dy Choi: Q(k*/%e) | O(k’dy(rdy — dv))
)

Section 5.3 di +r <rdy, 7 < di | Diamond: Qe Q(rdy (rds — dy))

Type 11 rdy > d

: Choi: Q(e) Q(rdids)
Section 5.4 di+r<rdy,dy <r

Table 4: Construction of packing nets. Here, x := min{(rdy — dy)/dy,1} = min{r — 1,1}. Note
that for the non-boundary case (rdy > dy), k can be close to 0 while kd; = min{rds — dy1,d;} > 1.

instead of the more general r < djdy. Note that adding this constraint here (in the packing net
construction) still allows us to derive general lower bounds for quantum channel tomography, since
a larger Kraus rank only makes the tomography task more difficult. Then, the following notation
will be used in this section.

Notation 5.1. Let Ha = Ch, Hg = C2 and Hane = C be the input, output and ancilla sys-
tems. Let {|1)a,...,|d1)a} be an orthonormal basis of Ha, and similarly let {|1)B,...,|d2)B}
and {|1)anc,---,|T)anc} be orthonormal bases of Hp and Hanc, respectively. Moreover, for X €
{A, B, anc}, we use Hx[i : j| to denote the subspace of a Hilbert space Hx spanned by {|i)x,...,|7)x},
and we use H[i] to denote H]i : i].

5.1 Type I instance: d; < rdy < %dl
5.1.1 Construction

In this subsection, we will use the definition in Section 4.1.1, where the parameter d, D in Sec-
tion 4.1.1 correspond to d; and rds here.

We define d} = d; when d; is even and dj = d; — 1 when d; is odd. Let g : [d1] — [d2] % [r] be
the function g(i) = (|=2| +1,i—r|=L]), ie., g maps the integers in [d1] to [da] X [r] in row-major
order. Let Hp/ be a rdy-dimensional space with an orthonormal basis {|1)p/,...,|d2r)p }. We
identify Hp with Hp ® Hane by the map |i)p — |g(i)1)B ® |g(7)2)anc- In other words, the basis
vectors are identified as follows:

|1>B’7 |2>B’a sy ’d2r>B’ — |1>B X ‘1>anca ‘1>B & |2>anc> R ’d2>B & |r>anc-

We also identify H with the subspace Hp/[l : di] of Hp/ using the map |i)o > |i)p/ for i € [d].
In other words, we have the following correspondence:

DA, [2)a, -, [di)a <— 1), [2)Br, -+ -, |d1)Br- (56)

Then, define the linear operator Vy : Ha — HB ® Hanc as

. V1—¢g? Zfl:l]i)B/@\A, if dy is even
CTNVI=ESY s lila + s (dla,  if dy s odd.
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dl T

Figure 4: Illustration of our construction. We define linear operators Vj and A from the di-
dimensional space Ha to the dor-dimensional space Hp ® Hane. The Haar randomness is applied
on the hatched area.

Define the linear operator A : Ha — Hp' as

|1 /2] dj
A=il| Y lislila— Y. lislila ] (57)
i=1 i=|d1/2]+1

where i is the imaginary unit. Note that under the identification in Equation (56), we can simply
discard the subscript A and B’ in the definition of Vj and A.

Suppose U € Uy, is a unitary acting on span{|1),...,[d})}, and U fixes |d1) if di > d}. Define
the isometry V. : Ha — Hp' as

Vep =U (Vo +eA)UT =V + eUAUT, (58)

where with a little abuse of notation, U can act either on Ha or Hp/ (using the identification in
Equation (56), and we assume that U acts trivially on span{|d; + 1)p/, ..., |d2r)p}), which should
not cause confusion given the context. For clarity, we illustrate our construction in Figure 4.

5.1.2 Existence

Theorem 5.2. Suppose ¢ < 1/39660. There exists a finite subset N of {Voy |U € Ud'l} for
Veu defined in Equation (58) with cardinality |N'| > exp(d3/750197760001), such that for any
Vo £ Vy eN, if we set & = trp,. (Va(-)VJ) and Ey = tra,. (Vy(-)VyT), then

1
@ |Ce, — (59)

€
C > .
&/l = 1533500
Proof. First, we need the following lemma.
Lemma 5.3. Suppose e < 1/39660. Given any unitary U € Ug,, let Ey = tf?—tanc(Vs,U(')VjU) where
Ve is the isometry defined in Equation (58). Then, the function

f(Uza U HC5UI - CgUy 1

1S € %—Lipschitz with respect to the ly-sum of the 2-norms (Frobenius norm), namely

| (Uz, Uy) = £(U,. Uy) !<€\/ H Uz, Uy) = Uy, Up) P
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for all Uy, U}, U, U, € Ug, where ||[(A, B)||r = /| All% + | Bl|% and || - | denotes the Frobenius
norm. Furthermore, if we consider independent random unitaries Uy, Uy ~ [Udfl, we have

3

The proof of Lemma 5.3 is deferred to Section 5.1.3.
We now have all the ingredients to prove Theorem 5.2. Since the function f(U,,U,) is €4/ Z—f—

Lipschitz, when we sample two independent unitaries Uy, U, ~ U, by Theorem 7.10, we have®

c d)e? dy dt
P\ (Ui, Uj) < wgoanos| < TR TR = oxp| =765 221007 )
[f(U’UJ)— 1983000] —eXp< 12 - 221002 3252> _exp< 768'221002>

Then, we independently sample exp(d? /(1536 - 22100% + 1)) = exp(d2/750197760001) Haar random
unitaries in Uy and the union bound shows that there exists a non-zero probability that for any pair
Uy, Uy, we have f(Uy,Uy) > €/1983000. Therefore, there exists a subset M C Ugy with cardinality

|M| > exp(d?/750197760001) such that for any pair U,, U, € M, we have f(U,,Uy,) > £/1983000.
Then, the set {V. y|U € M} is as desired. O
5.1.3 Proof of Lemma 5.3

Proof that f is Lipschitz. Recall that V. = Vy + eUAUT. We have that by the triangle
inequality:

| (U, Uy) = f(U,, Uyl

1
= || e (Ve DOV = 1V, Ve, = [ e (Ve 2 Ve 2] = Ve WVe D |
1
= ’trﬁancﬂvaﬂz»«vaﬂz\ = WVeuu MVe,uz ) = e (1Ve,u, MVew, | = \%,Ué»«Vs,Ule
1 1
< | e (Ve DOV = Ve Ve D]+ 5 e (Ve DOV, = Ve MV -

(60)
Note that

| ot (Ve = Ve (Ve )|, < 2| (l02808) - 028078)) (Ve
—e\/d: |j0,A0) - AU < eV (|1 - v avl)

<er/diy/n(Us — U (U, = Up) + =i\ (Uz = UL (U — UL) (61)
=2eV/di|[Us — U

1
|+ ||lzaw. —vh|)

where Equation (61) is by using ATA < I. Hence by the triangle inequality

| 60 (Ve MV | = Ve Ve,

< et (Vo) = Ve ) (Vo)

|
1

T2 e (!%,U;»(((V;,m - ((VaUéD> Hl

5To be precise, we are applying Theorem 7.10 to —f.
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<4er/dr U, — UL - (62)

Therefore, combining Equation (60) and Equation (62), we have

\f(Uz, Uy) — f(UL, U’]<451/ ||U U/HF-F4€1/ HU Uyl r
§46\/d7\/HUx—U;||%+HUy—U;H%-

Proof of the lower bound on the the expectation of f. Recall the definition of the d; x dy
matrix A in Equation (57). This construction ensures the following properties, which will be used
later:

o tr(A) =0,
o [Allop =1,
o tr(AATAAT) = tr(AAT) = d}.

Note that, for unitaries Uy, Uy € Uy, f(Us, Uy) equals

Y

2 o e (0= AUDVOL + VoMU AU = [0, AUDNVo = VolU, AU ) |

e, e,

2
an trHanCOUIAU;»((UxAU;\ — \UyAUJ»«UyAUJ’) Hl

3
> CTIHD(Ux, Uy)lh — 2¢%, (69)

where we define

D(Uy,Uy) = Ag + AL — Ay — AT Ay =ty (|UzAUN(VGI), Ay = tra,,,. (IU, AU (VOI),

and used that ||try.  (|U.AUIWU,AUL | = tr (U, AUDWULAUL) = tr(AAT) < dy.
A ) |

Now, we are interested in proving the bound

d2

E[tr(1D(Uz, Uy)?)] = 5,

where the expectation is over the Haar random U, Uy, ~ [Ud’l . We have that
E[tr(|D(Us, U,)?)] = 2E[tr(A§) +2tr(AfA,) + tr(Af)} - Z%E[tr(Asz) +r(ALA)]. (65)
Since tr(A) = 0, we know that E[UxAU;} = tr(A)dI 0 by Schur’s lemma. This means
Eftr(A,A,)] = E [tr(A;Ay)} — 0. (66)

Moreover, we have that

E|tr(A,AD)| = E|tr (trmone (U AUV ) trrmc (VoAU )|
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= 3 B[t (U AULKY] - )il - Vo)V AU - )ik )

’L]l

= ol e VD - E [ (U AUNCLAUL - )
= > (Vol - [i)lan - [V) - E [ tr (JU- AUDNUAUL - [iilanc) |

' iE[tr(iUxAU;>><<U$NU;r i)l ) | (67)
- =1

—(1-¢2) 71 .E[troUIAU;»«UxAU;y)}

(- D -E{tr(ATAﬂ

=(1-&b)|—|d, (68)

where in Equation (67) the inequality we used that (Vo| - |i)i]anc - Vo)) > (1 — €2) Z?l gy ()=i >
(1 —¢2)|9]. We also have

E[tr(A:%)]
= [tr (19, (U2 AUDVE]) tre,, (1U-AUDNVRN) )|

r

= 57 E[sr (10 AUDVo - ¥ lane - [0LATDNT] - ¥olanc) |
- i E[tf (VJ - |i)3lanc - UxAU;) tr (VJ 156 ane - UxAUj)]
=2 > E[tr (VoT Ni)jlane - U AUS - [a)b] - VJ - [i)i]ane - Us AU - |b><a|)}

= > > E[tr (U AULP - Ja)bl - Vi - |j)ilane - PUAULP - [o¥al] - Vi - [i¥lanc - P)]  (69)
1,j=1a,b=1

rod
=30 Y [ () PV il P) e PIEYIG lac P)

ij=1a,b=1
- d(dl_l) (1)t (PRI il PNl 051 P)) | (7O
i 2 1—¢?
=50 5 (AL o e+ i 1 e 97|
1,7=1a,b=1 1
dj(1—€?) d} l1—¢ d;
= 1d/12_1 '(Tz [ Dde’?—l (TL}J) (71)
_ 2 1"2 U U
> (1 d/;_) 1 d Hﬂ ’ (72)
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where in Equation (69) we introduce the projector P := Z?,;IMM and note that PU,AULP =
U,AU}, and Equation (70) is due to Corollary 7.13 and the fact that tr(A) = 0, Equation (71) is
because Zjlbzl | tr(|a)b]-|j)Xi]anc)|? equals either L%j or [%} depending on i, j and thus is no more
than (dT/l}; and Zjﬁb:1 tr(|a)b|[7)(¢]anc|b)al|i){j|anc) is non-zero only when i = j and equals either
LdT,lJ or (dr—/l} depending on i (which equals j) and thus is no less than Ld%lj, and Equation (72)
is obtained by simply discarding the positive term. Therefore, combining Equation (65) with
Equation (66), Equation (68) and Equation (72), we have

