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Abstract

How many black-box queries to a quantum channel are needed to learn its full classical
description? This question lies at the heart of quantum channel tomography (also known as
quantum process tomography), a fundamental task in the characterization and validation of
quantum hardware. Despite extensive prior work, the optimal query complexity for quantum
channel tomography is far from fully understood.

In this paper, we study tomography of an unknown quantum channel with input dimension
d1, output dimension d2, and Kraus rank at most r, to within error ε. We identify the dilation
rate τ = rd2/d1 (which always satisfies τ ≥ 1 due to the trace preservation of quantum channels)
as a key parameter, and establish that the optimal query complexity of channel tomography
exhibits distinct scaling laws across three regimes of τ .

• In the boundary regime (τ = 1): we show that the query complexity is Θ(rd1d2/ε) for
Choi trace norm error ε, and is upper bounded by O(min{rd1.51 d2/ε, rd1d2/ε

2}) and lower
bounded by Ω(rd1d2/ε) for diamond norm error ε.

• In the away-from-boundary regime (τ ≥ 1 + Ω(1)): we show that the query complexity is
Θ(rd1d2/ε

2) for both Choi trace norm and diamond norm errors ε.

Our results uncover a sharp Heisenberg-to-classical phase transition in the query complexity
of quantum channel tomography: at τ = 1, the optimal query complexity exhibits Heisenberg
scaling 1/ε, whereas for τ ≥ 1 + Ω(1), it exhibits classical scaling 1/ε2. In addition, we show
that in the near-boundary regime (1 < τ < 1 + o(1)), the query complexity exhibits a mixture
of Heisenberg and classical scaling behaviors.
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1 Introduction

Quantum channel tomography (also known as quantum process tomography) asks how to recon-
struct an unknown quantum process from experimental data. Specifically, given query access to
a quantum channel E , the goal is to learn a full classical description of E to within some pre-
scribed error, with high probability (say, at least 2/3). This task is central to the characteri-
zation and validation of quantum devices, and it has been studied extensively for nearly three
decades [CN97, PCZ97, Leu00, DP01, MRL08, KBLG18, KKEG19, BHK+19, SSKKG22, Ouf23b,
Ouf23a, CWLY23, HCP23, CLO+23, FFGO23, RCEK24, VH25, FQR24, Car24, RAS+24, ZLK+24,
COZ+24, WD25, CGdW25, CG25, CdH+25, WLKD25, ZRCK25, Ang25, YMM25].

A key question is the optimal query complexity of quantum channel tomography. We consider
an unknown channel with input dimension d1, output dimension d2, and Kraus rank at most r.
Several important special cases are by now well understood:

• When the input dimension d1 = 1, the task reduces to quantum state tomography. The opti-
mal query complexity for pure-state tomography was established in [Hay98, BM99, KW99].
The mixed-state case was settled later by Haah, Harrow, Ji, Wu, and Yu [HHJ+17] and
by O’Donnell and Wright [OW16]. Further refinements and extensions appear in [OW17,
GKKT20, Yue23, CHL+23, CGZ24, SSW25, PSW25, PSTW25].

• When the unknown channel is a unitary channel (i.e., d1 = d2 = d and r = 1), Haah, Kothari,
O’Donnell, and Tang [HKOT23] established that the optimal query complexity is Θ(d2/ε),
where ε is the diamond norm error. Notably, in this case, Heisenberg scaling 1/ε is achievable.

• When the unknown channel is an isometry channel, Yoshida, Miyazaki, and Murao [YMM25]
established a lower bound of Ω̃((d2−d1)d1/ε2) for Choi trace norm error ε, where Ω̃ suppress
the logarithmic factors.1

• When only non-adaptive incoherent queries are allowed, Oufkir [Ouf23b, Ouf23a] established
near-optimal bounds of Θ̃(d31d

3
2/ε

2) for full-Kraus-rank (i.e., r = d1d2) channel tomography
under diamond norm error ε, generalizing the algorithm in [SSKKG22].

• A folklore approach, based on optimal mixed-state tomography in trace norm applied to the
Choi state of the unknown channel, yields a query upper bound of O(rd31d2/ε

2) for quantum
channel tomography under diamond norm error.

Despite this progress, the optimal query complexity of general quantum channel tomography
is still far from fully understood. In particular, it remains unclear how the dimension parameters
d1, d2, r interact with the error parameter ε in the optimal query complexity. A central question
is to understand when this optimal query complexity has Heisenberg scaling 1/ε (compared to
classical scaling 1/ε2), while simultaneously maintaining the optimal dependence on the dimension
parameters. In other words:

Question 1.1. When and how does the optimal query complexity of quantum channel tomography
exhibit Heisenberg scaling?

1Since we consider the tomography with success probability at least 2/3, the lower bound in [YMM25] applies to
our setting, provided that the success probability is amplified to 1 − O(ε2), which incurs an additional logarithmic
factor in ε.
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Figure 1: Heisenberg-to-classical phase transition in the query complexity of quantum channel
tomography. Here, c ∈ (0, 1] can be an arbitrary constant. For simplicity of presentation, we focus
on the scaling of ε, by taking d1 to be a constant and τ to be an independent parameter. Orange
(resp. blue) regions indicate where the optimal query complexity of channel tomography should
lie, according to our upper and lower bounds, under diamond norm error (resp. Choi trace norm
error). The optimal query complexity exhibits Heisenberg scaling 1/ε in the boundary regime and
classical scaling 1/ε2 in the away-from-boundary regime. In the near-boundary regime, it exhibits
a mixture of Heisenberg and classical scalings.

1.1 Our results

To answer the above question, we prove new upper and lower bounds on the query complexity of
quantum channel tomography. In particular, we identify the dilation rate τ = rd2/d1 as a key
parameter. Note that τ ≥ 1 always holds since quantum channels are trace-preserving. Depending
on the value of τ , this leads to three parameter regimes: boundary regime (τ = 1), near-boundary
regime (1 < τ < 1 + o(1)), and away-from-boundary regime (τ ≥ 1 + Ω(1)). We establish multiple
optimal bounds and identify when the optimal query complexity exhibits Heisenberg scaling: the
dependence 1/ε is achievable in the boundary regime, but is no longer possible once one moves
beyond the boundary regime; and in the away-from-boundary regime, only the classical scaling 1/ε2

is possible. An illustration of such Heisenberg-to-classical phase transition is shown in Figure 1.
In the following, we characterize in detail how the query complexity behaves across these

regimes. Our results cover both the Choi trace norm2 and the diamond norm, which are stan-
dard metrics in quantum information theory for quantifying average-case and worst-case errors,
respectively.

1.1.1 Boundary to away-from-boundary: a phase transition

For boundary and away-from-boundary regimes, we establish the following query complexity bounds
for quantum channel tomography and observe a Heisenberg-to-classical phase transition.

Theorem 1.2 (Boundary and away-from-boundary regimes, Theorems 3.4, 3.5, 6.1 and 6.2 re-
stated). Consider an unknown quantum channel E with input dimension d1, output dimension d2,

2By the Choi trace norm, we mean the trace norm of normalized Choi states; see Definition 2.4.
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and Kraus rank at most r. Let τ = rd2/d1 ≥ 1 be the dilation rate. Then, the query complexity of
the tomography of E to within error ε has the following bounds.

• In the boundary regime τ = 1: we establish matching upper and lower bounds of Θ
(
rd1d2

ε

)
for

Choi trace norm error ε; and also establish an upper bound of O
(

min
{

rd1.51 d2
ε , rd1d2

ε2

})
and a

lower bound of Ω
(
rd1d2

ε

)
for diamond norm error ε.

• In the away-from-boundary regime τ ≥ 1 + c, for c ∈ (0, 1] an arbitrary (but fixed) constant:
we establish matching upper and lower bounds of Θ( rd1d2

ε2
) for both diamond norm and Choi

trace norm errors ε.

Boundary
τ = 1

Away-from-boundary
τ ≥ 1 + c

Upper bounds O

(
rd1d2
ε

)†
, O

(
min

{
rd1.51 d2
ε

,
rd1d2
ε2

})‡

Theorem 3.5

O

(
rd1d2
ε2

)
Theorem 3.4

Lower bounds
Ω

(
rd1d2
ε

)
Theorem 6.1

Ω

(
rd1d2
ε2

)
Theorem 6.2

Table 1: Boundary and away-from-boundary regimes. Here c ∈ (0, 1] can be an arbitrary constant.
All bounds hold for both diamond norm and Choi trace norm errors except: †holds for Choi trace
norm error; ‡holds for diamond norm error.

Table 1 summarizes the results in Theorem 1.2. We note that Theorem 1.2 is optimal in the
following senses:

• The dependence on all parameters d1, d2, r and ε is optimal in the away-from-boundary regime,
for both diamond norm and Choi trace norm errors.

• The dependence on all parameters d1, d2, r and ε is optimal in the boundary regime for Choi
trace norm error.

• The dependence on d1, d2, and r is optimal in all regimes for both constant diamond norm
and Choi trace norm errors.

It also shows, from the boundary regime to the away-from-boundary regime, the optimal query
complexity exhibits a phase transition from Heisenberg scaling 1/ε to classical scaling 1/ε2.

As a special case of Theorem 1.2, we consider quantum channels with equal input and output
dimensions, i.e., d1 = d2 = d, which are simply called d-dimensional quantum channels. In this case,
τ = r is always a positive integer and τ = 1 if and only if E is a unitary channel. Using Theorem 1.2
in conjunction with the unitary channel tomography results by Haah, Kothari, O’Donnell, and
Tang [HKOT23], we obtain a complete characterization of the query complexity for tomography of
d-dimensional quantum channels.

Corollary 1.3 (Tomography of d-dimensional quantum channels). The query complexity of tomog-
raphy of d-dimensional quantum channels with Kraus rank at most r, and to within either diamond
norm error ε or Choi trace norm error ε, is

Θ

(
rd2

εmin{r,2}

)
.
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As another illuminating and well-studied special case of Theorem 1.2, we consider tomography
of quantum channels with input dimension d1 = 1, which reduces to quantum state tomography.
In this regime, our result recovers the recent optimal sample lower bound [SSW25] (without loga-
rithmic factors) for quantum state tomography, matching the upper bound established in [OW16].

Corollary 1.4 (Optimal lower bound for state tomography). Tomography of a d-dimensional mixed
state with rank at most r, to within trace norm error ε, requires Ω

(
dr
ε2

)
samples.

Our proof of this lower bound proceeds via a different line of reasoning than that in [SSW25]
and may offer complementary insights.

The following result underpins our upper bounds in Theorem 1.2 by establishing a connection
between the query complexities in two different access models: given access to an unknown channel
itself, or given access to one of its Stinespring dilations. We say a quantum algorithm is a tester
if it makes queries to an unknown quantum channel and outputs a classical outcome. A tester is
a parallel tester if its queries to the unknown channel can be made in parallel. Formal definitions
can be found in Section 2.3.

Theorem 1.5 (Dilation does not help for parallel testers, Theorem 3.3 restated). If there exists
a parallel (possibly coherent) tester that solves a channel estimation task using n queries to an
arbitrary dilation of an unknown quantum channel E, then there exists a parallel tester that solves
this task using n queries to E itself.

We note that Theorem 1.5 partially answers a conjecture from Tang, Wright, and Zhandry [TWZ25],
which asserts that access to channel dilations does not help. In particular, if we can extend the
statement in Theorem 1.2 to general (sequential) testers, then this may be viewed as a dual version
of the conjecture in [TWZ25], in the Heisenberg and Schrödinger pictures, respectively. Further
discussion can be found in Section 1.4.

Moreover, we also obtain the following Heisenberg-scaling query upper bound for quantum
state tomography with state-preparation channels, by applying Theorem 1.5 to the pure-state
tomography algorithm due to Chen [Che25], which achieves the Heisenberg scaling using parallel
queries without inverses.

Corollary 1.6 (State tomography with state-preparation channels, Theorem 3.6 restated). When
τ = 1, tomography of the mixed state E(|0⟩⟨0|) to within trace norm error ε can be done using

O
(

min
{

d1.51
ε , d1

ε2

})
queries to E.

1.1.2 Near-boundary: new upper and lower bounds

In the near-boundary regime, we prove new upper and lower bounds on the query complexity of
quantum channel tomography, which exhibits a mixture of Heisenberg and classical scalings.

Theorem 1.7 (Near-boundary regime, Theorems 3.4, 3.7, 6.1 and 6.3 and Corollary 6.4 restated).
Consider an unknown quantum channel E with input dimension d1, output dimension d2, and
Kraus rank at most r. Let τ = rd2/d1 ≥ 1 be the dilation rate. Then, for τ ∈ (1, 43) where τ
can be arbitrarily close to 1, the query complexity of the tomography of E to within error ε has the
following bounds.

• For Choi trace norm error ε: we establish an upper bound of O
(
d21
ε +

(τ−1)d21
ε2

)
and a lower

bound of Ω
(
d21
ε + (τ−1)2

ε2

)
.

6



• For diamond norm error ε: we establish an upper bound of O
(
d21
ε2

)
and a lower bound of

Ω
(
d21
ε +

(τ−1)2d21
ε2

)
.

Choi trace norm Diamond norm

Upper bounds
O

(
d21
ε

+
(τ − 1)d21

ε2

)
Theorem 3.7

O

(
d21
ε2

)
Theorem 3.4

Lower bounds
Ω

(
d21
ε

+
(τ − 1)2

ε2

)
Theorem 6.1 and Corollary 6.4

Ω

(
d21
ε

+
(τ − 1)2d21

ε2

)
Theorems 6.1 and 6.3

Table 2: Near-boundary regime, i.e., τ ∈ (1, 43) can be arbitrarily close to 1.

Table 2 summarizes the results in Theorem 1.7. We note that the 1/ε2 terms in the lower bounds
in the near-boundary regimes imply that the query complexity of quantum channel tomography no
longer exhibits Heisenberg scaling 1/ε once it leaves the boundary regime, i.e., even for τ arbitrarily
close to 1, as long as it is independent of ε. This transition was illustrated in Figure 1.

1.2 Overview of techniques

Upper bounds. Our upper bounds for quantum channel tomography are directly inspired by
the recent work of Pelecanos, Spilecki, Tang, and Wright [PSTW25], who showed that mixed-state
tomography can be reduced to pure-state tomography while still achieving optimal performance.
In this paper, we prove in Theorem 3.1 that any channel tomography algorithm that can make
parallel queries to a Stinespring dilation of an unknown channel E can be faithfully simulated by
an algorithm that queries only E itself. This enables a reduction from general quantum channel
tomography to isometry channel tomography, which is a more tractable problem. As a conse-
quence, by combining this reduction with existing parallel-query algorithms for isometry tomogra-
phy [YRC20, YMM25] and with a generalization of the base tomography algorithm from [HKOT23]
(see Section 8), we obtain the upper bounds presented in this paper.

Theorem 3.1 is proved by constructing a “local” tester (see Equations (9) and (10)) that
can faithfully simulate the “global” tester with access to a random Stinespring dilation, using
representation-theoretic tools together with the quantum comb formalism [CDP09, BMQ22]. This
result can be viewed as a generalization of the earlier result by [CWZ24], which studies the lo-
cal test for quantum states and shows that access to purifications does not help for mixed-state
testing. Related results trace back to [SW22, Theorem 35], and were recently strengthened in
an algorithmic sense by [TWZ25], which explicitly constructs an algorithm for generating random
purifications of a mixed state. Intuitively, local test and random purification can be interpreted as
dual concepts in the Heisenberg and Schrödinger pictures, respectively. This line of work is further
extended in [GML25, WW25, MGC+25, GMZ+25, YNM25]. In particular, [GMZ+25, YNM25]
explicitly construct random Stinespring dilation superchannels that convert parallel queries to a
quantum channel into parallel queries to its random Stinespring dilation. These results can also be
viewed as dual to our local test techniques with respect to the Schrödinger and Heisenberg pictures.
Moreover, from an algorithmic sense, they additionally provide explicit circuit implementations of
this conversion.
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Independent
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V1 := V0 + ε∆1

V0

Ek

Ω(ε)

Random Stinespring isometries

VN

Vk

Packing net of channels

Ek( · ) := tranc[Vk · V †
k ]

...

∆N

∆k

∆1

...

Figure 2: A pictorial representation of our constructions of channel packing nets.

Lower bounds. To prove our lower bounds, we proceed using a two-stage method. The first stage
consists of constructing sufficiently large packing nets of quantum channels with specific structures
and desired properties. The second stage consists of proving lower bounds on the query complexity
of algorithms that can learn, and thus discriminate between, the quantum channels in the packing
nets.