E[tr(|D(U,, Uy)?)] = 4(1 — £2) (d'l VJ - d?d—,ll M) == VJ (1 - d’fﬂ_ T [ZH)

T T
di| 1
> 4(1 — e2)d) UJ T (73)
didy _ didy 2
> (11—t >0 > L

50— 10r — 20r’
where in Equation (73) we used [d}/r] < [d1/r] < 2|dy/r| and

since 2r < rdy < % -dj and dy > 162 by assumption. Therefore, Equation (64) is proved.
Finally, let us prove that

d4
E[tr(|D(U,, Uy)|*)] < 12288 - 7?1) (74)
Recall that D(U,,Uy) = Az + Al — Ay — AL so by the triangle inequality and Holder inequality:

E[tx(|D(Us, Uy)IY)] = E[[| Az + A} — 4, — AfJli] < E[(||Az||4 + AL g+ 14y la + HALH4)4]
<4 'E[HAxHii + (1AL + 1Ay ll7 + HALIIi]
=4 E )41, (75)
where || - ||4 denotes the Schatten 4-norm. Moreover,
(14, 4] = E|tx(4, 41 4, 41)]

E
= [t1 (600,00 ([0 ATIHVD]) 30 (VMU AU ) tr9, (U AUV 0100 (VNGUATH) ) |

=) E [tr(lUxAU;>><<vo| i) lane - [VO(U=AUL] - 7)(Klane

i,k l=1
U AUVl N e - VMUV )|
r 2
< 3 ] Bfor (10 AUDKULATL - bl 10, AN AT 1)l

_y [Cﬂ 2 B[t (VoAU - (i)lane - U AUL) (UL ATUL - (Kl ane - U AU ) |
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ik=1 a,b=1
r d 2 dll
=30 ] S (AN e a0 PUAAULE il el F)] (76)
T
ik=1 a,b=1

)

7" 2
-3 |2]- ( i (AT all)Elacle)- Rl + tr(AAT AT Bl
7,k=1 . a,b=1
2 1Y

tr(AAT)Z- 0|}k ancla)|* + tr(AATAAY)-(al i)k anc|a) - (bl | )i \anc!b>D (77)

dy(d —
- dy ? 1 72 dll / d/1
< = o d? L | 2 d |21
‘kZH a7 1 < S ()
d]? 1 p [, 2y [d 484}
=|=| o dPr |2 d e 79
[7’—‘ dg —1 <1T r r - 37 (79)

where in Equation (76) we recall the projector P = Zfl:1|z><z| and note that PU,AAIUIP =
U,AATUL, Equation (77) is due to Corollary 7.13, Equation (78) is obtained by directly discarding
the negative terms, and in Equation (79) we used that d} < dy, [d1/r] < 2dy/r, d? — 1 > d3/2.
Therefore, combining Equation (75) with Equation (79), Equation (74) is proved.

By Holder’s inequality, we have

E[tr(|D(U,, U,))]** Eftr (|D(U,, U)N]"? > B[ (ID(U,, U)[?)] .

Then, using Equation (64) and Equation (74), we know that

ds r3 dy
[tr(|D(UI,U )|)] \/8000 7«3 129288 - d‘ll = 9915 °

Finally, using Equation (63), we conclude that

£ g
> —E[||D —2%> oo - 267 >
1] > —E[|D(Us, Uy)|1] —2¢* > 9915~ = 19830

el .,

where we used € < 1/39660.

5.2 Type II instance: d; < rdy with rdy, < d; +r
5.2.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d, D in Sec-
tion 4.2.1 correspond to d; and rds here.

Suppose da > 1 and rdy < dy + 7. Let k := min{(rdy —d1)/d1,1} > 0 and n := d; — rﬁ—lj. One
can see that:

e di+7r > rdy > 2r and thus d; > r, which means rdy < d1+7r < 2d;. Thus k = (rda—dy)/d; <
1.

o dy—1<di/r<dp thus |L]=dy—1>1and 1 <n<r—1.
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ds

d1 T

Figure 5: Illustration of our construction. We define linear operators Vp, Vj and A from the d;-
dimensional space Ha to the dor-dimensional space Hp ® Hane. The Haar randomness is applied
on the hatched area.

o kdy=1rdy —di <.

Let ¢ € (0,1/2) and X, = 1 —¢&? Z:{UXHA + Z:g2;n14)r1‘i><i|A be a diagonal matrix. Let
g : [d1] = [d2] x [r] be the function g(i) = (|=2 | +1,i—r[=2]), i.e., g maps the integers in [d;] to
[d2] % [r] in row-major order. Then, we define the linear operator Vp : Ha[l : 7(d2 — 1)] — Hp[l :

dy — 1] @ Hanc as
r(d2—1)

Vo= 30 (I9(0n)e ® lg(0)2)ancila) - Ze. (80)

i=1

One can easily check that Vj can be written as
‘/0 = Z’ﬂanc & Ki: (81)
i=1

for K; : Hall : v(d2 — 1)] = Hp[l : da — 1] satisfying
Y KJK;=%2 and
i=1

do — 1

. ]li:j S ’tI‘(KJKj)‘ S (dg - 1) . ]li:j. (82)
Define isometry V{ : Halr(de — 1) + 1 : di] = Hplda] @ Hanc[r —n+ 1 :7] as
U
Vi = |da)g @ D i+ 7 = nanc(i + (da — 1)]a-
i=1
Define isometry A : Ha[l : r —n] = Hp[de] ® Hanc[l : 7 — 1] as
r—n
A= ’d2>B b2y Z’i>an0<i|A
i=1

Then, for U € U,_,;,, we define the isometry V. : Ha — HB ® Hanc as
Ve =Vo+ Vg +eUA, (83)

where U acts on Hp[d2] ® Hanc[l : 7 —n]. We can verify that V. is indeed an isometry from
Equation (80) and the definition of UA. Furthermore, we note that the image of UA is orthogonal
to the image of Vj + V(. For clarity, we also illustrate our construction in Figure 5.
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5.2.2 Existence for Choi trace norm

Then, we prove that there exists a large set of isometries V; iy with good separation property.

Theorem 5.4. Recall that k = (rde — dy1)/dy in this regime. Suppose £ < ,%3/2/9200. There
exists a finite subset N of {Vou |U € U,—y,} for Vo defined in Equation (83) with cardinality
V| > exp(r2(rdy — d1)?/480001), such that for any V, # V, € N, if we set E, = tra,,. (Va(-)Va)

and &y = trHanC(Vy(-)VJ), then )
3/2

1 K
—||Ce. - C > .
d1” g, — Ce,ll1 > 1600¢

Proof. First, we need the following lemma.

Lemma 5.5. There exists a finite subset M C U, _,, with cardinality |M| > exp(k?(rde—d;)*/480001)
such that for any U, # U, € M,

1312

4600

T [Jersc (V80 + Vo) (40 - 1) )| 2 (84)

The proof of Lemma 5.5 is deferred to Section 5.2.3.
Now, we are able to prove Theorem 5.4. Let M be the set given in Lemma 5.5. For any
Uy # Uy € M, if we set & = try,,. (V;’Ux(')V;Uz) and &, = trHanC(V&Uy(-)VjUy), then we have

ICe, — C¢, 1

= e (Ve V22 = S0 (Ve WV, ) |

2 (00 (U AU =t (U, AN, AD )

&t (V0 + VIN(Ua — Uy)A) + & tre, (1 Uz = U ANVo + V51

1

e | 60 (Vo + VI = U)AL) + 0, (I = U)ANVo + V1) | — 2521 (85)
1
=2e| tryt,,. (1V0 + VON(U: — UAL) | - 2¢% (6)
1

2k3/2 9

> —

=4600 Edl 2¢e dl (87)
13/2

> dy.

_46()05 1 (88)

In Equation (85) we used

[0 (UANU AN = tr([UANUA|]) =7 —n <r <d.

In Equation (86) we used the fact that try, (’VO + Vo((Us — Uy)A|) is a linear operator with
support in Ha[l : 7 — n] ® Hp[d2] and image in

(Hall:r(do—1)] @ Hp[l:do —1]) & (Hal[r(d2 — 1) + 1 : di] ® Hg[ds]),
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which is orthogonal to its support (noting that r —n < r(de — 1)); and then we used Fact 7.9. In
Equation (87) we used Equation (84). In Equation (88) we used that ¢ < x%/2/9200. Therefore,
we can lower bound the Choi trace norm

1312 )
4600
Thus, the set N = {V. ¢ |U € M} is the desired set. O

1
e, ~ e, 2

5.2.3 Proof of Lemma 5.5
Proof. Let Vp := Vo + V(. Then, we need the following lemma:
Lemma 5.6. For U,,U, € U,_,, let us define

1 ~
F(Uy,Uy) = 5t (1%0) ((U=A] = (0,A) ).
then the function f(Uy,Uy) = ||[F(Uyg,Uy)lh = tr(|F(Uyg, Uy)|) is ,/d%—Lipschitz with respect to the
ly-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Uy, U, ~ U,_y,
we have B[tr(|F(Uy, Uy)|*)] > 2%, and E[tr(|[F(Us, Uy)|*)] < 27%.