Existing results on nets of the set of isometries [Sza97] lead to packing nets of the set of
quantum channels of input dimension d1, output dimension d2 and Kraus rank r of cardinality
satisfying ln |N | = Ω(rd1d2). This along with a polynomial method can be used to obtain the
general lower bound Ω(rd1d2) [GMZ+25], which is tight in the dimensions and the Kraus rank
but does not capture the dependency on error parameter ε. To make the dependence on ε precise
and optimal, we opt for carefully designed packing nets and a new proof strategy. We distinguish
between the boundary and non-boundary regimes.

Roughly speaking, our constructions in the non-boundary regimes share the following idea (see
Figure 2). To ensure complete-positivity, we construct the channels via their Stinespring isometries.
The isometries are chosen of the following form

V = V0 + ε∆, (1)

where V0 corresponds to a center map and ∆ is a noisy perturbation. The center supermap V0 =
V0(·)V †

0 admits Kraus operators that are orthogonal and have almost the same Hilbert–Schmidt
norm. The noisy perturbation is constructed using the Haar randomness applied on certain output
space of ∆. The concentration phenomenon in high-dimensions permits us to prove that two inde-
pendent channels constructed in this way will be ε-far apart in the Choi trace norm (or diamond
norm) with a probability that is at least 1−exp(−Crd1d2) with C a universal constant. A probabilis-
tic argument then concludes existence of the packing net of cardinality satisfying ln |N | = Ω(rd1d2).
A crucial feature of our construction that leads to classical scaling is that the center and perturba-
tion components have orthogonal images. This can give insights to the phase transition behavior,
since at the boundary such construction with the orthogonality feature is not possible.

In the boundary regime, the construction has a similar form as in Equation (1). The center map
is close to identity. The perturbation, unlike in the non-boundary regime, is a Haar conjugated
anti-Hermitian traceless diagonal matrix with entries ±i. This construction is inspired by Paninski
distribution [Pan08] that was used to prove optimality of the mixedness testing problem. As
stated before, this construction does not exhibit the orthogonality feature. Nevertheless, it has
the property that the center and perturbation matrices are orthogonal in Hilbert-Schmidt inner
product. This is sufficient to establish the Heisenberg-scaling lower bound.
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We now proceed to the second stage of the lower bound proof. We study two structured families
of isometries, referred to as type I and type II instances, corresponding to the boundary and non-
boundary regimes, respectively. Both families take the perturbative form in Equation (1), but with
different choices of V0 and ∆. Then, we show that discriminating a set of isometries of type I
or type II requires at least Ω(f/ε) or Ω(f/ε2) queries, respectively, where f depends on both the
cardinality of the set and the dimensions of the isometries. By construction, the channels in the
packing nets described above admit Stinespring dilations that are exactly of type I or type II. It
follows that the hardness of isometry discrimination transfers directly to channel discrimination:
any algorithm that can distinguish among the channels in the packing net can also distinguish
among the corresponding dilation isometries, simply by discarding the ancilla system. Since a
tomography algorithm with sufficiently high precision can solve the discrimination problem, these
query lower bounds also apply to quantum channel tomography.

We now elaborate on the hardness of the isometry discrimination problem. We formulate the
task of discriminating among a set N of isometries within the quantum comb framework [CDP08,
CDP09, BMQ22]. In this framework, any discrimination algorithm making n adaptive and coherent
queries to an unknown channel can be represented by a sequential tester {TV }V ∈N , where

∑
V ∈N TV

forms an (n+ 1)-comb with 1-dimensional input and output spaces. Then, the success probability
of the discrimination problem is 1

|N |
∑

V ∈N TV ⋆ |V ⟩⟩⟨⟨V |⊗n, where ⋆ denotes the link product (see

Definition 2.8), representing the contraction between combs and |V ⟩⟩⟨⟨V | is the Choi operator of the
isometry channel V. The technical heart of the proof is a decomposition of |V ⟩⟩⊗n into orthogonal
sectors indexed by either where (for type I isometry V ) or how many (for type II isometry V )
perturbative components (i.e., ∆) appear. By collecting the Haar average over the orbit of the
perturbation for each sector, we can construct an operator λ · Γ that can universally upper bound
(w.r.t. the Löwner order) |V ⟩⟩⟨⟨V |⊗n for all V ∈ N , where λ > 0 is a scalar depending on n, d, ε and
Γ is an n-comb. Since

∑
V ∈N TV is an (n + 1)-comb, its contraction with the n-comb Γ evaluates

to 1. It follows that the success probability, which must be at least 2/3, is upper bounded by

1

|N |
∑
V ∈N

TV ⋆ (λ · Γ) =
λ

|N |
.

Solving the inequality 2/3 ≤ λ/|N | yields the desired query lower bounds.
We remark that, when the orthogonal decomposition of |V ⟩⟩⊗n is based on how many perturba-

tive components appear (the type II case), the property that Γ is a comb relies on the orthogonality
between the image of the perturbation ∆ and that of the center map V0. However, as mentioned
above, this is not possible in the boundary regime. Thus for the type I isometries, the decompo-
sition is based on where perturbative components appear, which is less “compact” and ultimately
yields a Heisenberg-scaling lower bound of Ω(1/ε) rather than the classical-scaling bound Ω(1/ε2).

1.3 Related work

Quantum channel tomography. The problem of quantum channel tomography (also known as
quantum process tomography) has been studied under a variety of models and error metrics. Early
works [CN97, PCZ97] consider protocols that prepare input states from a complete set of basis
states, perform state tomography on the corresponding output states, and reconstruct the channel
using an inversion protocol. Later, [Leu00, DP01] use the Choi-Jamio lkowski isomorphism [Cho75,
Jam72] to reduce channel tomography to Choi state tomography. These approaches, together with
the direct scheme of [ML06], are compared in terms of resource requirements in [MRL08].

Subsequent works [Kah07, KKEG19, SSKKG22, HKOT23, Ouf23b, RAS+24, GMZ+25] focus on
obtaining rigorous bounds on the query complexity with explicit dependence on the estimation error.
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For example, [KKEG19, SSKKG22] propose randomized protocols for channel tomography and
establish query complexity bounds under the Choi-Frobenius norm and the Choi trace norm errors.
One of the protocols in [SSKKG22] is generalized by [Ouf23b], which shows that it achieves near-
optimal query complexity for full-Kraus-rank channel tomography under the diamond norm error
in the non-adaptive single-copy setting. Complementing these upper bounds, [RAS+24] establishes
a query lower bound of Ω(d21d

2
2/ log(d1d2)) for full-Kraus-rank (i.e., r = d1d2) channel tomography

under constant Choi trace norm error. Moreover, [GMZ+25] proves a query lower bound of Ω(rd1d2)
for channel tomography under constant diamond norm error.

Unitary channel tomography. Unitary channel tomography is a special case of general channel
tomography where the input and output dimensions are equal and the Kraus rank is 1. It is studied
under different assumptions, models, and error metrics [AJV01, PS02, BBMT04, CDPS04, Hay06,
CDS05, Kah07, YRC20, HKOT23, GL25, YMM25]. In particular, [YRC20] and [YMM25] study
tomography of unitary and isometry channels under average-case channel fidelity; [HKOT23] estab-
lishes the optimal query complexity Θ(d2/ε) for unitary channel tomography under the diamond
norm. Moreover, the lower bound in [YMM25] with the upper bound in [HKOT23] establishes that
pure Heisenberg scaling is impossible for isometry channel tomography, except in the unitary case.

On the upper bound side, our result is based on a reduction from general channel tomography
to isometry channel tomography, building on the base unitary tomography algorithm in [HKOT23]
that makes parallel queries. Through a reduction to the algorithm in [YRC20], we further show
that Heisenberg scaling can be achieved even for non-unitary channels. We also leverage a reduc-
tion to the algorithm in [YMM25] to obtain upper bounds for channel tomography under the Choi
trace norm error in the near-boundary regime. On the lower bound side, new packing-net con-
structions are needed to capture the full dependence on the channel dimensions, Kraus rank, and
error. In contrast to [HKOT23], our packing nets have additional structure and leverage symmetry
arguments.

Quantum state tomography. Quantum state tomography (or more generally, quantum state
learning [AdW17, AA23]) is a special case of quantum channel tomography where the input dimen-
sion is 1. The optimal sample complexity of d-dimensional rank-r quantum state tomography under
the trace norm error is established as Θ̃(dr/ε2) in [OW16, HHJ+17], and the logarithmic factor is
removed only recently by [SSW25]. As noted above, quantum state tomography algorithms can
be used to perform channel tomography via various reductions. In particular, pure state tomog-
raphy [CL14, KRT17, GKKT20] is a key ingredient in the optimal algorithm for unitary channel
tomography in [HKOT23]. Moreover, using a different proof strategy, our results recover the upper
bound of [OW16, HHJ+17] and the recently established lower bound of [SSW25] as special cases.

Independent work. Mele and Bittel [MB25] established the same upper bound O(rd1d2/ε
2) for

quantum channel tomography under diamond norm error, which is concurrent and independent
to our Theorem 3.4. They also derived an explicit and non-trivial dependence on the failure
probability. We note that their method and ours differ substantially. Specifically, they obtain the
upper bound through an analysis of the tomography of Choi states, which leads to an explicit
tomography algorithm. In contrast, our approach uses the local test technique to simulate access
to dilations of quantum channels, allowing us to reduce general channel tomography to a more
tractable problem of isometry channel tomography. Moreover, we establish additional upper bounds
achieving Heisenberg scaling 1/ε for (possibly non-unitary) channels in the boundary regime τ = 1.
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They also established a query lower bound. When the failure probability is constant, their lower

bound is Ω
(
rd1d2
εβ

+ m log(3m)
ε2

)
for diamond norm error ε, where β =

2rd1d2−d21−r2

2(rd1d2−1) and

m = max

{
min

{
d1,

⌊
r − ⌈d1/d2⌉

2

⌋}
, 1r≥⌈d1/d2⌉+1, d1 · 1r≥2d1

}
.

We can see that β ∈ (38 , 1] and m ∈ [0, d1]. Moreover, when r ≥ ⌈d1/d2⌉ + 1,3 it follows that
m ≥ 1, thereby showing that pure Heisenberg scaling is unattainable for any quantum channel
whose Kraus rank is not minimal. However, when d1 is not a multiple of d2 and r = ⌈d1/d2⌉ is
minimal, their lower bound does not rule out Heisenberg scaling, although this case still lies in the
non-boundary regime (τ > 1). By comparison, our lower bounds rule out pure Heisenberg scaling
across the entire non-boundary regime, and exhibit sharper parameter dependence in all regimes
(in particular, our lower bounds are optimal in the away-from-boundary regime).

1.4 Discussion

In this paper, we study the query complexity of quantum channel tomography. Our results answer
Question 1.1 as follows. We identify the dilation rate τ = rd2/d1 as a key parameter. We show that
when τ = 1, the optimal query complexity exhibits Heisenberg scaling 1/ε; whereas for τ > 1, it
no longer has Heisenberg scaling due to our lower bounds. Moreover, we establish multiple optimal
bounds in the boundary regime (τ = 1) and the away-from-boundary regime (τ ≥ 1 + Ω(1)), as
well as new upper and lower bounds in the near-boundary regime (1 < τ < 1 + o(1)). We conclude
by highlighting several directions for future work.

A natural open problem is to determine the optimal query complexity of quantum channel
tomography across all parameter regimes. This includes sharpening the upper and lower bounds in
the near-boundary regime, as well as improving the bounds in the boundary regime for diamond
norm error.

A second question, closely related to the first, is whether Theorem 1.5 can be extended to
sequential testers. More precisely, suppose a tester that makes an arbitrary sequence of queries,
not necessarily in parallel, to an arbitrary dilation of an unknown quantum channel E . Can one
then construct another tester that makes the same number of queries to E itself and solves the same
estimation task? This may be viewed as a dual formulation, in the Heisenberg and Schrödinger
pictures respectively, of a conjecture of Tang, Wright, and Zhandry [TWZ25, Conjecture 1.8]. A
positive answer would lead to progress on the first question: by applying such an extended “dilation
does not help” theorem to the bootstrapped tomography algorithm proposed by Haah, Kothari,
O’Donnell, and Tang [HKOT23], one could obtain a matching upper bound on the query complexity
of quantum channel tomography in the boundary regime for diamond norm error.

2 Preliminaries

Notation. Given a Hilbert spaceH, we denote by L(H) the set of linear operators onH. Similarly,
we denote by L(H0,H1) the set of linear operators from H0 to H1. Given two orthonormal bases
for H0 and H1, respectively, we can represent every linear operator in L(H0,H1) by a dim(H1) ×
dim(H0) matrix, and, for such a matrix X, we use |X⟩⟩ ∈ H1 ⊗H0 to denote the vector obtained
by flattening the matrix X. It is easy to see the following properties:

||ψ⟩⟨ϕ|⟩⟩ = |ψ⟩|ϕ∗⟩, |XY Z⟩⟩ = X ⊗ ZT|Y ⟩⟩,
3That is, just above the minimal Kraus rank ⌈d1/d2⌉ that a valid quantum channel can have, given the input

dimension d1 and output dimension d2.
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Symbol Description Introduced in

CE Choi-Jamio lkowski operator of the channel E , (i.e., unnor-
malized Choi-Jamio lkowski state).

Equation (2)

QChanr
d1,d2 Set of all quantum channels E : L(Cd1)→ L(Cd2) that have

Kraus rank at most r.
Notation 2.1

ISOd1,d2 Set of isometry channels with input dimension d1 and out-
put dimension d2, which is equivalent to QChan1

d1,d2

Ibid.

Dilationr(E) Set of all dilations of the quantum channel E with an ancilla
system of dimension r.

Notation 2.2

ContractH3(V) Quantum channel defined as the contration
ρ 7→ trH3(V ρV †), where V : H1 → H2⊗H3 is an isometry.

Ibid.

V ∼ Dilationr(E) The dilation V is sampled from Haar distributions on
Dilationr(E).

Notation 2.3

U ∼ Ud The unitary U is sampled from Haar distributions on Ud. Ibid.
X ⋆ Y Link product between X and Y . Definition 2.8
{Ti}i Quantum channel tester. Section 2.3
{AE}E∈QChanr

d1,d2
Estimation task of quantum channels, i.e., set of classical
outcomes that are regarded as correct answers when the
unknown channel is E .

Definition 3.2

Table 3: Summary of the notation used in the paper.

where |ϕ∗⟩ denotes the entry-wise complex conjugate of |ϕ⟩ and ZT denotes the transpose of the
matrix Z with respect to a given orthonormal basis. The inner product can be rewritten as
⟨⟨X|Y ⟩⟩ = tr(X†Y ). For two Hermitian operators X,Y , we write X ≤ Y to denote that Y −X is
positive semidefinite.

Let n,m, d be positive integers such that n ≥ m. Let H1
∼= · · · ∼= Hn

∼= Cd be n copies of a
d-dimensional Hilbert space H. Let S ⊆ [n] = {1, 2, . . . , n} be a set of integers and let |ψ⟩ ∈ Cd be
a state. We denote by

|ψ⟩⊗S

the state |ψ⟩⊗|S| ∈
⊗

i∈SHi. Therefore, if |φ⟩ ∈ Cd is another state, then we call

|ψ⟩⊗S ⊗ |φ⟩⊗[n]\S

the state
⊗n

i=1|xi⟩ ∈
⊗n

i=1Hi, where |xi⟩ = |ψ⟩ for i ∈ S, and |xi⟩ = |φ⟩ for i /∈ S.

2.1 Quantum channels

A quantum channel with input dimension d1 and output dimension d2 is a linear, completely
positive and trace-preserving map E : L(Cd1) → L(Cd2) (see, e.g., [NC10, Wat18, Hay17]), which
is also called a CPTP map.

Any quantum channel E , in the Kraus representation [Kar83], can be written as

E(ρ) =

r∑
i=1

EiρE
†
i ,
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where Ei : Cd1 → Cd2 are non-zero linear operators satisfying

r∑
i=1

E†
iEi = Id1 and tr(E†

iEj) = 0 for i ̸= j.

The integer r is called Kraus rank and {Ei} are called Kraus operators. Since, for each i, E†
iEi

has rank at most d2, and since these operators sum to Id1 , one can easily see that rd2 ≥ d1. In
particular, a quantum channel having Kraus rank r = 1 is an isometry V( · ) = V · V †, where
V : Cd1 → Cd2 is an isometry operator – i.e. it satisfies V †V = Id1 – and it must hold that d2 ≥ d1.

Notation 2.1. We denote by QChanr
d1,d2 the set of all quantum channels E : L(Cd1) → L(Cd2)

having Kraus rank at most r. In particular, we denote by ISOd1,d2 the set of all isometry channels
with input dimension d1 and output dimension d2, which is corresponds to QChan1

d1,d2.

In the Choi-Jamio lkowski representation [Cho75, Jam72], any channel E can be identified by its
Choi-Jamio lkowski operator as follows:

CE = (E ⊗ I)(|I⟩⟩⟨⟨I|) ∈ L(Cd2 ⊗ Cd1), (2)

where we have denoted by |I⟩⟩ =
∑
i
|i⟩|i⟩ ∈ Cd1 ⊗Cd1 an unnormalized maximally entangled state.

We may simply call CE Choi operator or (unnormalized) Choi state. Note that it it possible to
write the Choi operator as CE =

∑r
i=1 |Ei⟩⟩⟨⟨Ei|, where Ei are orthogonal Kraus operators and

thus |Ei⟩⟩ are pairwise orthogonal vectors. Hence, the Kraus rank is equal to the rank of the Choi
operator. As a consequence, one can easily see that r ≤ d1d2.

Stinespring dilation. Given a quantum channel E with Kraus operators {Ei}ri=1, using its
Stinespring dilation [Sti55], we can also write E as

E(ρ) = trHanc(V ρV
†), (3)

where Hanc
∼= Cr is an ancilla system and V =

∑r
i=1|i⟩anc ⊗ Ei is an isometry operator. Any

isometry channel V( · ) = V · V † satisfying Equation (3) is called a dilation of E . Two isometries
V1 and V2 are two dilations of the same channel E if and only if they differ by a unitary on Hanc,
namely, V2 = (U ⊗ Id2)V1 for a unitary U : Hanc → Hanc.

Notation 2.2. Given a quantum channel E with Kraus rank at most r, we denote by Dilationr(E)
the set of all dilations of E with an ancilla system of dimension r. Given an isometry channel
V : L(H1)→ L(H2 ⊗H3), we denote by ContractH3(V) the quantum channel

ρ 7→ trH3(V ρV †).

Haar distribution. Given any arbitrary quantum channel E ∈ QChanr
d1,d2 , we define the Haar

distribution on Dilationr(E) as follows: choose an arbitrary dilation V ∈ Dilationr(E), and output
(U ⊗ Id2) ◦ V, where U ∈ Ur is a Haar random unitary. This procedure is well defined since the
resulting distribution does not depend on the choice of the initial dilation V. It is easy to see that
such distribution is invariant under Ur, i.e.

P[A] = P[{(U ⊗ Id2) ◦ V | V ∈ A}],

for any unitary U ∈ Ur and any measurable set A ⊆ Dilationr(E).

Notation 2.3. We denote by V ∼ Dilationr(E) and U ∼ Ud two random variables V and U that
are sampled from the Haar distributions on Dilationr(E) and Ud, respectively.
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Distance measures. In this paper, we are going to use the Choi trace norm and the diamond
norm [AKN98, Wat18] as the average-case and worst-case measures between quantum channels,
respectively.

Definition 2.4. Let E ,F ∈ QChanr
d1,d2 be two quantum channels. We define the Choi trace norm

between E and F as
1

d1
∥CE − CF∥1,

where ∥ ·∥1 denotes the Schatten 1-norm (i.e. trace norm) and CE is the (unnormalized) Choi state
of E. We define the diamond norm between E and F as

∥E − F∥⋄ := sup
ρ
∥(E ⊗ Id1)(ρ)− (F ⊗ Id1)(ρ)∥1,

where the supremum is taken over all quantum states ρ ∈ Cd1 ⊗ Cd1.

A simple relation between the diamond norm of quantum channels and trace norm of the
corresponding Choi-Jamio lkowski operators is the following: given two quantum channels E ,F ∈
QChanr

d1,d2 , we have (see, e.g., [KR21, Proposition 50]):

1

d1
∥CE − CF∥1 ≤ ∥E − F∥⋄ ≤ ∥CE − CF∥1. (4)

As an average-case measure, the Choi trace norm is widely used in learning of quantum chan-
nels [KKEG19, SSKKG22] and also in other tasks in quantum information theory [MdW16, KR21,
RAS+24]. Moreover, we will also consider the channel fidelity [Rag01] (or entanglement fidelity [Nie02]).
Specifically, given two quantum channels E ,F ∈ QChanr

d1,d2 , their channel fidelity Fch is defined
as the fidelity of their normalized Choi states:

Fch(E ,F) := F

(
CE
d1
,
CF
d1

)
,

where F denotes the fidelity between quantum states. Note that channel fidelity is closely related
to the Choi trace norm by a straightforward lifting of the relation between fidelity and trace norm
for quantum states.

2.2 Quantum combs

The framework of quantum combs [CDP08, CDP09] provide a powerful description of higher-order
transformations of quantum processes. More specifically, the Choi-Jamio lkowski representation of
quantum channels, which describes transformations of quantum states, can be extended to the
higher-order setting of transformations of quantum processes. Such higher-order objects are called
quantum combs. More precisely, deterministic and probabilistic quantum combs are defined as
follows.

Definition 2.5 (Deterministic comb [CDP09]). Let n ≥ 1 be an integer. A deterministic n-comb,
defined on a sequence of 2n Hilbert spaces (H0,H1, . . . ,H2n−1), is a positive semidefinite operator X
on
⊗2n−1

j=0 Hj such that there exists a sequence of operators X(n), X(n−1), . . . , X(1), X(0) satisfying

trH2j−1

(
X(j)

)
= IH2j−2 ⊗X(j−1), 1 ≤ j ≤ n, (5)

where X(n) = X and X(0) = 1.
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Figure 3: The combination of a 4-comb X with a 3-comb Y , yielding a 1-comb X ⋆Y on (H0,H7).

Definition 2.6 (Probabilistic comb [CDP09]). Let n ≥ 1 be an integer. A probabilistic n-comb,
defined on a sequence of 2n Hilbert spaces (H0,H1, . . . ,H2n−1), is a positive semidefinite operator
X on

⊗2n−1
j=0 Hj such that X ≤ Y for some deterministic n-comb Y on (H0,H1, . . . ,H2n−1).

Remark 2.7. In this paper, quantum comb refers to a deterministic comb by default, and the term
probabilistic comb will be used explicitly when needed.

It is easy to see verify following facts:

• a quantum 1-comb is the Choi-Jamio lkowski operator of a quantum channel;

• any convex combination of quantum n-combs is also a quantum n-comb.

Now, let us introduce the link product “⋆”.

Definition 2.8 (Link product “⋆” [CDP08, CDP09]). Let X be a linear operator on Hi = Hi1 ⊗
Hi2⊗· · ·⊗Hin and let Y be a linear operator on Hj = Hj1⊗Hj2⊗· · ·⊗Hjm, where i = (i1, . . . , in)
is a sequence of pairwise distinct indices, and likewise for j = (j1, . . . , jm). Let a = i∩ j be the set
of indices appearing in both i and j and b = i ∪ j be the set of indices appearing in either i or j.
Then, the combination of X and Y is

X ⋆ Y := trHa

(
XTHa · Y

)
= trHa

(
X · Y THa

)
,

where Ha denotes the tensor product of subsystems labeled by the indices in a, THa denotes the
partial transpose on Ha, both X and Y are treated as linear operators on Hb, extended by tensoring
with the identity operator as needed.

The link product provides the mathematical description of the combination of quantum combs.
For instance, suppose X is an n-comb on (H0,H1, . . . ,H2n−1) and Y is an (n − 1)-comb on
(H1,H2 . . . ,H2n−2). Then,

X ⋆ Y = trH1:2n−2

(
XTH1:2n−2 · (IH2n−1 ⊗ Y ⊗ IH0)

)
= trH1:2n−2

(
X · (IH2n−1 ⊗ Y T ⊗ IH0)

)
turns out to be a 1-comb on (H0,H2n−1), as in the example illustrated in Figure 3. The link
product also has many useful properties:

• it preserves the Löwner order: if X,Y ≥ 0 then X ⋆ Y ≥ 0 [CDP09, Theorem 2];

• it is commutative, namely X ⋆Y = Y ⋆X, and associative, that is, (X ⋆Y ) ⋆Z = X ⋆ (Y ⋆Z),
whenever X,Y, Z do not share a common subsystem (i.e., there is no subsystem that is a
subsystem of all three).

Moreover, the link product characterizes the channel concatenation under the Choi representa-
tion. Namely, given two quantum channels E1 : L(H1)→ L(H2) and E2 : L(H2)→ L(H3), we have
CE2◦E1 = CE2 ⋆ CE1 , where CE is the Choi operator of E .
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2.3 Formalism of quantum channel testers

A quantum channel tester is any quantum algorithm that can make multiple queries to an unknown
quantum channel in order to produce a classical output. We are going to use the quantum tester
formalism based on Choi-Jamio lkowski representation (see, e.g., [CDP09, BMQ21, BMQ22]), which
provides a practical framework in order to study various classes of quantum testers, such as parallel
and sequential ones.

Consider a quantum channel tester using n queries to an unknown quantum channel E . Let us
label the input and output systems of the i-th query to E as HA,i and HB,i, i.e. the i-th copy of
the unknown channel is a linear map from L(HA,i) to L(HB,i).

Parallel testers. A parallel tester can only make parallel queries. Specifically, it prepares a
multipartite input state, possibly including auxiliary systems, and applies the unknown channel
in parallel to its subsystems, ensuring that the output of any use never interacts with the inputs
of the others. Eventually, after all channel uses, a single joint measurement is performed on the
combined output state.

Definition 2.9 (Parallel tester). A parallel tester is defined as any set of linear operators {Ti}i,
with Ti ∈ L(

⊗n
j=1HA,j ⊗ HB,j), such that Ti ≥ 0 and

∑
i Ti = ρA ⊗ IB, where IB is the identity

operator on
⊗n

j=1HB,j, and ρA is a positive semidefinite operator on
⊗n

j=1HA,j with tr(ρA) = 1.

When applying a parallel tester {Ti}i to a quantum channel E , we get the classical outcome i
with probability

pi = Ti ⋆ C
⊗n
E = tr(Ti(C

⊗n
E )T) = tr(TT

i C
⊗n
E ), (6)

where C⊗n
E ∈ L(

⊗n
j=1HA,j ⊗HB,j) denotes the Choi operator of all n queries to the channel E and

( · )T is matrix transposition.
To see how the parallel tester {Ti}i can be realized by an algorithm that makes queries in

parallel, we consider the following procedure.

• Assume
∑

i Ti = ρA ⊗ IB; prepare a quantum state (
√
ρA

T ⊗ IA)|IA⟩⟩ in
⊗n

j=1HA,j ⊗⊗n
j=1HA,j . This is indeed a valid quantum state, since ⟨⟨IA|(ρTA ⊗ IA)|IA⟩⟩ = tr(ρTA) = 1.

• Then, apply the quantum channel IA⊗E⊗n to the prepared state, obtaining the mixed state
(
√
ρA

T ⊗ IB)C⊗n
E (
√
ρA

T ⊗ IB).

• Finally, perform the POVM
{

(
√
ρT
A
⊗ IB)−1 TT

i (
√
ρT
A
⊗ IB)−1

}
i
, obtaining the result i, where

(·)−1 is the pseudo-inverse. Then, it is easy to see that the probability of getting result i is
exactly that in Equation (6).

Conversely, all algorithms that make queries in parallel can be described by a parallel tester. To
see this, assume that the algorithm first prepares a state ρ on (

⊗n
j=1HA,j)⊗Hanc, where Hanc is

an ancilla system, and then apply the channel E⊗n ⊗ Ianc on ρ followed by a POVM {Ei}i, where
each Ei ∈ L((

⊗n
j=1HB,j)⊗Hanc) is positive semidefinite. Then, let Ti = ET

i ⋆ρ. We see that {Ti}i
is a parallel tester, and the probability of obtain outcome i is given by

tr(Ei · (E⊗n ⊗ Ianc)(ρ)) = tr(Ei · (C⊗n
E ⋆ ρ)) = ET

i ⋆ C
⊗n
E ⋆ ρ = Ti ⋆ C

⊗n
E ,

which is exactly the same as Equation (6).
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Sequential testers. A sequential tester can make queries sequentially, adaptively and coherently.
Specifically, it sends a quantum system through the first use of the channel E and then it feeds the
resulting (quantum) output into subsequent uses, potentially along with auxiliary systems, while
allowing arbitrary CPTP maps to act between uses of E . After all n uses of the channel E , a POVM
is performed on the final state. In other words, sequential testers represent coherent and adaptive
query-access algorithms.

Definition 2.10 (Sequential tester). A sequential tester that uses n queries to an unknown channel
is defined as any set of linear operators {Ti}i, with Ti ∈ L(

⊗n
j=1HA,j⊗HB,j), such that Ti ≥ 0 and∑

i Ti is a quantum (n+1)-comb on (H0,HA,1,HB,1, . . . ,HA,n,HB,n,Hn+1), where H0
∼= Hn+1

∼= C
are one-dimensional.

It is known that any sequential tester can be obtained by a sequential query-access algorithm
and any sequential query-access algorithm can be described by a sequential tester [CDP09, BMQ22].
When applying a sequential tester {Ti}i to n queries to a quantum channel E , we get the classical
outcome i with probability

pi = Ti ⋆ C
⊗n
E = tr(Ti(C

⊗n
E )T) = tr(TT

i C
⊗n
E ),

where C⊗n
E denotes the Choi operator of all n queries to the channel E and ( · )T represents matrix

transposition.

Quantum channel discrimination. Let N be a finite set of quantum channels. Then, the
discrimination problem for channels in N can be defined as follows.

Problem 2.11. Suppose the channel E is uniformly randomly chosen from the set N . The algo-
rithm (or tester) can make n queries to the channel E in order to identify E.

Consider a sequential tester {TE}E∈N for this discrimination task, where TE corresponds to
outputting the label E . Then, the success probability can be computed as

P[success] =
1

|N |
∑
E∈N

TE ⋆ C
⊗n
E ,

where CE is the (unnormalized) Choi state of E . We say an algorithm solves the discrimination
problem if the success probability is larger than 2/3.

2.4 Schur-Weyl duality on bipartite systems

Let us consider a sequence of Hilbert spaces H1,H2, . . . ,Hn such that Hi
∼= Cd for 1 ≤ i ≤ n.

The Hilbert space
⊗n

i=1Hi admits representations of the symmetric group Sn (i.e. the group of
all permutations on the set {1, 2, . . . , n}) and unitary group Ud (i.e. the group of unitaries on d-
dimensional Hilbert space). The unitary group acts by simultaneous “rotation” as U⊗n for any
U ∈ Ud, while the symmetric group acts by permuting tensor factors:

p(π)|ψ1⟩ · · · |ψn⟩ = |ψπ−1(1)⟩ · · · |ψπ−1(n)⟩, (7)

where π ∈ Sn. The two actions U⊗n and p(π) commute with each other, hence
⊗n

i=1Hi admits a
representation of group Ud × Sn. In particular, the Schur-Weyl duality (see, e.g., [FH13]) states
that

n⊗
i=1

Hi

Sn×Ud∼=
⊕
λ⊢d n

Pλ ⊗Qd
λ, (8)
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where Pλ and Qd
λ are irreducible representations of Sn and Ud labeled by Young diagram λ,

respectively. We denote by pλ(π) and qλ(U) the actions of π ∈ Sn and U ∈ Ud on Pλ and Qd
λ,

respectively.
Now, let us consider two sequences of Hilbert spaces (HA,1, . . . ,HA,n) and (HB,1, . . . ,HB,n),

where HA,i
∼= Cd1 and HB,j

∼= Cd2 . We define the action of group Sn×Sn on
⊗n

i=1HA,i⊗HB,i as
pA(π1)⊗pB(π2) for (π1, π2) ∈ Sn×Sn, where pA(·) denotes the permutation action on

⊗n
i=1HA,i,

and similarly for pB( · ). We define the action of Ud1 ×Ud2 on
⊗n

i=1HA,i⊗HB,i as (UA⊗UB)⊗n for
(UA, UB) ∈ Ud1 ×Ud2 . Since the tensor product of irreducible representations of two groups G1, G2

is still irreducible with respect to G1 × G2, we can see the Schur-Weyl duality on the bipartite
system:

n⊗
i=1

HA,i ⊗HB,i

Sn×Sn×Ud1
×Ud2∼=

⊕
λ⊢d1

n
µ⊢d2

n

Pλ ⊗ Pµ ⊗Qd1
λ ⊗Q

d2
µ ,

where Pλ ⊗ Pµ ⊗Qd1
λ ⊗Q

d2
µ is an irreducible representation of Sn ×Sn × Ud1 × Ud2 .