By the Holder’s inequality we have
1/3
E[tr(|F(Us, Uy)P)] < E[tr(IF(Us, U)[)] "> Elex(|F (U, U,)*?,

which, combined with Lemma 5.6, implies

3

Eftr(|F(Us U)D] > 57

Thus E[tr(|F(Uy,U,)|)] > x3/2/46. Then, since the function f(U,,U,) = tr(|F(U,,Uy,)]|) is dzl'
Lipschitz, we can use Theorem 7.10 to prove the concentration result:

Ptr<|F<Ux,Uy>|><K3/2]Sexv(‘dl(“m Rg )SQXP<‘M>’

— 4600 2 10000 - 12 240000

where we used r —n > kdy = rdy — di. Then, we independently sample exp(x?(rda — d1)2/480001)
Haar random unitaries in U,_,, and the union bound shows that there exists a non-zero probability
that for any pair U,,Uy,, we have tr(|F(Us, Uy,)|) > x%2/4600. Thus, there exists a set with
cardinality > exp(k?(rds — d1)?/480001) such that Equation (84) holds. O

~

Then, we give the proof of Lemma 5.6

Proof of Lemma 5.6. The Lipschitz continuity can be seen from Lemma 7.3.
Note that Vj can also be written as

‘70 = Z|Z’>anc & (Kz @ |d2>B<Zi|A)7
i=1

where K; are defined in Equation (81), and we set |z;)a = |i—r+n+7r(d2—1))a forr—n+1<i<r
and |z;)a =0 for 1 <¢ <r —n. Let us define

K! = K; & |d2)B(zi]|a,
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then K] satisfy

‘tr(KgTKJ") = ‘tI'(KJKj) + 1 pri<izj<r| < d2 - 1i=y, (89)
and
! 1t -1 T t dQ —1
tr( K[ K7) = tr (KRG + 1 pncisr 2 (K] KG) > — (90)
due to Equation (82).
Define K ; = (ilancUz A, Ky i = (i|ancUyA. This means
F(U,,U,) Z\K’ ( Ko - <<K,).
Then, we note that
2 1 - / /
Bl (e, UPY] = o 32 KD ((Kaal = (ol ) (1K) = 1Ko ) (5]
R
1 T
= B UKD (il = (il (1K)~ |Ky,z->>)]
Li=1
"
2 Z«KHK (91)
1
2 do — 1
> — 2
S (r=m— (92)
k(da —1) _ kK
>
- dq - 2r (93)
where Equation (91) is because for ¢1,t2 € {x,y}, we have
Bl Koy il Koy i) = B [tr( K], Kipa) | = tr(AVE[U] [i)ilancUss | A)
1
= ﬂt1=t211§i§7”—77 ’ r—n tI‘(ATA) (94)

= L=, Li<i<r—n,

where Equation (94) is due to Schur’s lemma (noting that U,, and U,, are unitaries acting on
the (r — n)-dimensional space Hanc[l : 7 — 1] ® Hpldz]) and also the fact that (i|an.U,A = 0 for
i > r—mn+ 1, Equation (92) is by Equation (90), and Equation (93) is because r —n > kd; and
dg -1 Z d2/2 Z dl/(27’).

Then, we have

E[tr(!F(Ux,Uyﬂ“)]:%El r tr(\K;>>(<<Kx,ir—<<Ky,ir)(er,j>>—\Ky,j»)«f(gr

KD (K k] = (Kl ) (1Kaa) = 1K) <<K;|)]

~ (6l (1 - 1)) | (95)
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9 T
< % Z E x,i|Kx,j>>|2 + |<<Ky7i‘Ky7j>>|2 + |<< J”|Ky]>>‘2 + ‘<< yZ|K ,J>>| ]

i,7=1
Z E[[(Kail Ka gD I* + [(Kyil Ky i) ] (96)
i,j=1
16d 16d . 2
_ Z (Koal Koy )] = Z [trK KJ)”,
7.7 1 ,_] 1
2 2
. 164d2 A=) 252‘ 256 o)
di r—n rdi — 13
where Equation (95) is because Equation (89), Equation (96) is because
S — KL I} = tr (KL KK ) < KK e - 1y Kl
i,j=1
1
< (IRERL I3 + KR 17) = 5 S KK + 30 ) ] (99)

i,j=1 i,j=1

where K, denotes the matrix with columns |K, ;)), and in Equation (97), the first inequality is due
to Lemma 7.4 and that A is an isometry from Ha[l : 7 — 1] to Hp[da] ® Hanc[l : 7 — 1] (further
note that dim(Hanc[l : 7 —n]) < dim(Ha[l : 7 —n]) dim(Hp[d2]) so we choose k = 1 in Lemma 7.4),
the second and third inequalities is due to do < dy/r +1 < 2d;/r and r < d;. O

5.2.4 Existence for diamond norm

Note that in Theorem 5.4, the cardinality and distance both depend on x, which can be arbitrarily
close to 0. Here, we give another packing nets w.r.t. diamond norm that does not depend on
k. We will use the same construction as that given in Section 5.2.1. Specifically, recall that
n —dl—rL L] =d; — rdy + r. Note that r —n = rds — d;.

Theorem 5.7. Suppose ¢ < 1/160. There exists a finite subset N' of {Voy |U € U,_p} for
Veu defined in Equation (83) with cardinality |N'| > exp((rde — d1)?/4801), such that for any
V, £V, €N, if we set &, = try,,. (Vo (Wi and &, = try,,.(Vy()Vy), then

1
& —
1€ = &llo = 52

Proof. We define |¥) = \/7 Soi_1li)ali)a be an entangled state on Ha @ Ha and ¥ = [UYT|.
We also define Wy : Ha[l : 7 —n] — HB[l] ® Hanc[l : 7 — 1] as:

r—=n
= V1= li)anc ® [1)B(ila-
i=1

We can easily see that

1
N

Vo[ W) = Wo|¥) = [Wo)), Vgl®) =0. (99)
Then, we need the following lemma.
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Lemma 5.8. There exists a finite subset M C U,_,, with cardinality |M| > exp((rds — d1)?/4801)
such that for any U, # Uy € M,
1 1
e (W0 (U] UA))H > 100
e (W (121 - (@), 2 55 (100)
The proof of Lemma 5.8 is deferred to Section 5.2.5.

Now, we are able to prove Theorem 5.7. Let M be the set given in Lemma 5.8. For any
Up # Uy € M, if we set £, = try,,. (I/;7Ux(-)1/'5TUI) and &, = tr?—lam(Va,Uy(')VjUy)a then we have

1€2 = Eyllo = [1€2(¥) — €, (V)]

o ((WO + U, AW (W + EUIA)T) —— ((W0 +eU, A)U (W + aUyA)T) H1 (101)

1

= [ (e (T ANTRAD = b0, (10,800, )

+ et (IWoN(Ua = U)AT) + &t (1(U2 = U) ANl )| (102)
Zﬁ%MWWWWWW—%MDHmmw%—%mwmo?Jg (103)
e N (OGN S (104
2%5 —2¢2 (105)

1
>o5e (106)
In Equation (101), we used Equation (99). In Equation (102), we used UA|¥) = Tl,n‘UA»,
Wo|¥) = —2—|Wp). In Equation (103), we used

[ 13 (VAU AN = tr([UANUA]) =7 = 1.

In Equation (104) we used the fact that try,, . (]W()»(((Ux - Uy)A\) is a linear operator with support

in Ha[l : r —n] ® Hp[d2] and image in Ha[l : r — n] ® Hp[l], which is orthogonal to its support;
and then we used Fact 7.9. In Equation (105) we used Equation (100). In Equation (106) we used
that £ < 1/160. Therefore, we can lower bound the diamond norm

1
€ = &l = 5=

Thus, the set N = {V. 7 |U € M} is the desired set. O

5.2.5 Proof of Lemma 5.8

Proof. We need the following lemma:

Lemma 5.9. For U,,U, € U,_,, let us define

e (LT (USNER UMD

F(U,,Uy) = "

then the function f(Ug,Uy) = ||F(Uyg, Uy)|1 = tr(|F(Usz, Uy)|) is y /%—Lipschitz with respect to the

ly-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Uy, Uy, ~ U,_y,

we have E[tr(IF(Uz, U,)I*)] 2 715, and E[tr(|F(Uz, Uy)IY)] < 5255
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By the Holder’s inequality we have
1/3
E[tr(|F(Us, Uy)2)] < Efte(|F U, U)[4)] " Eltx(|F (U, U2,

which, combined with Lemma 5.9, implies

1

Eltr(|F(Uz, Uy)|)]* 2 o

Thus E[tr(|F(Ug, Uy)|)] > 1/8. Then, since the function f(Ug,Uy,) = tr(|F(Ug,Uy)|) is 7’377_

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P (Vs Uy)]) < 810] = eXp<_(r _217)2 ' 1001. 12> = eXp<_(r2;07(7J)2> '

Then, we independently sample exp((r — n)?/4801) Haar random unitaries in U,_, and the union
bound shows that there exists a non-zero probability that for any pair U, Uy, we have tr(|F(Uy, Uy)|) >
1/80. Thus, there exists a set with cardinality > exp((r — 7)?/4801) = exp((rda — d1)?/4801) such
that Equation (100) holds. O

Then, we give the proof of Lemma 5.9.

Proof of Lemma 5.9. The Lipschitz continuity can be seen from Lemma 7.3, where we treat Wy
and UA as linear operators acting on input space with dimension r — 7.
Define Ky ; = (ilancUzQ, Kyi = (ilancUyA, and K] = [1)p(i|a = ﬁ(i\amwo. This means

KD (il = (Kl )
Then, we note that

1—¢

E[tr(|F(Uy, Uy)|?)] =

e ( S IR ((aal = () (1) — 1) ) ()

BRSNS (€l = (Rl ) (1) - le'>>)]

(r=m)? | =
2(1 — £2) 2(1 — £2) 1
_ r—n) = > 107
(7“—77)2( ) r—n T r—mn (107)
where Equation (107) is because for z1, 22 € {z,y}, we have
Bl{(Ky i Koi)] = E[tr (K, Kei) | = tr(ATE[UL iluneUs] A)
= Loz Li<icr—y - tr(ATA) (108)

r—1
=1, = lici<ry,

where Equation (108) is due to Schur’s lemma and also the fact that (i|ancU,A =0 for i > r — .
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Then, we also have

=1
B [ox(|F(U U)1Y)] = ¢ _177)4 El Y. tr(|K;>>(<<Kx,z-| — (Kl ) (1K) = 1K) ) (5]
ik, 0=1
D (Kl = (]} (1Bt = 1K) ) <<K;|)]
I 2
< | (K] = Kyl ) (1K) — [y )
(r—n)4i’j:1 “( v )( I v )) ]
r—n
< (r _477)4 E“«Kﬂm Kw,j>>‘2 + ‘<<Ky2|KyJ>>’2 + ‘<<K11|Kyj>>|2 + |<<KyZ‘K$J>>‘2]
2,J=1
r—n
< s 3 Bl Kes) P+ (Kol ) ) (109)
2,J=1
_ 1 ST Rl K] = 0 iE[tr(KT K )(]
R~ (= L
16 4(r —n)? 64
R L e o)

where Equation (109) is due to a similar argument as that in Equation (98), and in Equation (110),
the first inequality is due to Lemma 7.4 and that A is an isometry from Ha[l : 7 — 1] to Hp[d2] ®
Hanc[l : 7 — n] (further note that dim(Hanc[l : r — 1)) < dim(Ha[l : 7 — n]) dim(Hp[d2]) so we
choose k =1 in Lemma 7.4). O

5.3 Type II instance: d; < rdy with d; +r < rdy, r < d;

5.3.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d, D in Sec-
tion 4.2.1 correspond to d; and rds here.
Suppose d2 > 1, dy + 7 < rds and r < d;. Let x :== min{(rdy — d1)/dy,1} € (0,1] and let

x=1%) x=[%], ¢=min{x,d>~x}.
We note the following relations can be easily verified:
e x>1,and dy — X > 1 (since di/r + 1 < dy),

o r(dy—X) > rdy—dy—r > g5.rde—r, thus r(d2 —X) > max{r, {7 rde—r} > 575-rdy > jrda,

e rx >di/2 and r(d2 — X) > 4§rdy > §di, and thus r{ > §d;.
Let € € (0,1/2) and %, := ngl i><i|A+Z§l;r<+1\i><i|A be a diagonal matrix. Let g : [d] —

[do] x [r] be a bijective function g(i) = (=] 4+ 1,i — r[=2]), ie., g maps the integers in [d;] to
[d2] % [r] in row-major order. Then, we define the linear operator Vj : Ha — Hp[l : X] @ Hanc as

dy

Vo =Y (I96)1)n © lg(@)2)ancila ) - = (111)

=1
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ds
— Vo
| |
d1 r
(a) Case 1
’ | ‘ ds 7
. [
Vo
| |
dl T
(b) Case 2

Figure 6: Illustration of our construction. There are two cases depending on whether Case 1 :
L%J > dy — (d%] or Case 2 : L%J < dy — [%] . We define linear operators Vp and A from the
di-dimensional space Ha to the dor-dimensional space Hg ® Hanc. The Haar randomness is applied
on the hatched area.

One can easily check that Vj can be written as

Vo= Z’@anc b2 Ki7 (112)
=1
for K; : Ha — Hp[l : X]| satisfying
. 1
ZKJKZZEE and §X'li:j < ’tr(KJKj)‘ Sy'ﬂizj. (113)
=1

Define A : Ha[l : 7(] — Hp[X + 1 : d2] ® Hanc be an arbitrary (but fixed) isometry. Then, for
U e Ur(dr@, we define the isometry V. : Ha — HB ® Hanc as

Veu =W +eUA, (114)

where U acts on Hp[X + 1 : da] ® Hanc. We can verify that V. is indeed an isometry from
Equation (111) and the definition of UA. Note that the image of UA is orthogonal to the image
of V. For clarity, we also illustrate our construction in Figure 6.

5.3.2 Existence for Choi trace norm

Then, we prove that there exists a large set of isometries V; iy with good separation property.

52



Theorem 5.10. Suppose ¢ < £3/2/25600. There exists a finite subset N' of (Ve |U € U (do—3)}
for V. defined in Equation (114) with cardinality

k2(rdy — dy) min{dy,rdy — dq}
>
A= eXp( 3840001 > ’
such that for any Vy # Vy, € N, if we set & = trHanC(Vx(-)VJ) and Ey = tryy,,. (Vy(-)VyT), then
1 3/2
— _ > )
4,108~ Callt 2 T5g55°

Proof. First, we need the following lemma.

Lemma 5.11. There exists a finite subset M C U, (q,_) with cardinality |M| > exp(k3dy (rdy —
d1)/3840001) such that for any U, # U, € M,

3/2

(115)

e (1V0) (10281 = (A1) | 2 35

1
dy 1712800
The proof of Lemma 5.11 is deferred to Section 5.3.3.

Now, we are able to prove Theorem 5.10. Let M be the set given in Lemma 5.11. Then, for
any U, # Uy € M, if we set &, = trHanc(‘/EyUz(')‘/;;Uw) and &, = trHanc(V;,Uy()V;Uy), we have

ICe, — Ce,llx

= 0t (Ve MV ) — 60300 (Ve WV, ) |

(e (Vo AIVLAD = 130, (U, ANT,A )

+ & g ([VON(Us — Uy)A) 2t (10— U AN(Vo )

1

e | 0ty (VON(Ts = UAL) + tr,, (1T = U)ANTAI)|| - 2621 (116)
1
22|y, (IVOI(Us — T)A) || — 267y (117)
1
2H3/2 )
> -2 11
_12800€d1 e d1 ( 8)
13/2
> . 11
2 19800° % (119)

In Equation (116), we used || try,,.((UAWUA|) |1 = tr(|UAN(UA]) = r{ < rx < di. In Equa-
tion (117) we used the fact that try.[anc<\V0>><<(Ux - Uy)A|> is a linear operator with support in

Hall : ¢l @ H[x + 1 : d2] and image in Ha ® Hp[l : x| which is orthogonal to its support; and
then we used Fact 7.9. In Equation (118) we used Equation (115). In Equation (119) we used that
e < k%2/25600. Therefore, we can lower bound the Choi trace norm

1 K32
1. = Ce, [l = 15555+

Thus, the set N' = {V.|U € M} is the desired set, and the cardinality is exp(k3dy (rdy —
d1)/3840001) = exp(k2(rde — di) min{dy, rds — d1}/3840001). O
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5.3.3 Proof of Lemma 5.11

Proof. First, we need the following lemma:

Lemma 5.12. For U, Uy, € U,(q,—y), let us define
1
F(U2Uy) = -t (1V0) (K081 = (U,41)).

then the function f(Ugy,Uy) = ||F'(Uy, Uy)|li = tr(|F (U, Uy)l) is 1/%-Lz’pschitz with respect to the
ly-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Uy, Uy, ~ U,
we have E[tr(|F (U, Uy)|*)] > £, and E[tr(|[F(Us, Uy)|*)] < 2%6

- 4r>

da—X)’

By the Holder’s inequality we have
1/3
E[tr(|F(Ur, Uy))] < E[te(|F (U, U, Elox(|F (U, U,

which, combined with Lemma 5.12, implies

3

Eltr(|F(Us. U)))* > fger

Thus Eftr(|F(Uy, Uy)|)] > £3/2/128. Then, since the fucntion f(U,,U,) = tr(|F(Uy, U,)|) is d%'
Lipschitz, we can use Theorem 7.10 to prove the concentration result:

3/2 L . , -
PP U,)) < & ]<exp<—d”<d2 D o ) < exp it

— 12800 2 40000 - 12 1920000

where we used r(dy —X) = rLTdQT_le > Td?;dl (since rdy —dy > r). Then, we independently sample
exp(k3di (rdy — dy)/3840001) Haar random unitaries in U, (g,_y) and the union bound shows that
there exists a non-zero probability that for any pair Uy, U, we have tr(|F(U,, U,)|) > #3/2/12800.
Thus, there exists a set with cardinality > exp(k3d;(rds — d1)/3840001) such that Equation (115)

holds. O
Then, we give the proof of Lemma 5.12.

Proof of Lemma 5.12. The Lipschitz continuity can be seen from Lemma 7.3.
Define Kyi = (ilancUzA and Ky; = (ilancUyA. Thus F(U,,Uy) = 307, |Ki))(<<Kz,¢| _

<<Kyl|) Then, we note that

E[te(|F(Us, U)P)] = dlE ® Z ) (il = (gl ) (1K) = 1K) ) ()
- 4E é«mm» (sl = () (1B rKy,i»)]
= fl%izr;«Ki'Ki» (120)
> dCl > %, (121)
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where Equation (120) is because for t1,t2 € {x,y}, we have
B[ Koy il Kip i) = E|tr(K], i Kipi) | = tr(AVE[ U] [i)ilancUss | A)
1
=Ly=r -~ tr(ATA) (122)
- :H-t1:t2 : C?

where Equation (122) is due to Schur’s lemma, Equation (121) is because Y ;_; tr(KZTKi) =
tr(Vy Vo) > 3 tr(Iy,) = di/2.
Then, we also have

E[tr<|F<Um,Uy>|4>}=;4E[ > tr<\Ki>>(<<Kx,i|—<<Ky,i|)(|Kx,j>>—|Ky,j>>)<<Kj|

Lo Lijkl=1

W) (Kl = (] ) (1Bt = K00 ) <<Kl|)]

—2 ' 2
X
< X % B | (el = ) (1) 50) | (123)
1yj=1
472 <
< = D0 E{Kail Kog)P + 10K Ky ) P + (B al Ky gD 4+ 1Kyl Ko gD P]
L j=1
X\ 2 2
< = 2 B[ (Kl Ko + (K il Ky ) ] (124)
L g=1
162 « 162 « 2
= - Y B[l Ko ) ] = —= Y B |k Key)|
L 4=1 1 =
16v2 4722 4.rv2¢2 6412 9
I e e (RNX 2 (125)
di r di dj r

where Equation (123) is due to Equation (113), Equation (124) due to the similar argument as that
in Equation (98), and in Equation (125), the first inequality is due to Lemma 7.4 and that A is
an isometry from Hal[l : 7¢] to Hp[X + 1 : do] ® Hanc (further note that dim(Hane) < dim(Ha[l :
r¢]) dim(Hp[x + 1 : d2]) so we choose k = 1 in Lemma 7.4). O

5.3.4 Existence for diamond norm

Note that in Theorem 5.10, the cardinality and distance both depend on , which can be arbitrarily
close to 0. Here, we give another packing nets w.r.t. diamond norm that does not depend on k.
We will use the same construction as that given in Section 5.3.1. Specifically, recall that x := L%j,

X = (%1, and ¢ := min{y, dz — X}-

Theorem 5.13. Suppose ¢ < 1/160. There exists a finite subset N of {Voy |U € Up(gy—x)} for
Ve defined in Equation (114) with cardinality

(rde — dy) min{dy,rdy — d; }
38404 ’

IN| > exp(

95



such that for any V, #V, € N, if we set &, = trHanc(Vx(-)VJ) and Ey = try,,. (Vy(-)VJ), then
16— Eyllo > —c
TR0

Proof. We define |¥) = ﬁ Z:il i)ali)a be an entangled state on Ha @ Ha and ¥ = [U)(¥|. We
also define Wy : Hall : (] — Hp[l : (] ® Hanc as:

¢
Wy = V1—¢e? Z|g(i)1>B ® [9(4)2) anc (| A-
i=1
We can easily see that (c.f. Equation (111)):

Vo[ W) = Wo|¥) = (126)

\/%’WO»‘

Then, we need the following lemma.

Lemma 5.14. There exists a finite subset M C U, (4,_x) with cardinality IM| > exp(r{(rds —
d1)/9601) such that for any U, # Uy € M,

1

e (W) (001 = (U1 )| = - (127)

r¢

The proof of Lemma 5.14 is deferred to Section 5.3.5.
Now, we are able to prove Theorem 5.7. Let M be the set given in Lemma 5.8. For any
Uy # Uy € M, if we set £, = try,,. (V&Uz(-)V;Um) and &, = trHano<‘/},Uy(')‘/;TUy)a then we have

1€ = Eyllo = [[€:(W) = Ey(V)]x

:H g <(W0 F U, A)W(W + eUIA)T) e ((WO + U, AU (W + eUyA)T) H1 (128)

|7 (bt (VAN AD = 0, (U, AT, AD

+ et (IWoN(Ua = U)AT) + &t (1(U2 = U) ANl )| (129)
212 |t (WO = 0)AT) + b3 (10 = U ANOTo) | 222 (130)
= |t (WOl — U | 22 (131)
2%5 — 26 (132)
250° (133)

In Equation (128), we used Equation (126). In Equation (129), we used UA|¥) = ﬁ\UA)),

WoW) = —[Wo). Tn Bquation (130), we used | try,,. ([UANUA|1 = tr(UANUA|) = r¢. Tn

Equation (131) we used the fact that try,, . <\Wo>>(((Uz - Uy)AD is a linear operator with support
in Hall : 7¢] ® Hp[x + 1 : d2] and image in Ha[l : (] ® Hp[l : (], which is orthogonal to its
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support; and then we used Fact 7.9. In Equation (132) we used Equation (127). In Equation (133)
we used that ¢ < 1/160. Therefore, we can lower bound the diamond norm

1
1€z — ngO > %5-

Thus, the set N = {V | U € M} is the desired set, and the cardinality is at least exp (%) >

exp((Tdrdl)%lzigigil’rdrdl}), since r¢ > %dy = 1 min{dy, rdy — d1}. O

5.3.5 Proof of Lemma 5.14
Proof. We need the following lemma:

Lemma 5.15. For U, Uy € U,(q,—y), let us define
1
F(Us, Uy) = & e ([W0) (U2 A = (UA) )

then the function f(Ugy,Uy) = |F(Uy, Uy)|li = tr(|F (U, Uy)|) s ,/%-Lipschitz with respect to the
la-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Uy, Uy, ~ U,

we have E[tr(]F(Ux,Uy)F)] > 1 and E[tr(|F(Ux7Uy)]4)] < %.