3 Local test of quantum channels

Here, we first prove the local test of quantum channels and use it to derive our upper bounds for
quantum channel tomography.

Theorem 3.1. Suppose d1, d2 and r are positive integers such that rd2 ≥ d1. If there exists a
parallel tester {Ti}i that makes n queries to an unknown isometry V ∈ ISOd1,rd2 and produces a

classical outcome i with probability Pi(V), then there exists another parallel tester {T̃i}i ∪ {T̃⊥}
(where ⊥ is an extra irrelevant label outside the range of i) that makes n queries to an unknown
channel E ∈ QChanr

d1,d2, and produces a classical outcome i with probability E
V∼Dilationr(E)

[Pi(V)].

The proof of Theorem 3.1 is deferred to Section 3.2. Then, for a more convenient use of
Theorem 3.1, we need the following definition.

Definition 3.2 (Estimation tasks of quantum channels). An estimation task of quantum chan-
nels in QChanr

d1,d2 is described by a set {AE}E∈QChanr
d1,d2

, where AE denotes the set of classical

outcomes considered to be the “correct answer” w.r.t. the unknown channel E.

We can easily obtain the following result, by using Theorem 3.1.

Theorem 3.3. Suppose d1, d2 and r are positive integers such that rd2 ≥ d1, and {AE}E∈QChanr
d1,d2

is an estimation task of quantum channels. If there exists a parallel tester that makes n queries to
an arbitrary dilation V ∈ Dilationr(E) of an unknown channel E ∈ QChanr

d1,d2 and produces a
classical outcome i ∈ AE with probability at least 1− δ, then there exists another parallel tester that
makes n queries to E itself and produces a classical outcome i ∈ AE with probability at least 1− δ.

Proof. Suppose Pi(V) is the probability of the parallel tester outputting i when making queries to
V. Therefore, we can see that

∑
i∈AE

Pi(V) ≥ 1−δ for any V ∈ Dilationr(E). Due to Theorem 3.1,
there exists a parallel tester that makes n queries to E and outputs i with probability

P̃i(E) = E
V∼Dilationr(E)

[Pi(V)].
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Therefore, we can see that the probability of this tester outputting i ∈ AE is lower bounded as

∑
i∈AE

P̃i(E) = E
V∼Dilationr(E)

∑
i∈AE

Pi(V)

 ≥ 1− δ.

3.1 Quantum channel tomography and estimation

We can use Theorem 3.3 and the isometry tomography algorithm under diamond norm shown in
Section 8.1 to give the following result.

Theorem 3.4. There exists a parallel tester that makes O(rd1d2/ε
2) queries to an unknown channel

E ∈ QChanr
d1,d2 and produces an estimate F satisfying ∥F − E∥⋄ ≤ ε with probability at least 2/3.

Here, ∥ · ∥⋄ denotes the diamond norm.

Proof. We consider the estimation task {AE}E∈QChanr
d1,d2

where

AE =
{
F ∈ QChanr

d1,d2

∣∣ ∥F − E∥⋄ ≤ ε} .
Note that, for E ∈ QChanr

d1,d2 , any isometry in Dilationr(E) is in ISOd1,rd2 . Then, due to
Lemma 8.1, we have a parallel tester that makes n = O(rd1d2/ε

2) queries to a dilation V ∈
Dilationr(E) and produces W satisfying

∥Contractr(W)− E∥⋄ ≤ ∥W − V∥⋄ ≤ ε,

with probability at least 2/3, where the first inequality is by the contractivity of the diamond norm.
We set the tester to finally output Contractr(W) when producing W. Then, it solves the task
{AE}E∈QChanr

d1,d2
by making n queries to a dilation of E . Due to Theorem 3.3, there exists another

parallel tester that solves this task by making n queries to E it self.

We also provide upper bounds with Heisenberg scaling O(1/ε) for (possibly non-unitary) channel
tomography in the boundary regime (τ = 1), by using Theorem 3.3 and the unitary tomography
algorithm shown in [YRC20].

Theorem 3.5. Suppose τ = rd2/d1 = 1. There exists a parallel tester that makes O(rd1d2/ε)
queries to an unknown channel E ∈ QChanr

d1,d2 and produces an estimate F satisfying ∥1dCF −
1
dCE∥1 ≤ ε with probability at least 2/3. Here, CE is the (unnormalized) Choi state of E and ∥ · ∥1
denotes the trace norm.

Moreover, there exists a parallel tester that makes O(min{rd1.51 d2/ε, rd1d2/ε
2}) queries to an

unknown channel E ∈ QChanr
d1,d2 and produces an estimate F satisfying ∥F − E∥⋄ ≤ ε with

probability at least 2/3, where ∥ · ∥⋄ denotes the diamond norm.

Proof. Consider the task {AE}E∈QChanr
d1,d2

where

AE =

{
F ∈ QChanr

d1,d2

∣∣∣∣ ∥∥∥∥1

d
CF −

1

d
CE

∥∥∥∥
1

≤ ε
}
.

Note that for E ∈ QChanr
d1,d2 , any isometry in Dilationr(E) is a d1-dimensional unitary. Using

Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that makes n = O(d21/ε) =
O(rd1d2/ε) queries to a unitary U ∈ Dilationr(E) and produces W satisfying∥∥∥∥1

d
CContractr(W) −

1

d
CE

∥∥∥∥
1

≤
∥∥∥∥1

d
CW −

1

d
CU

∥∥∥∥
1

=
√

1− Fch(W,U) ≤ ε,
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with probability at least 2/3, where the first inequality is due to the contractivity of trace norm,
and the last inequality is because the Yang-Renner-Chiribella algorithm produces an estimate W
satisfying Fch(W,U) ≥ 1− ε2, with probability at least 2/3. Here, Fch denotes the channel fidelity
(or equivalently, entanglement fidelity). We set the tester to finally output Contractr(W) upon
producing W. Then it solves the task {AE}E∈QChanr

d1,d2
by making n queries to a dilation of E .

Due to Theorem 3.3, there exists a parallel tester that solves this task by making n queries to E
itself.

Similarly, consider the task {AE}E∈QChanr
d1,d2

where

AE =
{
F ∈ QChanr

d1,d2

∣∣ ∥F − E∥⋄ ≤ ε} .
Using to Yang-Renner-Chiribella algorithm [YRC20], we have a parallel tester that makes n =
O(rd1d2/(ε/

√
d1)) = O(rd1.51 d2/ε) queries to a unitary U ∈ Dilationr(E) and produces W satisfy-

ing
∥Contractr(W)− E∥⋄ ≤ ∥W − U∥⋄ ≤

√
2d1
√

1− Fch(W,U) ≤ ε,

with probability at least 2/3, where the second inequality is by [HKOT23, Proposition 1.9]. We
set the tester to finally output Contractr(W) upon producing W. Then it solves the task
{AE}E∈QChanr

d1,d2
by making n queries to a dilation of E . Due to Theorem 3.3, there exists a

parallel tester that solves this task by making n queries to E itself. Combining this with Theo-
rem 3.4, we can see that O(min{rd1.51 d2/ε, rd1d2/ε

2}) queries suffice.

We also demonstrate (mixed) state tomography with Heisenberg scaling, when state-preparation
channels are available. This is obtained by combining our Theorem 3.3 with the pure state tomog-
raphy algorithm given in [Che25].

Theorem 3.6. Suppose τ = rd2/d1 = 1. There exists a parallel tester that makes O(min{d1.51 /ε, d1/ε
2})

queries to a channel E ∈ QChanr
d1,d2 and produces an estimate ρ satisfying ∥ρ − E(|0⟩⟨0|)∥1 ≤ ε

with probability at least 2/3, where ∥ · ∥1 is the trace norm.

Proof. Consider the task {AE}E∈QChanr
d1,d2

where

AE =
{
ρ ∈ L(Cd2)

∣∣ ∥ρ− E(|0⟩⟨0|)∥1 ≤ ε
}
.

Note that, for E ∈ QChanr
d1,d2 , any isometry in Dilationr(E) is a d1-dimensional unitary. Using

Chen’s algorithm [Che25], we have a parallel tester that makes n = O(min{d1.51 /ε, d1/ε
2}) queries

to a unitary U ∈ Dilationr(E) and produces |ψ⟩ satisfying

∥ trr(|ψ⟩⟨ψ|)− E(|0⟩⟨0|)∥1 ≤ ∥|ψ⟩⟨ψ| − U |0⟩⟨0|U †∥1 ≤ ε,

with probability at least 2/3, where the second inequality is because Chen’s algorithm produces
an estimate |ψ⟩ for U |0⟩4 to within trace norm error ε with probability at least 2/3. We set the
tester to finally output trr(|ψ⟩⟨ψ|) upon producing |ψ⟩. Then, it solves the task {AE}E∈QChanr

d1,d2

by making n queries to a dilation of E . Due to Theorem 3.3, there exists a parallel tester that
solves this task by making n queries to E itself.

Note that Theorem 3.5 and Theorem 3.6 provide Heisenberg-scaling upper bounds in the bound-
ary regime τ = rd2/d1 = 1. We also provide upper bounds with mixing Heisenberg- and classical-
scalings in the non-boundary regime τ > 1. This is obtained by combining our Theorem 3.3 with
the isometry tomography algorithm provided in [YMM25].

4In [Che25], the author considered estimating U |d⟩ for notation convenience, here we consider estimating U |0⟩.
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Theorem 3.7. Suppose τ = rd2/d1 > 1. There exists a parallel tester that makes O((rd2 −
d1)d1/ε

2 + d21/ε) queries to an unknown channel E ∈ QChanr
d1,d2 and produces an estimate F

satisfying ∥1dCF − 1
dCE∥1 ≤ ε with probability at least 2/3. Here, CE is the unnormalized Choi state

of E and ∥ · ∥1 denotes the trace norm.

Proof. Consider the estimation task {AE}E∈QChanr
d1,d2

where

AE =

{
F ∈ QChanr

d1,d2

∣∣ ∥∥∥∥1

d
CF −

1

d
CE

∥∥∥∥
1

≤ ε
}
.

Note that, for E ∈ QChanr
d1,d2 , any isometry in Dilationr(E) is in ISOd1,rd2 . Using Yoshida-

Miyazaki-Murao algorithm [YMM25] (see also Lemma 8.4), we have a parallel tester that makes
n = O((rd2 − d1)d1/ε2 + d21/ε) queries to an isometry V ∈ Dilationr(E) and produces an estimate
W satisfying ∥∥∥∥1

d
CContractr(W) −

1

d
CE

∥∥∥∥
1

≤
∥∥∥∥1

d
CW −

1

d
CV

∥∥∥∥
1

≤ ε,

with probability at least 2/3, where the first inequality is by the contractivity of the trace norm.
We set the tester to finally output Contractr(W) upon producing W. Then it solves the task
{AE}E∈QChanr

d1,d2
by making n queries to a dilation of E . Due to Theorem 3.3, there exists a

parallel tester that solves this task by making n queries to E itself.

3.2 Construction of the local testers

Now, we prove Theorem 3.1. Our proof draws on an idea similar to the construction of local testers
for quantum states in [CWZ24], and extends it to local testers for quantum channels.

We introduce some notation that will be used in the proof later.

Notation 3.8. For each i ∈ [n], we define HA,i
∼= Cd1 and HB,i ⊗ Hanc,i

∼= Cd2 ⊗ Cr to be the
input and output systems of the i-th query to an isometry channel V ∈ ISOd1,rd2. The following
decompositions are due to Schur-Weyl duality:

n⊗
i=1

HA,i ⊗HB,i

Sn×Ud1d2∼=
⊕

λ⊢d1d2
n

Pλ ⊗Qd1d2
λ and

n⊗
i=1

Hanc,i

Sn×Ur∼=
⊕
λ⊢rn

Pλ ⊗Qr
λ.

Hence, we can see that

n⊗
i=1

HA,i ⊗HB,i ⊗Hanc,i

Sn×Sn×Ud1d2
×Ur∼=

⊕
λ⊢d1d2

n
µ⊢rn

PAB,λ ⊗ Panc,µ ⊗Qd1d2
AB,λ ⊗Q

r
anc,µ,

where we use PAB,λ ⊗ Qd1d2
AB,λ to denote the subspace Pλ ⊗ Qd1d2

λ in
⊗n

i=1HA,i ⊗ HB,i, and use
Panc,µ ⊗Qr

anc,µ to denote the subspace Pµ ⊗Qr
µ in

⊗n
i=1Hanc,i.

We give the proof of Theorem 3.1 as follows.

Proof of Theorem 3.1. Define s := min{d1d2, r}. Note that here, we do not assume r ≤ d1d2. The
construction of the parallel tester {T̃i}i ∪ {T̃⊥} is as follows.
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• First, we define a new tester {T i}i such that

T i := E
U∼Ur

[U⊗nTiU
†⊗n], (9)

where U⊗n acts on
⊗n

j=1Hanc,j .

• We then define the tester {T̃i}i ∪ {T̃⊥} as follows. For each i,

T̃i :=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)
, (10)

where |IPλ
⟩⟩ ∈ PAB,λ ⊗Panc,λ is the (unnormalized) maximally entangled state defined w.r.t.

the Young’s orthogonal basis (or Young-Yamanouchi basis) on which π ∈ Sn acts as a real
matrix [CSST10]. Note that T̃i is a linear operator on

⊗n
j=1HA,j ⊗ HB,j . As we will not

explicitly use T̃⊥, its definition is deferred to Equation (21) for clarity.

In order to verify our construction, we prove in Lemma 3.9 that {T i}i is a parallel tester which
makes n queries to an isometry V ∈ ISOd1,rd2 and produces a classical outcome i with probability

E
W∼Dilationr(Contractr(V))

[Ti ⋆ C
⊗n
W ],

and we also give an explicit expression of this probability. Then, by using Lemma 3.9, we prove in
Lemma 3.10 that {T̃i}i∪{T̃⊥} is indeed a parallel tester that makes n queries to a quantum channel
E ∈ QChanr

d1,d2 and produces outcome i with probability E
W∼Dilationr(E)

[Ti ⋆ C
⊗n
W ], as desired.

In the following lemma, we prove some properties of the tester {Ti}i.

Lemma 3.9. The tester {T i}i defined in Equation (9) satisfies:

1. {T i}i is a parallel tester. Moreover, for V ∈ ISOd1,rd2, the tester produces i with probability

T i ⋆ C
⊗n
V = E

W∼Dilationr(Contractr(V))
[Ti ⋆ C

⊗n
W ]. (11)

2. The probability in Equation (11) can also be expressed as

T i ⋆ C
⊗n
V =

∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
,

where s = min{d1d2, r}, and |Vλ⟩ ∈ Qd1d2
AB,λ⊗Q

r
anc,λ is a vector appearing in the decomposition

|V ⟩⟩⊗n =
⊕

λ⊢sn
|IPλ
⟩⟩ ⊗ |Vλ⟩ according to Lemma 3.11.

Proof. Item 1. We have

∑
i

T i = E
U∼Ur

[
U⊗n

∑
i

TiU
†⊗n

]
= E

U∼Ur

[
U⊗n(ρA ⊗ IB,anc)U

†⊗n
]

= ρA ⊗ IB,anc, (12)

where we used the fact that {Ti}i is a parallel tester so that
∑

i Ti = ρA ⊗ IB,anc for ρA a density
operator on

⊗n
j=1HA,j and IB,anc the identity operator on

⊗n
j=1HB,j ⊗ Hanc,j . We further note

that U⊗n acts only non-trivially on
⊗n

j=1Hanc,j . Therefore, {T i}i is indeed a parallel tester.
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On the other hand, we have

T i ⋆ C
⊗n
V = tr

(
T
T
i C

⊗n
V

)
= E

U∼Ur

[
tr
(
TT
i U

⊗nC⊗n
V U †⊗n

)]
(13)

= E
U∼Ur

[
tr
(
TT
i C

⊗n
U◦V
)]

= E
W∼Dilationr(Contractr(V))

[
tr
(
TT
i C

⊗n
W
)]

(14)

= E
W∼Dilationr(Contractr(V))

[
Ti ⋆ C

⊗n
W
]

where Equation (13) is due to the definition of T i (see Equation (9)), and Equation (14) uses the
definition of the Haar distribution on Dilationr(·) (see Notation 2.3).