)

da—X)’

By the Holder’s inequality we have
1/3
E[te(|F(Us, Uy)?)] < E[tr(IF (U, UMY Eltr(|F (U, U) D

which, combined with Lemma 5.15, implies
Eltr(|F(Us, U)DP > o
B T
Thus E[tr(|F (U, Uy)|)] > 1/8. Then, since the function f(U,,U,) = tr(|F(Us, Uy,)|) is 4/ =-

r¢
Lipschitz, we can use Theorem 7.10 to prove the concentration result:

1 rCor(de—%) 1 r((rds — di)
Pltr(|F(Us, Uy)]) < 80] < exp(— 9 100 - 12) < exp(—4800> ’

where in the last inequality we used r(dy — X) = TLT’d2T_d1J > Td22_ 4 (since rdy —d; > ).
Then, we independently sample exp(r((rds — d1)/9601) Haar random unitaries in U, (g,_y) and
the union bound shows that there exists a non-zero probability that for any pair U,,U,, we have
tr(|F'(Ug, Uy)|) > 1/80. Thus, there exists a set with cardinality > exp(r{(rds — d1)/9601) such

that Equation (127) holds. O
Then, we give the proof of Lemma 5.15.

Proof of Lemma 5.15. The Lipschitz continuity can be seen from Lemma 7.3, where we treat Wy
and UA as linear operators acting on the input space with dimension r¢.
Define Ky ; = (ilancUzA, Kyi = (ilancUyA, and K] = (i|ancWo. We can easily see that

1
56 Ly < ‘tr(KQTK}) < (- Ly, (134)
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and also
Ux,U QZLK/( m‘ <<Kyyz‘)

Then, we note that

E[tr(\F(Uz,UwP)]—?;CQE (ZK( Kol = <<Ky,i)(Kz,j>>Ky,j>>)<<f<§-)]

,j=1

> e E > (€l = (Bl ) (1) - |Ky,z->>)] (135)
1

=920 ¢ = (136)

=

where Equation (135) is due to Equation (134), and Equation (136) is because for t1,ty € {z,y},
we have

E[( Ky il Kty i) = E[tl‘(K;fhiKtz’i)] = tT<ATE[Ut |i)(i |ancUt2} A)
= 14—, - %tr(AT A) (137)
= 14, =1,C,

where Equation (137) is due to Schur’s lemma..
Then, we also have

E[tr<rF<Ux,Uy>|4>]=7jc4E[ > tr(rK;>>(<<Kx,ir—<<Ky,z-|)(m,j>> 1K) ) ()

i:jzkzl::l

D (Gl = (B rl) (1t — 1K) ) <<K;|)]

< Y E “( Kasl = (06l ) (1050 = 16,50 (139)
3,7=1

sr%z Z (K il K D2 + (K i Koy gD P+ (il Ky DI + (K i K )]
3,7=1

<45 ZE Ko i Ko )7+ (Ko Ky )] (139)

T‘C s

= A2 Z E a:7i‘Ka:7j>>‘ ] 4 3 Z EDU‘ K ij)‘2:|,

TC 4,j=1 C i,j=1

r 2
3;2.4@ o a0)

where Equation (138) is due to Equation (134), Equation (139) is due to a similar argument as
that in Equation (98), and in Equation (140), the first inequality is due to Lemma 7.4 and that A
is an isometry from Ha[l : (] to H[X + 1 : d2] ® Hane (further note that dim(Hanc) < dim(Ha[l :
r¢]) dim(Hp[x + 1 : d2]) so we choose k =1 in Lemma 7.4). O
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Vo

dl r

Figure 7: Tlustration of our construction. We define linear operators Vp and A from the d;-
dimensional space Ha to the dor-dimensional space Hp ® Hane. The Haar randomness is applied
on the hatched area. The gradient-colored area means the image of Vj is approximately “uniformly”
distributed along the r-axis, using Lemma 7.5.

5.4 Type Il instance: d; < rdy, with d; +r < rdy, dy <r
5.4.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d, D in Sec-
tion 4.2.1 correspond to d; and rds here.
Suppose dg > 1. We further assume di +r < rdo and d; < r. Let x = (é} Thus x > 1 and
xd1 > r. Moreover, since dids > 2r (see Equation (55)), we have y < (%ﬂ and thus do — x > L%Qj
Note that xd; > r. Thus by Lemma 7.5, there exists a set of linear operators {K;};_, for
K;:Ha — Hp[l : x] such that

S KK = (1), and ‘u«(KjKj)}g
=1

2dim(Ha 2d;
7“> =y = o Li—j. (141)

Then we define Vj : Ha — Hp[l : x] ® Hanc as
Vb — Z|Z’>anc & Kz
i=1

Note that Vj can also be written as Vp = /1 — €2V for some isometry V : Ha — Hp[l : x] @ Hanc-
Define A : Ha — Hp[x + 1 : d2o] ® Hane be an arbitrary (but fixed) isometry. Then, for € € (0,1/2)
and U € [UT(dQ,X), we define the isometry V. iy : Ha — HB ® Hanc as

Ve =Vo+eUA, (142)

where U acts on Hp[x + 1 : d2] ® Hanc. We can easily verify that V. is indeed an isometry. We
also note that the image of UA is orthogonal to the image of V. For clarity, we illustrate our
construction in Figure 7.
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5.4.2 Existence

Then, we prove that there exists a large set of isometries V; iy with good separation property.

Theorem 5.16. Suppose ¢ < 1/4000. There exists a finite subset N of {Veu|U € Upgy,—y)}
for Ve defined in Equation (142) with cardinality |[N'| > exp(rdida/307201), such that for any
V, £V, €N, if we set &, = try,,. (Vo (\Vi) and &, = try,,.(Vy()Vy), then

1 1
ZCe — Ce |1 > .
g, 168 = Cell 2 55552

Proof. First, we need the following lemma.

Lemma 5.17. There exists a finite subset M C U,(q,_y) with cardinality |M| > exp(rdida/307201)
such that for any U, # U, € M,

1

> —, 14
1~ 2000 (143)

o R (LT CCANER AN

The proof of Lemma 5.17 is deferred to Section 5.4.3.
Now we are able to prove Theorem 5.16. Let M be the set given in Lemma 5.17. Then, for any
Uy #Uy € M, if set &, = try,,. (VeUx()VETUI) and & = trHanC(Ve,Uy(-)V:Uy), we have

ICe, — C¢,lI1

|| 00 V0 MOV ) = 530 (Ve MV ) |

(0o (U AU =t (U, ANT,AD )

e wr ([VON(Us — Uy)A) + 2t (10— U AV )

1

e | 60340 (VN — Up)A]) + tr3tg, (1(U = U ANYL) || — 2% (144)
1
=2e|| trye,,. (IVON(U — U)A)|| = 26%d1 (145)
1
> 1000€d1 — 252d1 (146)

In Equation (144), we used || try,,.([UANWUA |1 = tr(JUAMUA|) = di. In Equation (145) we
used the fact that try, <|V0>)<<(UgC — Uy)AD is a linear operator with support in Ha @ Hg[x+1 : da]

and image in Ha ® Hp[l : x] which is orthogonal to its support; and then we used Fact 7.9. In
Equation (146) we used Equation (143). In Equation (147) we used that ¢ < 1/4000. Therefore,
we can lower bound the Choi trace norm

1 1
1€ = Ce, [l = g555=:

Thus, the set N = {V. ¢ |U € M} is the desired set. O
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5.4.3 Proof of Lemma 5.17

Proof. First, we need the following lemma:

Lemma 5.18. For U,,U, € Uy let us define

d2—x)»
F(UU,) = 5t (V) ((U28] = (0,1)).

then the function f(Ug,Uy) = ||F'(Uy, Uy)|li = tr(|F (U, Uy)l) is ,/%—Lipschz’tz with respect to the
l2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Uy, Uy, ~ U,

we have E[tr(|F(Uy,Uy)|?)] > L, and E[tr(|F(Uy, Uy)[*Y)] < %.

)

da—x)»

By the Holder’s inequality we have
1/3
E[tr(|F(Us, Uy)P)] < E[tx(|F(Us, Uy)|")]" Eltr([F (U, U,) D],

which, combined with Lemma 5.18, implies

1
Elte(|F (U, Uy) )] 2 381"

Thus E[tr(|F(Uz, Uy)|)] > 1/20. Then, since the function f(U,,Uy,) = tr(|F(Us, Uy)|) is d%—
Lipschitz, we can use Theorem 7.10 to prove the concentration result:

1 dir(da—x) 1 rdid
< - < _ . < -
P|tr(|F(Us, Uy)|) < 2000] < exp( 5 1600-12 /) = P\ " 153600 )’

where we used dy — x > |d2/2| > d2/4. Then, we independently sample exp(rdidz/307201) Haar
random unitaries in U, (4,—,) and the union bound shows that there exists a non-zero probability
that for any pair Uy, Uy, we have tr(|F(U,, Uy,)|) > 1/2000. Thus, there exists a set with cardinality
> exp(rdydy/307201) such that Equation (143) holds. O

Then, we give the proof of Lemma 5.18.

Proof of Lemma 5.18. The Lipschitz continuity can be seen from Lemma 7.3.
Define Kyy = (ilancUsA and Kyj = (ilancUyA. Thus F(U,,U,) = L3707 |Ki))<<<Kz7i| -

<<Ky7i|). Then, we note that

Eltr(|F(Us, Uy)1*)] = S B tr [ > K ((Kail = (Kyal ) (1K) — 1Ky ) ) (K5
di ij=1

- BE SR (Kl — () (1K) — |Ky,z->>)]

Li=1

— S (Kl (148)
i=1

> (149)
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where Equation (148) is because for z1, 22 € {z,y}, we have

E[(K

K., = E[tr(KL K2>} :tr(NE[U 1) anc 22} A)

= L=z - tr(NA) (150)
dq

=1, _, - —
1=22 )
T

where Equation (150) is due to Schur’s lemma, Equation (149) is because ) ;_; tr(KiTKi) =
tr(Vy Vo) > L tr(Iy,) = di/2.
Then, we also have

E[tr<|F<Um,Uy>|4>}=;4E[ > tr<\Ki>>(<<Kx,i|—<<Ky,i|)(|Kx,j>>—|Ky,j>>)<<Kj|
7 1

1 W5,k 0=

160 (] — (5l (1K) — 15, >>)<<Kl|)]

/- 2
< ﬂd%i;la[ (Uil = (yal) (1K) = 1K) } (151)
< 12 S B[ (K il Ko ) 2 + (Kl Ky )2+ 1(Fo sl Ky gD + | (il K )]
ij=1
< ‘;’Z S B[ (Fo il Kag DI + (il Ky ) 2] (152)
ij=1
- e S Bl )] = oy 3 B fntat ]
i,7=1 4,7=1
= % (153)

where Equation (151) is due to Equation (141), Equation (152) due to the similar argument as that
in Equation (98), and in Equation (153), the first inequality is due to Lemma 7.4 and that A is an
isometry from Ha to Hp[x+1 : do] ® Hane (further note that dim(Hane) = 7 < di1da/2 < 2d; L%QJ <
2dy(de — x) = 2dim(Ha) dim(Hp[x + 1 : d2]) so we choose k = 2 in Lemma 7.4). O

6 Query lower bounds

Now, we combine the results from Section 4 and Section 5 to give the lower bounds for quantum
channel tomography.

Theorem 6.1. Let di,ds,r be positive integers such that di < rds < %dl. Suppose € < W}GO and

rdidy > 7-10%. Then, tomography of an unknown channel £ € QChany ,, to within Choi trace
di

norm or diamond norm error sgeesng With probability at least 2/3 must use at least n > 5 1019 -

queries to £.

Proof. This can be obtained by combining Theorem 4 1 with Theorem .2. Specifically, a tomog-
raphy algorithm to within Choi trace norm error = 39g6000 can discriminate between the

2~1983000

62



quantum channels constructed by Theorem 5.2. Therefore, this algorithm can be used to dis-
criminate between the corresponding Stinespring dilation isometries (simply discard the ancilla
system and then apply this algorithm). Note that these isometries coincide with those defined in
Section 4.1.1 (up to a change of basis). Furthermore, note that %d% > rdidy > 7 -10%° implies

di > 7-10'2. Therefore, Theorem 4.1 applies and shows that any such algorithm must use at least
2

n > ﬁ . dg—l queries. Since diamond norm is always larger than or equal to the Choi trace norm,

this lower bound also applies to diamond norm tomography algorithms. ]

Theorem 6.2. Let c € (0, 1] be constant, and dy,da, r be positive integers such that (14c)d; < rds.

Suppose € < %ﬁ(} and rdids > 2'011%30. Then, tomogripizy of an unknown channel £ € QChany_ ,,
to within Choi trace norm or diamond norm error 2656/005 with probability at least 2/3 must use at
least n > 18?6 . ”‘?2@ queries to £.

Proof. This can be obtained by combining Theorem 4.4 with Theorem 5.4, Theorem 5.10 and
Theorem 5.16. Specifically, the regime d; < rds can be divided into three regime:

(i) rdy < di + T,
(ii) d1 +r < rdg and r < dj,
(iii) dy +r <rdy and d; <,

which are covered by Theorem 5.4, Theorem 5.10 and Theorem 5.16, respectively. We define k =
min{%, 1}. By assumption, we know that x > ¢. Note that rds < %(TdQ —dy), d; < %(TdQ —dq)
and rdidy < c%(rdg —dy)?%. Since rdidy > 2';170030, we know rdy — dp > %.

In regime (i), first note that 2r < rdy < d;+r (since dy = 1 is trivial), which means d; > r. Thus
rdo—d; <r < dp. A tomography algorithm to within Choi trace norm error %5 can discriminate
between exp(ﬁ(rdg — d1)?) quantum channels constructed by Theorem 5.4. Therefore, this
algorithm can be used to discriminate between the corresponding Stinespring dilation isometries
(simply discard the ancilla system and then apply this algorithm). Note that these isometries
coincide with those defined in Section 4.2.1 (up to a change of basis). Furthermore, note that
rdy — di > 2'1:7213. Therefore, Theorem 4.4 applies and shows that any such algorithm must use n
queries such that

4 72 6
n>_C ‘ (rde — dy) S c . rdady
— 8-1012 g2 — 161012 g2
In regime (ii), we define d' = min{dy,rdy — d;}. A tomography algorithm to within Choi trace
3/2 .. c? /

NOrm error szzose can discriminate between exp(sgiaao7 (rde — d1)d’) quantum channels constructed
by Theorem 5.10. Therefore, this algorithm can be used to discriminate between the corresponding
Stinespring dilation isometries (simply discard the ancilla system and then apply this algorithm).
Note that these isometries coincide with those defined in Section 4.2.1 (up to a change of basis).
Furthermore, note that rdo — dy > %. Therefore, Theorem 4.4 applies and shows that any such
algorithm must use n queries such that

n 2 C4 ) (’I“Clg — dl)d/ Z 06 ) ledg
5-1014 g2 1016 g2

In regime (iii), note that rde — d; > r > d;. Furthermore, since rdy > 2r > 2d; (since dy =1 is
trivial), we have rdy — d; > rds/2. A tomography algorithm to within Choi trace norm error ﬁg
can discriminate between exp(s55ardid2) > exp( 507 (d2—di)d1) quantum channels constructed
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by Theorem 5.16. Therefore, this algorithm can be used to discriminate between the corresponding
Stinespring dilation isometries (simply discard the ancilla system and then apply this algorithm).
Note that these isometries coincide with those defined in Section 4.2.1 (up to a change of basis).
Furthermore, note that rdy — d; > 7 - 10'2. Therefore, Theorem 4.4 applies and shows that any
such algorithm must use n queries such that

1 (ng — dl)dl 1 T’dldg
> . > . .
EEVISTIE 2 =5.102 g2

Then, combining the results in these three regimes, we obtain the desired lower bound. More-
over, the Choi trace norm lower bound directly implies the same lower bound for diamond norm. [J

Theorem 6.3. Let dy,ds, r be positive integers such that di < rdo < 2dy. Suppose € < ﬁ and

rdy — dy > 64 - 38404%. Then, tomography of an unknown channel £ € QChany ,;, to within

(rdg—d1)2

3 1 .
32-384042 &2

diamond norm error 155 with probability at least 2/3 must use at least n >
queries to £.

Proof. This can be easily obtained by combining Theorem 4.4 with Theorem 5.7 and Theorem 5.13.
Specifically, the regime d; < rdy can be divided into three regime: (i) rdy < dj+7, (ii) rde > dy +r
and dy > r, (iii) rde > di; +r and dy < r. Since the case (iii) implies rds > 2d;, so we know that
the regime di < rdy < 2d; is in the union of regime (i) and (ii), which are covered by Theorem 5.7
and Theorem 5.13, respectively.

In regime (i), a tomography algorithm to within diamond norm error £/160 can discriminate
between exp((rdy — d1)?/4801) quantum channels constructed by Theorem 5.7. Therefore, this
algorithm can be used to discriminate between the corresponding Stinespring dilation isometries
(simply discard the ancilla system and then apply this algorithm). Note that these isometries

coincide with those defined in Section 4.2.1 (up to a change of basis). Therefore, Theorem 4.4
1 (rd2—dy)?
2as 2

applies and shows that any such algorithm must use at least n > queries (note
that rdy — d; < dl).

In regime (ii), we use a similar argument. Note that rdy — d; < dj. Thus Theorem 5.13
provides exp((rds — dq)?/38404) quantum channels, which also have Stinespring dilation isometries

that coincide with those defined in Section 4.2.1 (up to a change of basis). Therefore, Theorem 4.4

dy)? )
applies and shows that any such algorithm must use at least n > 32.3540 el (Td2€2d1) queries.
Then, combining the results in these two regimes, we obtain the desired lower bound. O

Corollary 6.4. Let dy,ds,r be positive integers such that di < rdo < 2d;. Suppose ¢ < ﬁ and

rdy — di > 64 - 384042, Then, tomography of an unknown channel £ € QChany ,, to within Choi

1 . (T’dz/dl—l)z
32-384042 g2

trace norm error 15 with probability at least 2/3 must use at least n >

to £.

queries

Proof. Let ¢ = dj - . By Equation (4), a tomography algorithm to within Choi trace norm error
160 18 also a tomography algorithm to within diamond norm error ﬁa/ . Note that &’ < -

160
_ 2
Thus Theorem 6.3 applies and shows that this algorithm must use n > 32.3814042 . ("'dEa,le) _
1 (rdy/d1—1)2 . -
32.384042 ° 22 queries.
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7 Deferred lemmas

7.1 Technical lemmas

Lemma 7.1. Suppose G is a compact Lie group and p(-) is an action of G on a finite-dimensional
Hilbert space H. Suppose X € L(H) is positive semidefinite. Then,

g~G

-1
tr ((E [p(g)Xp(g)_1]> X) < dim(H),
where EG denotes the expectation over the Haar measure of G and ()~ denotes pseudo-inverse.
9~

Proof. Define X = E [p(9)Xp(g9)~*]. Then

tr (Y_1X> =tr (Y_IX)
- E, [tr(p(g)f_lX p(g)’l)}

= EG[tr(Y_lp(g)Xp(g)’l)}

gl\/
= (X7'X)
< dim(H),
where we used that X commutes with p(g). O

Lemma 7.2. Suppose n,m are positive integers such that n > m. For i € [n], let H; = C? be
a Hilbert space. We use {|0),...,|d — 1)} to denote an orthonormal basis of C?. We define the
following subspace of Q- H:

A=span | § > [0)* @ [0)"N5 g edl |,
SC[n]
|S|=m
where I1 C span{|1),...,|d — 1)} is a subspace orthogonal to |0). Then,

dim(A) = <dim(H) +m — 1>.

m

Proof. We define

P=>" p(n),
€Sy
where p(-) denotes the action of &, on @, H; (that is, for 7 € &,, p(m)[¢1) @ --- @ [¢hn) =
[Vr-1(1)) @ -+ @ [hz-1())). We can see that, when restricting to the subspace span({|¢))®™ @
|0)®n=m | |4h) € T1}), P is injective and A is exactly the image of P on this subspace. Therefore, A
has the same dimension as span({[1)®™ | |¢) € I1}) = V™II. The latter is the symmetric subspace
of II®™_ which is of dimension (dim(ngj'm_l) [Har13]. O

65



Lemma 7.3. Let Hi, Ho and Hs be Hilbert spaces with dimension di,ds and ds, respectively. Let
Uz, Uy € Ugya, be unitaries acting on Ho @ Hz. Let V(W : Hi — Ho @ H3 be sub-isometries (i.e.,

VIV, WIW < I, ). Then, the following function is ,/%—Lipschitz

£ ) = ]| s (V) (W] = (0, W1)

i.e., |f(Uz,Uy) = f(U, U,)| < w/d%\/HUw —UL% + |U, = Up\l%. Here||-||1 denotes the trace norm

and || - || denotes the Frobenius norm.