Item 2. We treat |V ⟩⟩ as a bipartite vector in (Cd1 ⊗ Cd2) ⊗ Cr. Using Lemma 3.11, we can
write |V ⟩⟩⊗n =

⊕
λ⊢sn
|IPλ
⟩⟩ ⊗ |Vλ⟩, in which |Vλ⟩ ∈ Qd1d2

AB,λ ⊗Q
r
anc,λ and |IPλ

⟩⟩ ∈ PAB,λ ⊗ Panc,λ is

an (unnormalized) maximally entangled state. Also, we note that U⊗n commutes with T i for any
U ∈ Ur, in which U⊗n acts non-trivially on

⊗n
j=1Hanc,j . Thus,

T i ⋆ C
⊗n
V = tr

(
T
T
i |V ⟩⟩⟨⟨V |⊗n

)
= tr

(
T
T
i E

U∼Ur

[U⊗n|V ⟩⟩⟨⟨V |⊗nU †⊗n]

)

= tr

TT
i E

U∼Ur

 ⊕
λ,µ⊢sn

|IPλ
⟩⟩⟨⟨IPµ | ⊗ qλ(U)|Vλ⟩⟨Vµ|qµ(U)†

 (15)

= tr

TT
i ·

⊕
λ⊢sn

|IPλ
⟩⟩⟨⟨IPλ

| ⊗ trQr
anc,λ

(
|Vλ⟩⟨Vλ|

)
⊗ 1

dim(Qr
λ)
IQr

anc,λ

 (16)

=
∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
,

where Equation (16) uses Schur’s lemma [FH13], and in Equation (15) qλ(U) acts on Qr
anc,λ.

Next, we prove some properties of {T̃i}i in the following lemma.

Lemma 3.10. The operators {T̃i}i defined in Equation (10) satisfies:

1. There exists a positive semidefinite operator T̃⊥ such that {T̃i}i ∪{T̃⊥} is a parallel tester. In
fact, T̃⊥ can be explicitly constructed, as shown in Equation (21).

2. For any quantum channel E ∈ QChanr
d1,d2, the tester produces outcome i with probability

T̃i ⋆ C
⊗n
E = E

W∼Dilationr(E)
[Ti ⋆ C

⊗n
W ].

Proof. Item 1. According to the definition in Equation (10), we have

∑
i

T̃i =
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

(
⟨⟨IPλ

|
∑
i

T i|IPλ
⟩⟩

)
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=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

(
⟨⟨IPλ

|ρA ⊗ IB,anc|IPλ
⟩⟩
)
, (17)

where in Equation (17) we use Equation (12). Then, we write ρA ⊗ IB,anc = (ρA ⊗ IB) ⊗ Ianc and
write ρA ⊗ IB according to the subspace decomposition in the Schur-Weyl duality:

ρA ⊗ IB =
⊕

λ,µ⊢d1d2
n

Mλ→µ,

where Mλ→µ is a linear operator from the subspace PAB,λ⊗Qd1d2
AB,λ to the subspace PAB,µ⊗Qd1d2

AB,µ,
and Mλ→λ is positive semidefinite for each λ since ρA ⊗ IB is positive semidefinite. Moreoever, we
can see that

(ρA ⊗ IB)⊗ Ianc =
⊕

λ,µ⊢d1d2
n

ν⊢rn

Mλ→µ ⊗ IPanc,ν ⊗ IQr
anc,ν

.

This means, Equation (17) is equal to

⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

⟨⟨IPλ
|
⊕

κ,µ⊢d1d2
n

ν⊢rn

Mκ→µ ⊗ IPanc,ν ⊗ IQr
anc,ν
|IPλ
⟩⟩


=
⊕
λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

(
trPAB,λ

(Mλ→λ)⊗ IQr
anc,λ

)
(18)

=
⊕
λ⊢sn

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ)

≤
⊕

λ⊢d1d2
n

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ), (19)

where Equation (18) uses that |IPλ
⟩⟩ is an (unnormalized) maximally entangled state on PAB,λ ⊗

Panc,λ, and Equation (19) uses that s ≤ d1d2 and Mλ→λ ≥ 0 for any λ. Next, we have

1

n!

∑
π∈Sn

pA(π) ρA pA(π)† ⊗ IB =
1

n!

∑
π∈Sn

pAB(π)(ρA ⊗ IB)pAB(π)†

=
⊕

λ⊢d1d2
n

1

dim(Pλ)
· IPAB,λ

⊗ trPAB,λ
(Mλ→λ), (20)

where pA(π) and pAB(π) denote the actions of π (i.e., permuting tensor factors) on
⊗n

j=1HA,j

and
⊗n

j=1HA,j ⊗ HB,j , respectively, and Equation (20) uses Schur’s lemma. We can see that
Equation (20) equals exactly Equation (19). This means∑

i

T̃i ≤ ρsymA ⊗ IB,

where ρsymA := 1
n!

∑
π∈Sn

pA(π) ρA pA(π)† is a mixed quantum state. Thus there exists a positive

semidefinite linear operator T̃⊥ satisfying
∑

i T̃i + T̃⊥ = ρsymA ⊗ IB. In fact, we can explicitly define

T̃⊥ :=
∑

λ⊢d1d2
n

l(λ)>s

Pλ(ρsymA ⊗ IB)Pλ =
1

rn

∑
i

∑
λ⊢d1d2

n

l(λ)>s

Pλ tranc(Ti)
sym Pλ, (21)
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where l(λ) denotes the number of rows of λ, Pλ denotes the orghotonal projector onto the subspace
PAB,λ ⊗Qd1d2

AB,λ, and tranc(Ti)
sym = 1

n!

∑
π∈Sn

pAB(π) tranc(Ti) pAB(π)†. Therefore, {T̃i}i ∪ {T̃⊥} is
a parallel tester.

Item 2. Suppose E ∈ QChanr
d1,d2 is a quantum channel. Let V ∈ Dilationr(E) be an arbitrary

dilation, where V : HA → HB ⊗Hanc, HA
∼= Cd1 , HB

∼= Cd2 , and Hanc
∼= Cr. We can see that

trHanc(CV) = trHanc(|V ⟩⟩⟨⟨V |) = CE .

Treating |V ⟩⟩ as a bipartite vector in (HA ⊗ HB) ⊗ Hanc and according to Lemma 3.11, we have
|V ⟩⟩⊗n =

⊕
λ⊢sn
|IPλ
⟩⟩ ⊗ |Vλ⟩ for |IPλ

⟩⟩ ∈ PAB,λ ⊗ Panc,λ and |Vλ⟩ ∈ Qd1d2
AB,λ ⊗Q

r
anc,λ. Thus,

tranc(|V ⟩⟩⟨⟨V |⊗n) = tranc

 ⊕
λ,µ⊢sn

|IPλ
⟩⟩⟨⟨IPµ | ⊗ |Vλ⟩⟨Vµ|


=
⊕
λ⊢sn

trPanc,λ

(
|IPλ
⟩⟩⟨⟨IPλ

|
)
⊗ trQr

anc,λ

(
|Vλ⟩⟨Vλ|

)
=
⊕
λ⊢sn

IPAB,λ
⊗ trQr

anc,λ

(
|Vλ⟩⟨Vλ|

)
, (22)

in which tranc(·) denotes the partial trace on all ancilla systems
⊗n

j=1Hanc,j . Also, we can see

C⊗n
E =

⊕
λ⊢d1d2

n

IPAB,λ
⊗ CE,λ, (23)

for certain CE,λ ∈ L(Qd1d2
AB,λ). Comparing Equation (22) with Equation (23), we find that trQr

anc,λ
(|Vλ⟩⟨Vλ|) =

CE,λ for λ ⊢s n, and also CE,λ = 0 for those λ with more than s rows. This means,

T̃i ⋆ C
⊗n
E = tr


⊕

λ⊢sn

1

dim(Pλ) dim(Qr
λ)
· IPAB,λ

⊗ trQr
anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)T

· C⊗n
E


=
∑
λ⊢sn

1

dim(Qr
λ)

tr

(
trQr

anc,λ

(
⟨⟨IPλ

|T i|IPλ
⟩⟩
)T
· CE,λ

)
=
∑
λ⊢sn

1

dim(Qr
λ)

tr
(

trQr
anc,λ

(
⟨⟨IPλ

|TT
i |IPλ

⟩⟩
)
· trQr

anc,λ

(
|Vλ⟩⟨Vλ|

))
= T i ⋆ C

⊗n
V (24)

= E
W∼Dilationr(E)

[Ti ⋆ C
⊗n
W ], (25)

where Equation (24) is due to item 2 of Lemma 3.9 and Equation (25) is due to item 1 of Lemma 3.9.

The following result about bipartite pure states is widely used in quantum information theory
(see, e.g., [MH07]).

Lemma 3.11. Suppose |ψ⟩ ∈ HA⊗HB
∼= Cd1 ⊗Cd2 is a vector and define s = min{d1, d2}. Then,

|ψ⟩⊗n has the form

|ψ⟩⊗n =
⊕
λ⊢sn

|IPλ
⟩⟩ ⊗ |ψλ⟩,

where |ψλ⟩ ∈ Qd1
A,λ ⊗ Q

d2
B,λ, and |IPλ

⟩⟩ is the (unnormalized) maximally entangled state on the
bipartite system PA,λ ⊗ PB,λ w.r.t. the Young’s orthogonal basis.
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Proof. First, the state |ψ⟩⊗n is invariant under the action of pA(π) ⊗ pB(π) for any π ∈ Sn. Due
to the Schur-Weyl duality, we can see that

1

n!

∑
π∈Sn

pA(π)⊗ pB(π) =
1

n!

∑
π∈Sn

⊕
λ⊢d1

n
µ⊢d2

n

pA,λ(π)⊗ pB,µ(π)⊗ IQd1
A,λ

⊗ IQd2
B,µ

=
⊕
λ⊢d1

n
µ⊢d2

n

1

n!

∑
π∈Sn

p∗A,λ(π)⊗ pB,µ(π)⊗ IQd1
A,λ

⊗ IQd2
B,µ

(26)

=
⊕
λ⊢sn

1

dim(Pλ)
|IPλ
⟩⟩⟨⟨IPλ

| ⊗ IQd1
A,λ

⊗ IQd2
B,λ

, (27)

where in Equation (26) the (·)∗ denotes complex conjugate (w.r.t. the Young’s orthogonal basis
so that pλ(π) is a real matrix [CSST10]), Equation (27) uses the fact that the only subspace
invariant under p∗A,λ(π) ⊗ pB,µ(π) for all π ∈ Sn is spanned by |IPλ

⟩⟩ ∈ PA,λ ⊗ PB,µ when λ = µ,

and is the trivial space {0} otherwise.5 Thus, the vector |ψ⟩⊗n lies in the support of the projector
1
n!

∑
π∈Sn

pA(π)⊗pB(π), which, according to Equation (27), means |ψ⟩⊗n =
⊕

λ⊢sn
|IPλ
⟩⟩⊗|ψλ⟩.

4 Hardness of isometry channel discrimination

In this section, we establish the difficulty of distinguishing between isometry channels with partic-
ular structures. In Section 4.1, we present a construction of a family of channels that are ε-close
and prove that Ω(1/ε) queries are necessary to distinguish between the corresponding isometries.
Moreover, in Section 4.2, we present a different family of channels, that are also ε-close, but Ω(1/ε2)
queries are needed to discriminate between the corresponding isometries. For ease of reference, we
denote these constructions as Type I and Type II hard instances, respectively.

4.1 Type I: Heisenberg-scaling hardness

4.1.1 Definition

Let D ≥ d be two positive integers. We consider isometries with input dimension d and output
dimension D.

Let ε ∈ (0, 1/2), d ≥ 2 and d′ := 2
⌊
d
2

⌋
. Let {|1⟩A, . . . , |d⟩A} and {|1⟩B, . . . , |D⟩B} be two

orthonormal bases of the Hilbert spaces HA
∼= Cd and HB

∼= CD, respectively. Define the linear
operator V0 : HA → HB by

V0 :=

{√
1− ε2

∑d′

i=1|i⟩B⟨i|A + |d⟩B⟨d|A, if d is odd√
1− ε2

∑d′

i=1|i⟩B⟨i|A, if d is even.

Define the linear operator ∆ : HA → HB by

∆ := i

⌊d/2⌋∑
i=1

|i⟩B⟨i|A −
d′∑

i=⌊d/2⌋+1

|i⟩B⟨i|A

 ,

5We can see this by considering the representation isomorphism P∗
A,λ ⊗ PB,µ

Sn∼= L(PA,λ,PB,µ). Due to Schur’s
lemma, any linear operator in L(PA,λ,PB,µ) that commutes with the action of π must be proportional to the identity
operator when λ = µ and 0 otherwise.
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where i denotes the imaginary unit.
Let U ∈ Ud′ be a unitary. We define the isometry Vε,U : HA → HB by

Vε,U := V0 + εU∆U †. (28)

Here, we abuse the notation and assume that U can act either on HA or HB (we identify |i⟩A with
|i⟩B for i ∈ [d] and U acts trivially on |d′ + 1⟩B, . . . , |D⟩B).

Note that Vε,U is an isometry as one can verify:

V †
ε,UVε,U = V †

0 V0 + ε
(
V †
0 U∆U † + U∆†U †V0

)
+ ε2U∆†∆U †

= V †
0 V0 + ε2U∆†∆U †

= IA.

Furthermore, we observe that ⟨⟨V0|∆⟩⟩ = tr(V †
0 ∆) = 0.

4.1.2 Hardness of the discrimination problem

We then obtain the following main result of this section.

Theorem 4.1. Let C > 0 be a constant. Suppose d ≥ 8/C. Let N ⊆ {Vε,U |U ∈ U2⌊ d
2
⌋} with Vε,U

defined in Equation (28) of cardinality |N | ≥ exp(Cd2). Then, at least n ≥ min{C3/2

21 , 1√
2e5
} · d2ε

queries are needed for any algorithm that can distinguish between the isometries in N with success
probability at least 2/3.

Proof. Consider an algorithm that distinguishes between the isometries in N using n queries. We
may assume n ≤ 1√

2e5
d2/ε as otherwise the theorem is proven.

Recall that each isometry V in N can be written as

V = V0 + εU∆U †

for some unitary U ∈ Ud′ .
Let {TV }V ∈N be a sequential tester that describes the algorithm for distinguishing between the

isometries in the set N . Using the bound on the cardinality of the family N , we can bound the
success probability as follows

P[success] =
1

|N |
·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−Cd2) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n,

where |V ⟩⟩⟨⟨V |⊗n is an n-comb on (HA,1,HB,1, . . . ,HA,n,HB,n), and HA,i and HB,i denote the input
and output spaces of the i-th query to V , respectively.

Observe that for V ∈ N , we can express |V ⟩⟩⊗n as follows

|V ⟩⟩⊗n =
(
|V0⟩⟩+ ε|U∆U †⟩⟩

)⊗n

=
n∑

i=0

εi
∑
S⊆[n]
|S|=i

|V0⟩⟩⊗[n]\S ⊗ |U∆U †⟩⟩⊗S
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=

n∑
i=0

εi (U ⊗ U∗)⊗n
∑
S⊆[n]
|S|=i

|γS⟩, (29)

where U∗ acts on on HA,i and U acts on HB,i and for any S ⊆ [n], we define the vector

|γS⟩ := |V0⟩⟩⊗[n]\S ⊗ |∆⟩⟩⊗S . (30)

Note that, since ⟨⟨V0|∆⟩⟩ = tr(V †
0 ∆) = 0, the vectors {|γS⟩}S⊆[n] are pairwise orthogonal.

Next, for S ⊆ [n], we introduce the operator ΓS

ΓS := E
U∼Ud′

[(
U ⊗ U∗

)⊗n
|γS⟩⟨γS |

(
U † ⊗ UT

)⊗n
]
. (31)

Similarly, {supp(ΓS)}S⊆[n] are pairwise orthogonal. To see this, we observe that U ⊗U∗ fixes |V0⟩⟩
and U ⊗ U∗|∆⟩⟩ remains orthogonal to |V0⟩⟩ for any U ∈ Ud′ .

By Lemma 4.3, there exist a set of positive numbers {λS |S ⊆ [n]} satisfying for any V ∈ N ,∑
S⊆[n]

λS ≤ 3d4 exp
(

3
√

54n2ε2d2
)
,

|V ⟩⟩⟨⟨V |⊗n ≤
∑
S⊆[n]

λSΓS .