Proof. First, note that

| e (V) (W) = o)) || < [ vhcwawt = qow| (154)
= [[IV)] - [IU=W) — (U, W]
< Vi -[[|U) U, W) (155)

=y -\t (W (U — U1 (U — U)W)
< VA Jte(Us — U Uz = Uy)) = Vi - [ Uz = Uy, (156)

where Equation (154) is because partial trace is contractive in trace norm, Equation (155) is due
to VIV < Iy,, Equation (156) is because WWT < Iy, ® Iy, since WIW < Ip,. Then, we can
show that

f(UxaU ) - f(U,’Uz;)‘
b (V) (U W] = (U, W1)) = tows (V) (W] = (U w))) ||

<

1
ngmg (] = (D) |+ [ e (VD (@1 = o)) |
<10~ Uil + 1, - U ) (157
SN A A

where Equation (157) is due to Equation (156). 0

Lemma 7.4. Suppose Ha, He and Hane are Hilbert spaces with dimensions di, dy and r, respec-
tively. Further assume that dy/dy < r < kdidy for some k > 1. Suppose U € U,q, is a Haar-random
unitary acting on Hg @ Hane and A : Hao — HB @ Hane s an isometry. Then

2(1+ k)d?

r

> efr(a0 i) ] <

7]7

Proof. For any 14,7 € [r],

?

di1
2:[w@ﬁ.mmeWMAWWXMJmmwuNﬂ

H@WWMMﬂMH
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di

=2 2d§1—1 [tr(Alle!AN) e (AJRNIAAT) -t (110 lane © T - [7)ilane © Tn)
k=1

0 (AIGIAAT - AJRYUSAT) 0 (ilane ) - ()le & T)|

1

rhE T [tr (AlkIAAT) - tr(ARIAAT) - tr (ji}lane © In) - tr (13)ilane © In)

on (AT AN - (e T )l )| (159

di
1 1
= ————(Lpmds + Lijd3) — ———5 5 (Lpmy Lijd3 + d2)>
:d1d2 + li:jd%d% B ﬂi:jdld% + d%dg
r2d3 —1 r3d3 — rds

where Equation (158) is by Corollary 7.13. Hence,

> g

2,j=1

T’2d1d2 + Td%d% _ led% -+ T'Qd%dg
r2d3 — 1 r3d3 — rds

r2dydy + rd3d}

- 7‘2d% -1

d &
<2(—+-
B <d2+r>
S2u+mﬁ

r

(a0t =

: (159)
where Equation (159) uses r < kd;ds. O

Lemma 7.5. Let di,dy and r be integers such that di/de < r < dids. Let Ha be a Hilbert space
of dimension dy and Hp be a Hilbert space of dimension do. Then, there exists a set of linear
operators {K;}i_, with K; : Ha — Hp satisfying

° tr(KJKj) =0 for any i # j,
o tr(KJKi) < 2dy/r for any i € [r],
o« Y KIK; =1Ia.

Proof. We distinguish between two cases depending on whether d; < dy or not.

Case 1: d| < ds, let k= L%J > 1. We can write Hp = (@le HAZ-) @ C%  with Ha, = C% for
each ¢ and d3 = dy — kdy < d;.

For each i € [k], there exists | = df orthogonal dy x di unitary matrices {Uj;} ;e (one can
take the generalized Pauli operators). We may find a subset S C [k] x [I] with |S| = ’15 because
kil = L%Jd% > {%WZ {%W For (i,7) € S, we view U;; : Hao — Ha, as a linear operator that
maps from Ha to the i-th block Ha, C Hp, and we define the linear operator K ; as

1

K Ui j.
)] m 5]

We then check:
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(a) For all (i, ), (i, j') € S,

dy 2d,
5 LivirLjmgr < = Lis Ly

tr(Kinl’/’j/) =

(b)
ZK ZEUU

(i.)€S (i.5)€S
(c) The total number of constructed operators is S| < r.
Case 2: di > ds, let k = LZ—;J € [1,r] and write di = kda + d3 with 0 < d3 < d2. We can then
write Ha = (@le 7‘[81-) ® Hc, with each Hp, = C%.
For each i € [k], there exists a family {U; ;};ep of [ = [57] € [1, d3] orthogonal dy x da unitary

matrices. For the block Hp, (i =1,...,k), we view U; j : Hp, — Hp as a linear operator that acts
nontrivially only on the i-th block Hp;, C Ha, and we define the linear operator K; ; as
1
Ki; Ui

’L,j:W

For the remaining block Hc, since d3 < da we can use the construction similar to that in Case
1. Specifically, we split Hp into L%J equal-dimension blocks (possibly leaving a remainder). For
each 7 < L%J, there are d3 orthogonal d3 x ds unitary matrices that maps from Hc¢ to the i-th
block in Hp. These unitaries can be viewed as orthogonal isometries from H¢c to Hp and there are
LZ%J - d% such isometries in total. We choose 7/ = (%W < %J - d3 of them, say V{,...,V/, and
define

1
Kpir0 = —=Vy,
k+1, \/7’7
for ¢ € [r']. We can check
(a) For all 4,7 € [k] and 7,5 € [I],

2d1

tr (K] Ky ) = LicpLj—j— < Ly 1 -

Jj=Jj’ l
where we used dTQ < @ < %, and for ¢/,4" € 1],

T d3 2d1
tr (Kk?-‘rl 4 Kk+1 7,”) - H ’—7/’7 < 1, i =il . ,

and obviously tr(K,IijH,i/) =0 for i € [k].
(b)

k1 r’ kol "
ZZ ’]+2Kk+lz’Kk+1l/_ZZIIBi"i'ZpIC
i=1j=1 =1 i=1 j=1 =1

= Ia.

(¢) The total number of constructed operators is

thtr' = ka’” Eizlﬂ = H + E_ r2kdci21 =7
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7.2 Auxiliary facts

We also need the following facts.

Fact 7.6. Let p € [0,1], and n and k be two positive integers such that n > k. We have that

(1) < expturii/n).

where H(-) denotes the binary entropy function.

) -7 G

n

so the inequality (Z) < kk(nﬁw follows. O

Proof. We observe that

Fact 7.7. Let |¢)) be a vector in the support of a positive semidefinite operator M. We have that
M > [Y)y] <= 1> (p|M 7 |),
where M~ is the pseudoinverse of M.

Proof. We have the following chain of equivalences

M Z W><¢’ <~ Isupp(M) Z M_1/2W><¢‘M_1/2
= 1> te(MP) g M)
= 1> M Hy),

where M~1/2 is the pseudoinverse of M1/2, O
Fact 7.8. We have that for all positive numbers x and M
xIn(M/x) < M/e.

Proof. The derivative of the function f(z) = zln(M/z) is f'(z) = In(M/x) — 1. So f’ is strictly
monotonically decreasing and f'(M/e) = 0. Hence f(x) < f(M/e) = M/e. O

Fact 7.9. For any square matriz M such that M? = 0, we have
1M + My = 2| M1

Proof. Note that
IM + M|, = tr< (M + MT)2> - tr(x/MMT n MTM) - tr( MMT> ~|—tr( MTM> ,

where the last equality is by using supp(MMT) L supp(MTM). O
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Theorem 7.10 ([MM13, Corollary 17]). Let k,d > 1. Suppose that f : (Ud)k — R is L-Lipschitz
with respect to the ly-sum of the 2-norms (Frobenius norm), i.e.

k

|f(Ur,. . Uk) = F(UL, . O < Ly DU = U3 (160)
=1

for allU;, U] € Uy, with i =1,...,k. Then, if we independently sample Uy, ..., Uy according to the
Haar measure on Uy, the following inequality holds for each t > 0:

2
P[f(Ul, . ,Uk) > E[f(Ul, .. ,Uk)] +t] < exp (— 1322) . (161)

The following facts from Weingarten calculus are needed in this work. For 7 € &,, a permutation
of [n], we denote by Wg(m,d) the Weingarten function of dimension d.

Lemma 7.11. Let U € Uy be a Haar-random unitary and let {A;, B}, be a sequence of complex
(d x d)-matrices. We have the following formula for the expectation value:

E [tr(UBlUTAlU ...UB,U'A,)

= Z Wg(Ba™t,d) trg-1(B1, ..., Bn) tray, (A1, ..., An),
a,Be6,

(162)

where v, = (12...n) € &, and, writing o in terms of cycles {C;} as o =[]; Cj,

try (M, ..., M, HtrHM

i€l

Proof. For elementary matrices Aq,..., A, B1,..., By, the lemma is exactly [CSOG Corollary 2.4].
To see this, let us assume that Ay = |#})(ia|, A2 = |i5)is], ..., Ay = |il,Xi1]| and By = |j1)(j1], B2 =
72)d2ls - - - s Bn = [jn)jn| for some iy, ... in, 4, .. 4, € [d] and j1,. .., jn, J1,- .-, Jy € [d]. The LHS

of (162) can be computed using [CS06, Corollary 2.4]:

E [tr(UBlUTAlU...UBnUTAn)] —E [U,-m-l Ui T o U

nJn

P 71 . . . . . . . . .
- Z We(Ba ’d)]l“:z&(n"““”:’&(n) 131:323(1)""’9":%(7;)‘
a,Be6,

Since the matrices Ay,..., A, and By, ..., B, are elementary, the RHS of (162) can be expressed
as follows:

> We(Ba™" d)trg-1(Bu,. .., Bn) tray, (A1, ., Ay)
7186671
Z We(Bas )L, =it i1 oy =i o=l 0y 1= )
7186671
Z Wg ) ]1—]5(1)7 o Jn ]ﬂ(n) lzl la(l)y 71n—la(n)
a,BEG,
Hence, (162) holds for elementary matrices. The generalization is obtained by linearity. O
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The following values of the Weingarten function are known [CS06, Section 6].
Lemma 7.12. The function Wg(w,d) has the following values:
o Wg((1),d) = g,

o Wg((12).d) = gzty.

o Wg((1)(2),d) = 3.
Then, we can easily see the following result.

Corollary 7.13. Let U € Uy be a Haar-random unitary and Ay, By, Aa, By are complex (d X d)-
matrices. We have:

1
E tr(UBlUTAlUBQUTAg)] = 5 [tr(Bl)tr(BQ)tr(AlAg) +tr(BlB2)tr(A1)tr(A2)}
1

TAd@ -1 [tr(Ble) tr(A1Ag) + tr(By) tr(Bz) tr(A;) tr(AQ)] ,

Proof. By Lemma 7.11, we have
E [ur(UB1 UT A UBUT AQ)]
=Wg((1)(2),d) {tr(l)(2)(B1’ Ba) tr(12)(A1, A2) + tr(12) (B, B2) tr(1)(2) (41, Az)}
+ Wg((12),d) [tr(12)(Bl7 Ba) tr(1z) (A1, A2) + tr(1)2) (B, B2) tr(1)2) (41, A2)

:ﬁ {tr(Bl) tr(Bsg) tr(A; Ag) + tr(B1 Bs) tr(Ap) tr(Asz)

_ d(d21—1) [60(B1Ba) (A1 As) + tx(By) tr(Ba) tr(Ar) ()],

where the last equality is due to Lemma 7.12. ]

8 Isometry channel tomography

8.1 Diamond norm tomography

In this section, we prove a lemma that extends the unitary channel tomography algorithm that
uses O(d?/£?) queries in [HKOT23] to isometry channel tomography.