Hence the success probability can be bounded as

P[success] ≤ exp(−Cd2) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−Cd2) ·
∑
V ∈N

TV ⋆
∑
S⊆[n]

λSΓS

= exp(−Cd2) ·
∑
T⊆[n]

λT ·
∑
V ∈N

TV ⋆
∑
S⊆[n]

λS∑
T⊆[n] λT

ΓS

≤ exp(−Cd2) ·
∑
S⊆[n]

λS , (32)

≤ exp(−Cd2) · 3d4 exp
(

3
√

54n2ε2d2
)
,

where Equation (32) uses the fact that

•
∑

V ∈N TV forms an (n+ 1)-comb with input and output dimensions 1, and

•
∑

S⊆[n]
λS∑

T⊆[n] λT
ΓS forms a probabilistic n-comb. Here, we use the fact that each ΓS is a

probabilistic comb (see Lemma 4.2) and their convex combination is also a probabilistic comb,

and the contraction of an (n + 1)-comb with input and output dimensions 1 and a probabilistic
n-comb is at most 1.

Since the algorithm succeeds with probability P[success] ≥ 2/3, we obtain that

54n2ε2d2 ≥
(
Cd2 − 4 ln(d) + ln(2/9)

)3
≥
(
Cd2 − 4d

)3 ≥ C3

8
d6,
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where we used ln(d) ≤ d− 1, ln(9/2) ≤ 4 and d ≥ 8/C. Finally, we deduce

n ≥ C3/2

12
√

3
· d

2

ε
>
C3/2

21
· d

2

ε
.

Technical lemmas. For S ⊆ [n], recall the definition of |γS⟩ (see Equation (30)) and ΓS (see
Equation (31)).

Lemma 4.2. |γS⟩⟨γS | and ΓS are probabilistic n-combs.

Proof. Observe that

trHB
(|V0⟩⟩⟨⟨V0|) =

{
(1− ε2)

∑d′

i=1|i⟩⟨i|A + |d⟩⟨d|A, if d is odd

(1− ε2)
∑d′

i=1|i⟩⟨i|A, if d is even
,

so trHB
(|V0⟩⟩⟨⟨V0|) ≤ IA. Moreover, we have that

trHB
(|∆⟩⟨∆|) =

d′∑
i=1

|i⟩⟨i|A ≤ IA.

hence |γS⟩ is a probabilistic n-comb.
The similar reasoning shows that (U ⊗U∗)⊗n|γS⟩⟨γS |(U †⊗UT)⊗n is also a probabilistic n-comb

for any U ∈ Ud′ . Finally, we deduce that ΓS is also a probabilistic n-comb since it is a convex
combination of probabilistic combs.

Lemma 4.3. Suppose d ≥ 2 and n ≤ 1√
2e5
d2/ε. There exists a set of positive numbers {λS |S ⊆ [n]}

such that for any V ∈ N , ∑
S⊆[n]

λS ≤ 3d4 exp
(

3
√

54n2ε2d2
)
,

|V ⟩⟩⟨⟨V |⊗n ≤
∑
S⊆[n]

λSΓS . (33)

Proof. We remark that, because of Equation (29), |V ⟩⟩⊗n is contained in
⊕

S⊆[n] supp(ΓS). More-
over, by Fact 7.7, to establish Equation (33), it is sufficient to show that∑

S⊆[n]

1

λS
tr
(
Γ−1
S |V ⟩⟩⟨⟨V |

⊗n
)
≤ 1. (34)

To this end, we bound the left hand side of Equation (34) as∑
S⊆[n]

1

λS
tr
(
Γ−1
S |V ⟩⟩⟨⟨V |

⊗n
)

=
∑
S⊆[n]

1

λS
ε2|S| tr

(
Γ−1
S (U ⊗ U∗)⊗n|γS⟩⟨γS |(U † ⊗ UT)⊗n

)
(35)

=
∑
S⊆[n]

1

λS
ε2|S| tr

(
Γ−1
S |γS⟩⟨γS |

)
(36)

≤
∑
S⊆[n]

1

λS
ε2|S|

(
d2 + |S| − 2

|S|

)
. (37)
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Here, Equation (35) follows from Equation (29) and the fact that (U ⊗ U∗)⊗n|γS⟩ ∈ supp(ΓS),
Equation (36) uses the fact that ΓS commutes with (U⊗U∗)⊗n, and Equation (37) is an application
of Lemma 7.1 where |γS⟩ is viewed as a vector in the space

span

({
|V0⟩⟩⊗[n]\S ⊗ |ψ⟩⊗S

∣∣∣∣ |ψ⟩ ∈ span{|1⟩A, . . . , |d⟩A} ⊗ span{|1⟩B, . . . , |d⟩B}, |ψ⟩ ∈ |V0⟩⟩⊥
})

,

which is invariant under the action (U ⊗ U∗)⊗n. This space has dimension
(d2+|S|−2

|S|
)

since it is

isomorphic to the symmetric space ∨|S|Cd2−1 [Har13].
For S ⊆ [n], we set λS = µi/

(
n
i

)
where i = |S| for some positive number µi. Then, we observe∑

S⊆[n] λS =
∑n

i=0 µi and Equation (37) can be written as

n∑
i=0

1

µi

(
n

i

)2

ε2i
(
d2 + i− 2

i

)
. (38)

Our goal is to look for positive numbers µ0, . . . , µn such that
∑n

i=0 µi is small and Equation (38)
is upper bounded by 1. For this, Equation (38) can be bounded using Fact 7.6 as

(38) ≤
n∑

i=0

1

µi
exp

(
2nH

(
i

n

)
+ 2i ln(ε) + (d2 + i)H

(
i

d2 + i

))

=

n∑
i=0

1

µi
exp

(
−2i ln

(
i

nε

)
− 2(n− i) ln

(
n− i
n

)
+ i ln

(
1 +

d2

i

)
+ d2 ln

(
1 +

i

d2

))

≤
n∑

i=0

1

µi
exp

(
−i ln

(
i2

n2ε2

)
+ i ln

(
1 +

d2

i

)
+ 3i

)
, (39)

where the last inequality uses

2(n− i) ln

(
n

n− i

)
≤ 2(n− i)

(
n

n− i
− 1

)
= 2i and d2 ln

(
1 +

i

d2

)
≤ d2 i

d2
= i.

To further bound Equation (39), we consider two cases depending on i:

• When i < d2, we have

−i ln

(
i2

n2ε2

)
+ i ln

(
1 +

d2

i

)
+ 3i ≤ −i ln

(
i2

n2ε2

)
+ i ln

(
2d2

i

)
+ 3i

= 3i ln

(
3
√

2e3n2ε2d2

i

)
≤ 3
√

54n2ε2d2,

where we used Fact 7.8 in the last inequality.

• When i ≥ d2, since we assumed that n ≤ 1√
2e5
d2/ε we have i ≥

√
2e5nε, thus

−i ln

(
i2

n2ε2

)
+ i ln

(
1 +

d2

i

)
+ 3i ≤ −i ln(2e5) + i ln(2) + 3i = −i ln

(
2e5/2e3

)
= −2i.
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Hence, the choice

µi =

{
2d2 exp

(
3
√

54n2ε2d2
)
, if i < d2

exp(−i), if i ≥ d2,

ensures that Equation (39) can be upper bounded by

(39) ≤
∑
i<d2

1

µi
exp
(

3
√

54n2ε2d2
)

+
∑
i≥d2

1

µi
exp(−2i)

≤ 1

2
+
∑
i≥d2

exp(−i) ≤ 1

2
+ exp(−d2) e

e− 1
< 1,

where we used that d2 ≥ 2. Finally, we have that

n∑
i=0

µi ≤ 2d4 exp
(

3
√

54n2ε2d2
)

+ exp(−d2) e

e− 1

< 2d4 exp
(

3
√

54n2ε2d2
)

+
1

2
< 3d4 exp

(
3
√

54n2ε2d2
)
,

which concludes the proof.

4.2 Type II: classical-scaling hardness

4.2.1 Definition

Let D > d be two positive integers. We consider isometries with input dimension d and output
dimension D.

Let ε ∈ (0, 1/2) and d′ ≤ min{d,D − d} be a positive number. Let {|1⟩A, . . . , |d⟩A} and
{|1⟩B, . . . , |D⟩B} be two (arbitrary) orthonormal bases of the Hilbert spacesHA

∼= Cd andHB
∼= CD,

respectively. Define the linear operator V0 : HA → HB by

V0 :=
√

1− ε2
d′∑
i=1

|i⟩B⟨i|A +
d∑

i=d′+1

|i⟩B⟨i|A,

and the linear operator ∆ : HA → HB by

∆ :=
d′∑
i=1

|d+ i⟩B⟨i|A.

Let U ∈ UD−d be a unitary. We define the isometry Vε,U : HA → HB as

Vε,U := V0 + εU∆. (40)

Here, U ∈ UD−d acts on the subspace spanned by {|d+ 1⟩B, . . . , |D⟩B}.
It can be easily checked that Vε,U is an isometry:

V †
ε,UVε,U = (1− ε2)

d′∑
i=1

|i⟩A⟨i|A +
d∑

i=d′+1

|i⟩A⟨i|A + ε2
d′∑
i=1

|i⟩A⟨i|A = IA.

Observe that the images of V0 and U∆ are orthogonal.
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4.2.2 Hardness of the discrimination problem

We then obtain the following main result of this section.

Theorem 4.4. Let C > 0 be a constant. Suppose D − d ≥ 64/C2. Let N ⊆ {Vε,U |U ∈ UD−d}
with Vε,U defined in Equation (40) of cardinality |N | ≥ exp(C(D − d) min{d,D − d}). Then, at

least n ≥ min{C2

32 ,
1

2e4
} · (D−d)min{d,D−d}

ε2
queries are needed for any algorithm that can distinguish

between the isometries in N with success probability at least 2/3.

Proof. Let dmin := min{d,D−d}. Consider an algorithm that distinguishes between the isometries
in N using n queries. We may assume n ≤ 1

2e4
(D − d)dmin/ε

2 as otherwise the theorem is proven.
Recall that each isometry V in N is of the form

V = V0 + εU∆,

for some unitary U ∈ UD−d.
Let {TV }V ∈N be a sequential tester that describes the algorithm for distinguishing between the

isometries in the set N . Using the bound on the cardinality of the family N , we can bound the
success probability as follows

P[success] =
1

|N |
·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−C(D − d)dmin) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n.

where |V ⟩⟩⟨⟨V |⊗n is an n-comb on (HA,1,HB,1, . . . ,HA,n,HB,n), and HA,i and HB,i denote the input
and output spaces of the i-th query to V , respectively.

Observe that for V ∈ N , we can express |V ⟩⟩⊗n as follows

|V ⟩⟩⊗n = (|V0⟩⟩+ ε|U∆⟩⟩)⊗n

=
n∑

i=0

εi
∑
S⊆[n]
|S|=i

|V0⟩⟩⊗[n]\S ⊗ |U∆⟩⟩⊗S

=

n∑
i=0

εi

√(
n

i

)
U⊗n|γi⟩ (41)

where U⊗n acts as (Id ⊕ U)⊗n on
⊗n

i=1HB,i and for i ∈ {0, 1, . . . , n}, we define the vector

|γi⟩ :=
1√(
n
i

) ∑
S⊆[n]
|S|=i

|V0⟩⟩⊗[n]\S ⊗ |∆⟩⟩⊗S . (42)

Observe that, since ⟨⟨V0|∆⟩⟩ = tr(V †
0 ∆) = 0, the vectors {|γi⟩}i∈[n] are pairwise orthogonal. Next,

for i ∈ [n], we introduce the operator Γi

Γi := E
U∼UD−d

[
U⊗n|γi⟩⟨γi|U †⊗n

]
. (43)

We observe that {supp(Γi)}i∈[n] are also pairwise orthogonal. To see this, we note that the number
of |V0⟩⟩ in |γi⟩ is exactly n− i, and |V0⟩⟩ is orthogonal to U |∆⟩⟩ for any U ∈ UD−d.
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By Lemma 4.6, there exists a set of positive numbers {λi}ni=0 satisfying for any V ∈ N ,

n∑
i=0

λi ≤ 4(D − d)2d2min exp
(√

8nε2(D − d)dmin

)
,

|V ⟩⟩⟨⟨V |⊗n ≤
n∑

i=0

λiΓi.

Hence, the success probability can be bounded as

P[success] ≤ exp(−C(D − d)dmin) ·
∑
V ∈N

TV ⋆ |V ⟩⟩⟨⟨V |⊗n

≤ exp(−C(D − d)dmin) ·
∑
V ∈N

TV ⋆
n∑

j=0

λjΓj

= exp(−C(D − d)dmin) ·
n∑

k=0

λk ·
∑
V ∈N

TV ⋆

n∑
j=0

λj∑n
k=0 λk

Γj

≤ exp(−C(D − d)dmin) ·
n∑

i=0

λi (44)

≤ exp(−C(D − d)dmin) · 4(D − d)2d2min exp
(√

8nε2(D − d)dmin

)
,

where Equation (44) uses the fact that

•
∑

V ∈N TV forms an (n+ 1)-comb with input and output dimensions 1, and

•
∑n

j=0
λj∑n

k=0 λk
Γj forms a probabilistic n-comb. Here, we use the facts that each Γi are prob-

abilistic combs (see Lemma 4.5) and their convex combination is also a probabilistic comb,

and the contraction of an (n + 1)-comb with input and output dimensions 1 and a probabilistic
n-comb is at most 1.

For ease of notation, we denote by Q = (D − d)dmin. Since the algorithm succeeds with
probability P[success] ≥ 2/3, we obtain that

√
8nε2Q ≥ CQ− 2 ln(Q) + ln(1/6)

≥ CQ− 4
√
Q ≥ C

2
Q,

where we used ln(
√
Q) ≤

√
Q − 1, ln(6) ≤ 2 and Q = (D − d)dmin ≥ D − d ≥ 64/C2. Finally, we

conclude

n ≥ C2

32
· Q
ε2

=
C2

32
· (D − d)dmin

ε2
.

Technical lemmas. For i ∈ [n], recall the definition of |γi⟩ (see Equation (42)) and Γi (see
Equation (43)).

Lemma 4.5. |γi⟩⟨γi| and Γi are probabilistic n-combs.
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Proof. Denote by |γni ⟩ the state |γi⟩ defined in Equation (42). We prove, by induction on n, that
for all i ≤ n, |γni ⟩⟨γni | is a probabilistic n-comb.

First, we observe that

trHB
(|V0⟩⟩⟨⟨V0|) = V T

0 V0 ≤ IA, trHB
(|∆⟩⟩⟨⟨V0|) = ∆TV0 = 0,

trHB
(|V0⟩⟩⟨⟨∆|) = V T

0 ∆ = 0, trHB
(|∆⟩⟩⟨⟨∆|) = ∆T∆ ≤ IA.

(45)

For i = n, we have that |γnn⟩⟨γnn | = |∆⟩⟩⟨⟨∆|⊗n is a probabilistic n-comb because trHB
(|∆⟩⟩⟨⟨∆|) ≤

IA. Similarly, for i = 0, we have that |γn0 ⟩⟨γn0 | = |V0⟩⟩⟨⟨V0|⊗n is a probabilistic n-comb because
trHB

(|V0⟩⟩⟨⟨V0|) ≤ IA. Thus the hypothesis holds automatically for the case n = 1.
Let n ≥ 2 and suppose that |γn−1

i ⟩⟨γn−1
i | is a probabilistic (n− 1)-comb for all i ≤ n− 1. Now

we prove |γni ⟩⟨γni | is a probabilistic n-comb for any i ≤ n.
Let 0 < i < n (since the cases i = 0 and i = n are already proved). We can express |γni ⟩ as

follows

|γni ⟩ =

√(
n−1
i

)(
n
i

) |V0⟩⟩ ⊗ |γn−1
i ⟩+

√√√√(n−1
i−1

)(
n
i

) |∆⟩⟩ ⊗ |γn−1
i−1 ⟩.

Hence,

trHB,n
(|γni ⟩⟨γni |) =

(
n−1
i

)(
n
i

) trHB
(|V0⟩⟩⟨⟨V0|)⊗ |γn−1

i ⟩⟨γn−1
i |+

(
n−1
i−1

)(
n
i

) trHB
(|∆⟩⟩⟨⟨∆|)⊗ |γn−1

i−1 ⟩⟨γ
n−1
i−1 |

+

√(
n−1
i

)(
n−1
i−1

)(
n
i

) (
trHB

(|V0⟩⟩⟨⟨∆|)⊗ |γn−1
i ⟩⟨γn−1

i−1 |+ trHB
(|∆⟩⟩⟨⟨V0|)⊗ |γn−1

i−1 ⟩⟨γ
n−1
i |

)
≤
(
n−1
i

)(
n
i

) IA ⊗ |γn−1
i ⟩⟨γn−1

i |+
(
n−1
i−1

)(
n
i

) IA ⊗ |γn−1
i−1 ⟩⟨γ

n−1
i−1 |,

where we use Equation (45) in the last inequality. By induction hypothesis, we have that |γn−1
i ⟩⟨γn−1

i |
and |γn−1

i−1 ⟩⟨γ
n−1
i−1 | are probabilistic (n− 1)-combs. Since

(
n−1
i

)
+
(
n−1
i−1

)
=
(
n
i

)
, we deduce that(

n−1
i

)(
n
i

) |γn−1
i ⟩⟨γn−1

i |+
(
n−1
i−1

)(
n
i

) |γn−1
i−1 ⟩⟨γ

n−1
i−1 |

is a probabilistic (n− 1)-comb. Therefore, |γni ⟩⟨γni | is a probabilistic n-comb.
Since U is applied only on HB, it is easy to see that U⊗n|γi⟩⟨γi|U †⊗n is also a probabilistic n-

comb. Finally, Γi is also a probabilistic n-comb because it is a convex combination of probabilistic
n-combs.

Lemma 4.6. Recall that dmin = min{d,D − d}. Suppose n ≤ 1
2e4

(D − d)dmin/ε
2. There exists

positive numbers λ0, . . . , λn such that for any V ∈ N
n∑

i=0

λi ≤ 4(D − d)2d2min exp
(√

8nε2(D − d)dmin

)
,

|V ⟩⟩⟨⟨V |⊗n ≤
n∑

i=0

λiΓi. (46)
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Proof. We remark that, because of Equation (41), |V ⟩⟩⊗n is contained in
⊕n

j=0 supp(Γj). Moreover,
by Fact 7.7, to establish Equation (46), it is sufficient to show that

n∑
i=0

1

λi
tr
(
Γ−1
i |V ⟩⟩⟨⟨V |

⊗n
)
≤ 1. (47)

To this end, we bound the left hand side of Equation (47) as

n∑
i=0

1

λi
tr
(
Γ−1
i |V ⟩⟩⟨⟨V |

⊗n
)

=

n∑
i=0

1

λi

(
n

i

)
ε2i tr

(
Γ−1
i U⊗n|γi⟩⟨γi|U †⊗n

)
(48)

=

n∑
i=0

1

λi

(
n

i

)
ε2i tr

(
Γ−1
i |γi⟩⟨γi|

)
(49)

≤
n∑

i=0

1

λi

(
n

i

)
ε2i
(

(D − d)d′ + i− 1

i

)
(50)

≤
n∑

i=0

1

λi

(
n

i

)
ε2i
(

(D − d)dmin + i− 1

i

)
. (51)

Here Equation (48) follows from Equation (41) and the fact that U⊗n|γi⟩ ∈ supp(Γi), Equation (49)
uses the fact that Γi commutes with U⊗n, and Equation (50) is an application of Lemma 7.1 where
|γi⟩ is viewed as a vector in the space

span



∑
S⊆[n]
|S|=i

|ψ⟩⊗S ⊗ |V0⟩⟩⊗[n]\S
∣∣∣∣ |ψ⟩ ∈ Π


 , (52)

where
Π = span{|d+ 1⟩B, . . . , |D⟩B} ⊗ span{|1⟩A, . . . , |d′⟩A}.

The space defined in Equation (52) is invariant under the action U⊗n for any U ∈ UD−d since
U fixes |V0⟩⟩ and Π is an invariant space under U (recall that U acts as Id ⊕ U on HB). By

Lemma 7.2, it has dimension
(
(D−d)d′+i−1

i

)
. Therefore, we obtain Equation (50). Equation (51)

uses d′ ≤ min{d,D − d} = dmin.
Our goal is look for positive numbers λ0, . . . , λn such that

∑n
i=0 λi is small and Equation (51)

is upper bounded by 1. For ease of notation, we denote Q = (D − d)dmin. Equation (51) can be
upper bounded using Fact 7.6 as follows

(51) ≤
n∑

i=0

1

λi
exp

(
nH

(
i

n

)
+ 2i ln(ε) + (Q+ i)H

(
i

Q+ i

))

=

n∑
i=0

1

λi
exp

(
−i ln

(
i

nε2

)
− (n− i) ln

(
n− i
n

)
+ i ln

(
1 +

Q

i

)
+Q ln

(
1 +

i

Q

))

≤
n∑

i=0

1

λi
exp

(
−i ln

(
i

nε2

)
+ i ln

(
1 +

Q

i

)
+ 2i

)
, (53)

where the last inequality uses

(n− i) ln

(
n

n− i

)
≤ (n− i)

(
n

n− i
− 1

)
= i and Q ln

(
1 +

i

Q

)
≤ Q i

Q
= i.

To further bound Equation (53), we consider two cases depending on the value of i:
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• When i < Q, we have

−i ln

(
i

nε2

)
+ i ln

(
1 +

Q

i

)
+ 2i ≤ −i ln

(
i

nε2

)
+ i ln

(
2Q

i

)
+ 2i

= 2i ln

(√
2e2nε2Q

i

)
≤
√

8nε2Q, (54)

where the last inequality follows from Fact 7.8.

• When i ≥ Q, since we assumed that n ≤ 1
2e4

(D − d)dmin/ε
2 = 1

2e4
Q/ε2 we have i ≥ 2e4nε2,

thus

−i ln

(
i

nε2

)
+ i ln

(
1 +

Q

i

)
+ 2i ≤ −i ln(2e4) + i ln(2) + 2i = −2i.

Therefore, the choice

λi =

{
3Q exp

(√
8nε2Q

)
, if i < Q

exp(−i), if i ≥ Q,

ensures that Equation (53) can be upper bounded by

(53) ≤
∑
i<Q

1

λi
exp
(√

8nε2Q
)

+
∑
i≥Q

1

λi
exp(−2i)

≤ 1

3
+
∑
i≥Q

exp(−i) ≤ 1

3
+ exp(−Q)

e

e− 1
< 1,

where we use that Q = (D − d)dmin ≥ 1. Finally, we have that

n∑
i=0

λi ≤ 3Q2 exp
(√

8nε2Q
)

+ exp(−Q)
e

e− 1

< 3Q2 exp
(√

8nε2Q
)

+
1

2
< 4Q2 exp

(√
8nε2Q

)
= 4(D − d)2d2min exp

(√
8nε2(D − d)dmin

)
,

which concludes the proof.

5 Packing nets of quantum channels

In this section, we construct packing nets of quantum channels that correspond to the type I and
type II hard instances defined in Section 4. The packing nets have different distances and cardinality
depending on the parameter regimes. We summarize the results in Table 4.

Let d1, d2 and r denote the input dimension, output dimension and upper bound of Kraus rank
of the quantum channels. In this section, we further assume

r ≤ d1d2/2, (55)
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Type of hardness Assumption Distance Logarithm of cardinality

Type I

Section 5.1
d1 ≤ rd2 ≤ 4

3d1 Choi: Ω(ε) Ω(d21)

Type II

Section 5.2

rd2 > d1
rd2 < d1 + r

Choi: Ω(κ3/2ε) Ω(κ2(rd2 − d1)2)

Diamond: Ω(ε) Ω((rd2 − d1)2)

Type II

Section 5.3

rd2 > d1
d1 + r ≤ rd2, r ≤ d1

Choi: Ω(κ3/2ε) Ω(κ3d1(rd2 − d1))

Diamond: Ω(ε) Ω(κd1(rd2 − d1))

Type II

Section 5.4

rd2 > d1
d1 + r ≤ rd2, d1 < r

Choi: Ω(ε) Ω(rd1d2)

Table 4: Construction of packing nets. Here, κ := min{(rd2 − d1)/d1, 1} = min{τ − 1, 1}. Note
that for the non-boundary case (rd2 > d1), κ can be close to 0 while κd1 = min{rd2 − d1, d1} ≥ 1.

instead of the more general r ≤ d1d2. Note that adding this constraint here (in the packing net
construction) still allows us to derive general lower bounds for quantum channel tomography, since
a larger Kraus rank only makes the tomography task more difficult. Then, the following notation
will be used in this section.

Notation 5.1. Let HA
∼= Cd1, HB

∼= Cd2 and Hanc
∼= Cr be the input, output and ancilla sys-

tems. Let {|1⟩A, . . . , |d1⟩A} be an orthonormal basis of HA, and similarly let {|1⟩B, . . . , |d2⟩B}
and {|1⟩anc, . . . , |r⟩anc} be orthonormal bases of HB and Hanc, respectively. Moreover, for X ∈
{A,B, anc}, we use HX[i : j] to denote the subspace of a Hilbert space HX spanned by {|i⟩X , . . . , |j⟩X},
and we use H[i] to denote H[i : i].

5.1 Type I instance: d1 ≤ rd2 ≤ 4
3
d1

5.1.1 Construction

In this subsection, we will use the definition in Section 4.1.1, where the parameter d,D in Sec-
tion 4.1.1 correspond to d1 and rd2 here.

We define d′1 = d1 when d1 is even and d′1 = d1 − 1 when d1 is odd. Let g : [d1]→ [d2]× [r] be
the function g(i) = (⌊ i−1

r ⌋+ 1, i− r⌊ i−1
r ⌋), i.e., g maps the integers in [d1] to [d2]× [r] in row-major

order. Let HB′ be a rd2-dimensional space with an orthonormal basis {|1⟩B′ , . . . , |d2r⟩B′}. We
identify HB′ with HB ⊗ Hanc by the map |i⟩B′ 7→ |g(i)1⟩B ⊗ |g(i)2⟩anc. In other words, the basis
vectors are identified as follows:

|1⟩B′ , |2⟩B′ , . . . , |d2r⟩B′ ←→ |1⟩B ⊗ |1⟩anc, |1⟩B ⊗ |2⟩anc, . . . , |d2⟩B ⊗ |r⟩anc.

We also identify HA with the subspace HB′ [1 : d1] of HB′ using the map |i⟩A 7→ |i⟩B′ for i ∈ [d1].
In other words, we have the following correspondence:

|1⟩A, |2⟩A, . . . , |d1⟩A ←→ |1⟩B′ , |2⟩B′ , . . . , |d1⟩B′ . (56)

Then, define the linear operator V0 : HA → HB ⊗Hanc as

V0 :=

{√
1− ε2

∑d′

i=1|i⟩B′⟨i|A, if d1 is even√
1− ε2

∑d′

i=1|i⟩B′⟨i|A + |d⟩B′⟨d|A, if d1 is odd.
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Figure 4: Illustration of our construction. We define linear operators V0 and ∆ from the d1-
dimensional space HA to the d2r-dimensional space HB ⊗Hanc. The Haar randomness is applied
on the hatched area.

Define the linear operator ∆ : HA → HB′ as

∆ := i

⌊d1/2⌋∑
i=1

|i⟩B′⟨i|A −
d′1∑

i=⌊d1/2⌋+1

|i⟩B′⟨i|A

 , (57)

where i is the imaginary unit. Note that under the identification in Equation (56), we can simply
discard the subscript A and B′ in the definition of V0 and ∆.

Suppose U ∈ Ud′1
is a unitary acting on span{|1⟩, . . . , |d′1⟩}, and U fixes |d1⟩ if d1 > d′1. Define

the isometry Vε,U : HA → HB′ as

Vε,U := U (V0 + ε∆)U † = V0 + εU∆U †, (58)

where with a little abuse of notation, U can act either on HA or HB′ (using the identification in
Equation (56), and we assume that U acts trivially on span{|d1 + 1⟩B′ , . . . , |d2r⟩B′}), which should
not cause confusion given the context. For clarity, we illustrate our construction in Figure 4.

5.1.2 Existence

Theorem 5.2. Suppose ε ≤ 1/39660. There exists a finite subset N of {Vε,U |U ∈ Ud′1
} for

Vε,U defined in Equation (58) with cardinality |N | ≥ exp(d21/750197760001), such that for any

Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x ) and Ey = trHanc(Vy(·)V †

y ), then

1

d1

∥∥CEx − CEy
∥∥
1
≥ ε

1983000
. (59)

Proof. First, we need the following lemma.

Lemma 5.3. Suppose ε ≤ 1/39660. Given any unitary U ∈ Ud′1
, let EU = trHanc(Vε,U (·)V †

ε,U ) where
Vε,U is the isometry defined in Equation (58). Then, the function

f(Ux, Uy) =
1

d1

∥∥∥CEUx
− CEUy

∥∥∥
1

is ε
√

32
d1
-Lipschitz with respect to the ℓ2-sum of the 2-norms (Frobenius norm), namely

|f(Ux, Uy)− f(U ′
x, U

′
y)| ≤ ε

√
32

d1
∥(Ux, Uy)− (U ′

x, U
′
y)∥F
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for all Ux, U
′
x, Uy, U

′
y ∈ Ud′, where ∥(A,B)∥F :=

√
∥A∥2F + ∥B∥2F and ∥ · ∥F denotes the Frobenius

norm. Furthermore, if we consider independent random unitaries Ux, Uy ∼ Ud′1
, we have

E[f(Ux, Uy)] ≥ ε

19830
.

The proof of Lemma 5.3 is deferred to Section 5.1.3.

We now have all the ingredients to prove Theorem 5.2. Since the function f(Ux, Uy) is ε
√

32
d1

-

Lipschitz, when we sample two independent unitaries Ux, Uu ∼ Ud′1
, by Theorem 7.10, we have6

P
[
f(Ui, Uj) ≤

ε

1983000

]
≤ exp

(
− d′1ε

2

12 · 221002
· d1

32ε2

)
≤ exp

(
− d21

768 · 221002

)
.

Then, we independently sample exp(d21/(1536 · 221002 + 1)) = exp(d21/750197760001) Haar random
unitaries in Ud′1

and the union bound shows that there exists a non-zero probability that for any pair
Ux, Uy, we have f(Ux, Uy) ≥ ε/1983000. Therefore, there exists a subsetM⊆ Ud′1

with cardinality

|M| ≥ exp(d21/750197760001) such that for any pair Ux, Uy ∈ M, we have f(Ux, Uy) ≥ ε/1983000.
Then, the set {Vε,U |U ∈M} is as desired.

5.1.3 Proof of Lemma 5.3

Proof that f is Lipschitz. Recall that Vε,U = V0 + εU∆U †. We have that by the triangle
inequality:

|f(Ux, Uy)− f(U ′
x, U

′
y)|

=
1

d1

∣∣∣∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux | − |Vε,Uy⟩⟩⟨⟨Vε,Uy |)
∥∥∥
1
−
∥∥∥trHanc(|Vε,U ′

x
⟩⟩⟨⟨Vε,U ′

x
| − |Vε,U ′

y
⟩⟩⟨⟨Vε,U ′

y
|)
∥∥∥
1

∣∣∣
≤ 1

d1

∥∥∥trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux | − |Vε,U ′
x
⟩⟩⟨⟨Vε,U ′

x
|)− trHanc(|Vε,Uy⟩⟩⟨⟨Vε,Uy | − |Vε,U ′

y
⟩⟩⟨⟨Vε,U ′

y
|)
∥∥∥
1

≤ 1

d1

∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux | − |Vε,U ′
x
⟩⟩⟨⟨Vε,U ′

x
|)
∥∥∥
1

+
1

d1

∥∥∥trHanc(|Vε,Uy⟩⟩⟨⟨Vε,Uy | − |Vε,U ′
y
⟩⟩⟨⟨Vε,U ′

y
|)
∥∥∥
1
.