Lemma 8.1 (Isometry channel tomography in diamond norm). Suppose that di < da are two
positive integers and e € (0,1). Let V : C% — C® be an isometry and V = V(-)VT € ISOy, 4,
be the associated isometry channel. Then, there exists an algorithm using O(dydy/€?) queries to
channel V and it outputs an isometry channel estimate V such that v - )7”0 < e with probability
> 2/3. Further, the algorithhm uses these queries in parallel.

To prove Lemma 8.1, one of the key techniques is the following lemma [CL14, KRT17, GKKT20,
HKOT23] for pure state tomography.
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Lemma 8.2 (Pure state tomography, cf. [HKOT23, Proposition 2.2]). Suppose d is a positive
integer. Then, there exists an algorithm for pure state tomography using O(d/emax) copies of the
unknown quantum state |v) € C?, and it outputs a pure state estimate (by a classical description)
[0) such that

9) = ¢V1 —elv) + Velw),

where ¢ is a random phase, € € [0,1] is a random number with Ple < emax] > 1 — exp(—5d), and
|w) is a Haar random state orthogonal to |v).

We also need the following lemma that allows us to convert a weak tomography algorithm into
a standard tomography algorithm, as required by Lemma 8.1.

Lemma 8.3. Suppose di < dy are two positive integers. Let V : CH — C% be an isometry
and V = V(-)VT € 1SOy, 4, be the associated isometry channel. Let A be an algorithm for weak
isometry channel tomography that satisfies the following condition: using queries to V, it outputs
an isometry estimate V:Ch — C% such that

PP|3 diagonal unitary ® : C* — C%, ||[V® — v

1
SES}Zl—n, (163)
op 8

where ||||,, denotes the operator norm. Then, there exists an algorithm for isometry channel

tomography that uses A twice in parallel and outputs an isometry estimate V' such that

o[-

< 985} >1- 2.
<&

Proof. Our proof extends that of [HKOT23, Proposition 2.3] for unitary channel tomography to
the setting of isometry channel tomography. Let A be an algorithm for weak isometry channel
tomography as described in Lemma 8.3. We first apply A that uses queries to the original channel
V to obtain an isometry estimate V; : C% — C%. In parallel, we can apply A that uses queries to
the modified channel V o F to obtain another isometry estimate Vo : C% — C?%, where F is the
quantum channel for implementing the quantum Fourier transform F : C% — C%.

Combining our condition of A and the union bound, we obtain

HV<I>1 W <e (164)

<e and HVF<I>2 -V

op op

for some diagonal unitaries ®1,®y : C4 — C%, with probability > 1 — 2. Because V is an
isometry, we have V1V = Z;-h:_ol\ JXJ| = Iaq,. As a result,

HT/ITT/; ol F,

<[|(' - alv)Ta], + olv! (7 - vra,)
op op

op
< qun—ffI +HVF<I>2—17§
op op
< 2e.
Now we define p(k, j) to be the proposition
= ¥ ) 4e
k(V1 Vo — @ F<I>2>]‘§—. 165
[t (e )] < o (165)
Using the pigeonhole principle, one can obtain
. ) 3dy
forany j=0tod; —1, #{k:pk,j)}> R (166)
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with probability > 1 — 2n, where #{k : p(k,7)} stands for the number of k such that p(k,j) is
satisfied.

St
Define ®3 = Z’lj;lo %Ug)(ﬂ If p(k, j) is satisfied, we obtain, from Equation (165),

[kl @s5) — (kI [E) - (7121 < 4e, (167)

where we use the fact that |[(k|F|j)| = \/% for any k,j. Moreover, if both p(k,0) and p(k,j) are
satisfied, then from Equation (167) one can derive

(k|®3l5)  (3]P2]5) ’ 2-4e
— < < 16¢. 168
'<k|<1>3|o> 0@s00)| = T4 = (168)
Note that from Equation (166), we have
. . dy
forany j =0tod; —1, #{k:p(k,j)Ap(k,0)} > EX (169)

with probability > 1 — 2. For each j = 0 to d; — 1, define a; and b; to be the medians of the real

parts and the imaginary parts of the set {é:fii;é; }k, respectively. In this case, Equations (168)

and (169) together lead to

. (J]P217)
(a;j +ibj) — <0!<1>2|0>‘ < v/(16¢)2 + (16¢)2,

which further means ¢; = |ZJ:Z]| satisfies ‘gbj - éégziég‘ < 48¢. Let ® = Z?!ol ®17)J|, then we
J J
have

|(0]®2|0) - D — @2”01) < 48¢ (170)
with probability > 1 — 27. Consequently,

va@qﬂﬁ < 2HV<oyc1>2|o> — Vot Ft (171)
<o op
< 2V (0l®2]0) ~ V@l FT(01@s[0)|| + 2 Va@l T (0]s]0) — Vo0T FT
op op
= 2|V - Vel 2(0]a10) - & — s, (172)
< 98, (173)

with probability > 1 — 2. Here, Equation (171) comes from [AKN98, Lemma 12] (see also
[KSWO08]). Equation (172) exploits the fact that @4 is a diagonal unitary, V, is an isometry and F
is a unitary. Equation (173) is due to Equations (164) and (170). The algorithm can output the
isometry channel corresponding to V= T/;I)TF t as the final estimate. O

Given the above lemma, one can prove Lemma 8.1 for isometry channel tomography.

Proof of Lemma 8.1. The proof extends that of [HKOT23, Theorem 2.1] to isometry channel to-
mography. From Lemma 8.3 (with appropriate rescaling of ¢), it suffices to construct an algorithm
for weak isometry channel tomography that satisfies Equation (163) with = L. Our algorithm

6
works as follows:
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1. Given queries to V), we first use the algorithm in Lemma 8.2 for pure state tomography
(taking d = dg and eyax = O(£?) to be determined later) on computational basis input states
|0),]1),...,|d1 —1) to get estimates |v;) of |v;) = V|j) for all j in parallel. Then, the following

holds
[05) = ¢j/1 = g5lvj) + Ejlwj), (174)

where for each j = 0 to d; — 1, the random variables ¢;, ¢, |w;) are as in Lemma 8.2.

2. Let V = >_|Ui)Jl. Let V = U AU, be the singular value decomposition of V with Uy € Ug,

and Uy € Ug,, respectively. We then output the quantum channel % corresponding to the
isometry V = U, Zdl 1\])( |U;.

One can easily compute that the number of queries to V in the algorithm above is O(d1d2 /52).
Next, to see that V satisfies Equation (163) in Lemma 8.3, we prove
<g/2 (175)

op

HV@—V/

for some diagonal unitary ® : C* — C%, with probability > 0.97 > %. Whenever Equation (175)
holds, the estimate V' in the algorithm above satisfies

+H17—17

<e.
op

Here, we use ||V — 17||0p < /2, because once Equation (175) holds, the operator norm between V
and an isometry is at most €/2 and therefore the differences between the singular values of V and
1 are at most £/2.

Suppose W = 37705 )7l @ = 335551 ¢510001, Br = 375" /&1, and By = 5" /T =)
Then, 1—¢5— 1} < G forall j = 0 to dy — 1 implies [[By — Ig, |, < ||Bl|]0p, where
Iy, = Zdl 1| 7)j|. Using Lemma 8.2 (taking d = da, where ds is sufficiently large), we obtain

1

||Bl||op < Emax;

with probability > 0.99. From the triangle inequality, we have

|ve V| =1V —1a) + WBilly, <1V lap - 1@llp - 12 = Lol + Wl 131 o,
which implies
HV@ - f/” < Vema (L + W), (176)
op
with probability > 0.99.
Now we prove
[Wlop < ew (177)

for some constant ¢y > 0, with probability > 0.98. This will imply Equation (175) by combining
with Equation (176) and taking emax = ©(£2) to be sufficiently small.
We define the following quantum states: for each j =0 to d; — 1,

lyi) = V/O0ilvs) + /1= 65 |wy), (178)

where /6; = [(0|z;)| is the overlap between a Haar random state |z;) ~ C? and the state |0), and
1 ~ [0,2m) is an uniformly random phase. Here, we require that |zo), ..., |z4,—1) are independent
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and vy, . .., %41 are independent. In this case, |y;) ~ C® and |yo), ..., |ya, 1) are independent.
Let Y = Zdl 1|yj Xj|- According to [Verl8, Theorem 3.4.6, complex version], v/d2Y" has its column

vectors being independent sub-gaussian isotropic random in C%, and we can upper bound the
maximal singular value of Y with high probability by [Ver18, Theorem 4.6.1, complex version]:

1Y lop < v (179)

for some constant cy > 0, with probability > 0.99. Suppose E; = dl 1 VO;5|7)(j| and Eo =

St VT =05l As
W oy = 10 = VEDE; |, < (I¥llop + 1V lap - 1Bl ) < 157,
by combining with Equations (178) and (179), we obtain
Wil < (ey +1) - (1 — maxd;)~"/? (180)
J

with probability > 0.99. Since v/da|z;) are sub-Gaussian (similar to the case of v/da|y;), by [Verl8,
Theorem 3.4.6, complex version]), /d20; are also sub-gaussian by definition, which yields

P[y/3; <0.1] 21— 70,

Using the union bound and d; < da, we have P[(1 — max; &;) /2 < 2] > 0.99 for sufficiently large
dy. Then, we can establish Equation (177). O

8.2 Choi trace norm tomography

In this section, we prove the following lemma, which essentially builds on an algorithm for isometry
channel tomography in [YMM?25], with a slightly different analysis.

Lemma 8.4 (Isometry channel tomography in Choi trace norm, adapted from [YMM25]). Suppose
d < D are two positive integers and ¢ € (0,1). Let V : C* — CP be an isometry and V =
V()VT € ISOy p be the associated isometry channel. Then, there exists an algorithm that uses
n = O((D d)d/e% + d%/e) queries to V and outputs an isometry channel estimate V such that

HéC’V H1 < & with probability > 2/3. Further, the algorithm uses these queries in parallel.

Proof. Suppose n > 3d?/2. Using [YMM25, Lemma S5] together with g(n) = LW"J > W”? there
exists an algorithm for isometry channel tomography that uses n queries to achieve the average
channel fidelity:
2(d —1)? D — 144d* D -
FZI_W(zd 2)_n d—1 ‘ =z1- 2d !
dg(n) g+Tg(n)+D—d n d

0, Loy,

>1—144<
n?

where the average channel fidelity F is defined as follows:

V~ISOup | 9

Fi= E {1@ [Fch(v,ﬁ)H.

Here, V denotes the output of the tomography algorithm when the input channel is V. It is worth
noticing that this algorithm is also covariant. Thus, for any V € ISOg4 p, we have

~ d* (D -d)d g2
1 Ig [Fch(V,V)} 1-F 144< 5 T - ) < 19
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if we set

imo(250, L),

Moreover, this implies that with probability at least 2/3, we have

Lo Lo /1 - Fan(V, D) < 24/3- &

— —_ ~ f— J— - — = £

d v % ) ch\ ¥, > 12 )

where the inequality comes from the Markov’s inequality. Further, note that this algorithm uses
queries to V in parallel. O
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