(60)

Note that∥∥∥ trHanc

((
|Vε,Ux⟩⟩ − |Vε,U ′

x
⟩⟩
)
⟨⟨Vε,Ux |

)∥∥∥
1
≤ ε

∥∥∥(|Ux∆U †
x⟩⟩ − |U ′

x∆U ′†
x ⟩⟩
)
⟨⟨Vε,Ux |

∥∥∥
1

=ε
√
d1

∥∥∥|Ux∆U †
x⟩⟩ − |U ′

x∆U ′†
x ⟩⟩
∥∥∥ ≤ ε√d1 (∥∥∥|(Ux − U ′

x)∆U †
x⟩⟩
∥∥∥+

∥∥∥|U ′
x∆(Ux − U ′

x)†⟩⟩
∥∥∥)

≤ε
√
d1

√
tr((Ux − U ′

x)†(Ux − U ′
x)) + ε

√
d1

√
tr((Ux − U ′

x)†(Ux − U ′
x)) (61)

=2ε
√
d1∥Ux − U ′

x∥F ,

where Equation (61) is by using ∆†∆ ≤ I. Hence by the triangle inequality∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux | − |Vε,U ′
x
⟩⟩⟨⟨Vε,U ′

x
|)
∥∥∥
1

≤
∥∥∥ trHanc

((
|Vε,Ux⟩⟩ − |Vε,U ′

x
⟩⟩
)
⟨⟨Vε,Ux |

)∥∥∥
1

+
∥∥∥ trHanc

(
|Vε,U ′

x
⟩⟩
(
⟨⟨Vε,Ux | − ⟨⟨Vε,U ′

x
|
))∥∥∥

1

6To be precise, we are applying Theorem 7.10 to −f .
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≤4ε
√
d1∥Ux − U ′

x∥F . (62)

Therefore, combining Equation (60) and Equation (62), we have

|f(Ux, Uy)− f(U ′
x, U

′
y)| ≤ 4ε

√
1

d1
∥Ux − U ′

x∥F + 4ε

√
1

d1
∥Uy − U ′

y∥F

≤ 4ε

√
2

d1

√
∥Ux − U ′

x∥2F + ∥Uy − U ′
y∥2F .

Proof of the lower bound on the the expectation of f . Recall the definition of the d1× d1
matrix ∆ in Equation (57). This construction ensures the following properties, which will be used
later:

• tr(∆) = 0,

• ∥∆∥op = 1,

• tr(∆∆†∆∆†) = tr(∆∆†) = d′1.

Note that, for unitaries Ux, Uy ∈ Ud′1
, f(Ux, Uy) equals

1

d1

∥∥∥CEUx
− CEUy

∥∥∥
1
≥ ε

d1

∥∥∥trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|+ |V0⟩⟩⟨⟨Ux∆U †
x| − |Uy∆U †

y⟩⟩⟨⟨V0| − |V0⟩⟩⟨⟨Uy∆U †
y |
)∥∥∥

1

− ε2

d1

∥∥∥trHanc

(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x| − |Uy∆U †

y⟩⟩⟨⟨Uy∆U †
y |
)∥∥∥

1

≥ ε

d1
∥D(Ux, Uy)∥1 − 2ε2, (63)

where we define

D(Ux, Uy) := Ax +A†
x −Ay −A†

y, Ax := trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
)
, Ay := trHanc

(
|Uy∆U †

y⟩⟩⟨⟨V0|
)
,

and used that
∥∥∥trHanc

(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x|
)∥∥∥

1
= tr

(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x|
)

= tr
(
∆∆†) ≤ d1.

Now, we are interested in proving the bound

E
[
tr
(
|D(Ux, Uy)|2

)]
≥ d21

20r
, (64)

where the expectation is over the Haar random Ux, Uy ∼ Ud′1
. We have that

E
[
tr
(
|D(Ux, Uy)|2

)]
= 2E

[
tr(A2

x) + 2 tr(A†
xAx) + tr(A†2

x )
]
− 2ℜE

[
tr(AxAy) + tr(A†

xAy)
]
. (65)

Since tr(∆) = 0, we know that E
[
Ux∆U †

x

]
= tr(∆) I

d1
= 0 by Schur’s lemma. This means

E[tr(AxAy)] = E
[
tr(A†

xAy)
]

= 0. (66)

Moreover, we have that

E
[
tr(AxA

†
x)
]

= E
[
tr
(

trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
)

trHanc

(
|V0⟩⟩⟨⟨Ux∆U †

x|
))]
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=

r∑
i,j=1

E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨V0| · |i⟩⟨j|anc · |V0⟩⟩⟨⟨Ux∆U †
x| · |j⟩⟨i|anc

)]
=

r∑
i,j=1

⟨⟨V0| · |i⟩⟨j|anc · |V0⟩⟩ · E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x| · |j⟩⟨i|anc

)]
=

r∑
i=1

⟨⟨V0| · |i⟩⟨i|anc · |V0⟩⟩ · E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x| · |i⟩⟨i|anc

)]
≥ (1− ε2)

⌊
d1
r

⌋
·

r∑
i=1

E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨Ux∆†U †
x| · |i⟩⟨i|anc

)]
(67)

= (1− ε2)
⌊
d1
r

⌋
· E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x|
)]

= (1− ε2)
⌊
d1
r

⌋
· E
[
tr
(

∆†∆
)]

= (1− ε2)
⌊
d1
r

⌋
d′1, (68)

where in Equation (67) the inequality we used that ⟨⟨V0| · |i⟩⟨i|anc · |V0⟩⟩ ≥ (1− ε2)
∑d1

j=1 1g2(j)=i ≥
(1− ε2)⌊d1r ⌋. We also have

E
[
tr(A2

x)
]

=E
[
tr
(

trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
)

trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
))]

=

r∑
i,j=1

E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨V0| · |i⟩⟨j|anc · |Ux∆U †
x⟩⟩⟨⟨V0| · |j⟩⟨i|anc

)]
=

r∑
i,j=1

E
[
tr
(
V †
0 · |i⟩⟨j|anc · Ux∆U †

x

)
tr
(
V †
0 · |j⟩⟨i|anc · Ux∆U †

x

)]

=

r∑
i,j=1

d1∑
a,b=1

E
[
tr
(
V †
0 · |i⟩⟨j|anc · Ux∆U †

x · |a⟩⟨b| · V
†
0 · |j⟩⟨i|anc · Ux∆U †

x · |b⟩⟨a|
)]

=

r∑
i,j=1

d1∑
a,b=1

E
[
tr
(
Ux∆U †

xP · |a⟩⟨b| · V
†
0 · |j⟩⟨i|anc · PUx∆U †

xP · |b⟩⟨a| · V
†
0 · |i⟩⟨j|anc · P

)]
(69)

=
r∑

i,j=1

d′1∑
a,b=1

[
1

d′21 − 1

(
tr(∆2) tr(P |a⟩⟨b|V †

0 |j⟩⟨i|ancP ) tr(P |b⟩⟨a|V †
0 |i⟩⟨j|ancP )

)
− 1

d′1(d
′2
1 − 1)

(
tr(∆2) tr

(
P |a⟩⟨b|V †

0 |j⟩⟨i|ancP |b⟩⟨a|V
†
0 |i⟩⟨j|ancP

)) ]
(70)

=

r∑
i,j=1

d′1∑
a,b=1

[
−d

′
1(1− ε2)
d′21 − 1

∣∣ tr(|a⟩⟨b| · |j⟩⟨i|anc)∣∣2 +
1− ε2

d′21 − 1
tr
(
|a⟩⟨b| · |j⟩⟨i|anc · |b⟩⟨a| · |i⟩⟨j|anc

)]

≥− d′1(1− ε2)
d′21 − 1

·
(
r2 ·

⌈
d′1
r

⌉)
+

1− ε2

d′21 − 1
·
(
r ·
⌊
d′1
r

⌋)
(71)

≥− (1− ε2)r2d′1
d′21 − 1

⌈
d′1
r

⌉
, (72)
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where in Equation (69) we introduce the projector P :=
∑d′1

i=1|i⟩⟨i| and note that PUx∆U †
xP =

Ux∆U †
x, and Equation (70) is due to Corollary 7.13 and the fact that tr(∆) = 0, Equation (71) is

because
∑d′1

a,b=1 | tr(|a⟩⟨b| · |j⟩⟨i|anc)|
2 equals either ⌊d

′
1
r ⌋ or ⌈d

′
1
r ⌉ depending on i, j and thus is no more

than ⌈d
′
1
r ⌉; and

∑d′1
a,b=1 tr(|a⟩⟨b||j⟩⟨i|anc|b⟩⟨a||i⟩⟨j|anc) is non-zero only when i = j and equals either

⌊d
′
1
r ⌋ or ⌈d

′
1
r ⌉ depending on i (which equals j) and thus is no less than ⌊d

′
1
r ⌋, and Equation (72)

is obtained by simply discarding the positive term. Therefore, combining Equation (65) with
Equation (66), Equation (68) and Equation (72), we have

E
[
tr
(
|D(Ux, Uy)|2

)]
≥ 4(1− ε2)

(
d′1

⌊
d1
r

⌋
− r2d′1
d′21 − 1

⌈
d′1
r

⌉)
= 4(1− ε2)d′1

⌊
d1
r

⌋(
1− r2

d′21 − 1
· ⌈d

′
1/r⌉
⌊d1/r⌋

)
≥ 4(1− ε2)d′1

⌊
d1
r

⌋
· 1

10
(73)

≥ (1− ε2)d
′
1d1
5r
≥ d′1d1

10r
≥ d21

20r
,

where in Equation (73) we used ⌈d′1/r⌉ ≤ ⌈d1/r⌉ ≤ 2⌊d1/r⌋ and

2r2 ≤ 8

9
d21 ≤

9

10
(d′21 − 1),

since 2r ≤ rd2 ≤ 4
3 · d1 and d1 ≥ 162 by assumption. Therefore, Equation (64) is proved.

Finally, let us prove that

E
[
tr(|D(Ux, Uy)|4)

]
≤ 12288 · d

4
1

r3
. (74)

Recall that D(Ux, Uy) = Ax +A†
x −Ay −A†

y so by the triangle inequality and Hölder inequality:

E
[
tr(|D(Ux, Uy)|4)

]
= E

[
∥Ax +A†

x −Ay −A†
y∥44
]
≤ E

[(
∥Ax∥4 + ∥A†

x∥4 + ∥Ay∥4 + ∥A†
y∥4
)4]

≤ 43 · E
[
∥Ax∥44 + ∥A†

x∥44 + ∥Ay∥44 + ∥A†
y∥44
]

= 44 · E
[
∥Ax∥44

]
, (75)

where ∥ · ∥4 denotes the Schatten 4-norm. Moreover,

E
[
∥Ax∥44

]
= E

[
tr(AxA

†
xAxA

†
x)
]

=E
[
tr
(

trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
)

trHanc

(
|V0⟩⟩⟨⟨Ux∆U †

x|
)

trHanc

(
|Ux∆U †

x⟩⟩⟨⟨V0|
)

trHanc

(
|V0⟩⟩⟨⟨Ux∆U †

x|
))]

=

r∑
i,j,k,l=1

E
[

tr
(
|Ux∆U †

x⟩⟩⟨⟨V0| · |i⟩⟨j|anc · |V0⟩⟩⟨⟨Ux∆U †
x| · |j⟩⟨k|anc

· |Ux∆U †
x⟩⟩⟨⟨V0| · |k⟩⟨l|anc · |V0⟩⟩⟨⟨Ux∆U †

x| · |l⟩⟨i|anc
)]

≤
r∑

i,k=1

⌈
d1
r

⌉2
· E
[
tr
(
|Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x| · |i⟩⟨k|anc · |Ux∆U †

x⟩⟩⟨⟨Ux∆U †
x| · |k⟩⟨i|anc

)]
=

r∑
i,k=1

⌈
d1
r

⌉2
· E
[
tr
(
Ux∆†U †

x · |i⟩⟨k|anc · Ux∆U †
x

)
tr
(
Ux∆†U †

x · |k⟩⟨i|anc · Ux∆U †
x

)]
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=
r∑

i,k=1

⌈
d1
r

⌉2
·

rd2∑
a,b=1

E
[
tr
(
Ux∆∆†U †

x · |i⟩⟨k|anc · |a⟩⟨b| · Ux∆∆†U †
x · |k⟩⟨i|anc · |b⟩⟨a|

)]

=
r∑

i,k=1

⌈
d1
r

⌉2
·

d′1∑
a,b=1

E
[
tr
(
Ux∆∆†U †

xP · |i⟩⟨k|anc · |a⟩⟨b| · PUx∆∆†U †
xP · |k⟩⟨i|anc · |b⟩⟨a| · P

)]
(76)

=
r∑

i,k=1

⌈
d1
r

⌉2
·

d′1∑
a,b=1

(
1

d′21 −1

[
tr(∆∆†)2 ·⟨a||i⟩⟨k|anc|a⟩·⟨b||k⟩⟨i|anc|b⟩+ tr(∆∆†∆∆†)·|⟨b||i⟩⟨k|anc|a⟩|2

]
− 1

d′1(d
′2
1 − 1)

[
tr(∆∆†)2 ·|⟨b||i⟩⟨k|anc|a⟩|2 + tr(∆∆†∆∆†)·⟨a||i⟩⟨k|anc|a⟩·⟨b||k⟩⟨i|anc|b⟩

])
(77)

≤
r∑

i,k=1

⌈
d1
r

⌉2
· 1

d′21 − 1
·
(
d′21 · 1i=k ·

⌈
d′1
r

⌉2
+ d′1 ·

⌈
d′1
r

⌉)
(78)

=

⌈
d1
r

⌉2
· 1

d′21 − 1
·

(
d′21 r

⌈
d′1
r

⌉2
+ r2d′1

⌈
d′1
r

⌉)
≤ 48d41

r3
, (79)

where in Equation (76) we recall the projector P =
∑d′

i=1|i⟩⟨i| and note that PUx∆∆†U †
xP =

Ux∆∆†U †
x, Equation (77) is due to Corollary 7.13, Equation (78) is obtained by directly discarding

the negative terms, and in Equation (79) we used that d′1 ≤ d1, ⌈d1/r⌉ ≤ 2d1/r, d
′2
1 − 1 ≥ d21/2.

Therefore, combining Equation (75) with Equation (79), Equation (74) is proved.
By Hölder’s inequality, we have

E
[
tr
(
|D(Ux, Uy)|

)]2/3 E[tr (|D(Ux, Uy)|4
)]1/3 ≥ E

[
tr
(
|D(Ux, Uy)|2

)]
.

Then, using Equation (64) and Equation (74), we know that

E
[
tr
(
|D(Ux, Uy)|

)]
≥

√
d61

8000 · r3
· r3

12288 · d41
≥ d1

9915
.

Finally, using Equation (63), we conclude that

1

d1
E
[∥∥∥CEUx

− CEUy

∥∥∥
1

]
≥ ε

d1
E
[
∥D(Ux, Uy)∥1

]
− 2ε2 ≥ ε

9915
− 2ε2 ≥ ε

19830
,

where we used ε ≤ 1/39660.

5.2 Type II instance: d1 < rd2 with rd2 < d1 + r

5.2.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d,D in Sec-
tion 4.2.1 correspond to d1 and rd2 here.

Suppose d2 > 1 and rd2 < d1 + r. Let κ := min{(rd2− d1)/d1, 1} > 0 and η := d1− r⌊d1r ⌋. One
can see that:

• d1+r > rd2 ≥ 2r and thus d1 > r, which means rd2 < d1+r < 2d1. Thus κ = (rd2−d1)/d1 <
1.

• d2 − 1 < d1/r < d2, thus ⌊d1r ⌋ = d2 − 1 ≥ 1 and 1 ≤ η ≤ r − 1.
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Figure 5: Illustration of our construction. We define linear operators V0, V
′
0 and ∆ from the d1-

dimensional space HA to the d2r-dimensional space HB ⊗Hanc. The Haar randomness is applied
on the hatched area.

• κd1 = rd2 − d1 ≤ r.

Let ε ∈ (0, 1/2) and Σε :=
√

1− ε2
∑r−η

i=1 |i⟩⟨i|A +
∑r(d2−1)

i=r−η+1|i⟩⟨i|A be a diagonal matrix. Let

g : [d1]→ [d2]× [r] be the function g(i) = (⌊ i−1
r ⌋+ 1, i− r⌊ i−1

r ⌋), i.e., g maps the integers in [d1] to
[d2] × [r] in row-major order. Then, we define the linear operator V0 : HA[1 : r(d2 − 1)] → HB[1 :
d2 − 1]⊗Hanc as

V0 :=

r(d2−1)∑
i=1

(
|g(i)1⟩B ⊗ |g(i)2⟩anc⟨i|A

)
· Σε. (80)

One can easily check that V0 can be written as

V0 =
r∑

i=1

|i⟩anc ⊗Ki, (81)

for Ki : HA[1 : r(d2 − 1)]→ HB[1 : d2 − 1] satisfying

r∑
i=1

K†
iKi = Σ2

ε and
d2 − 1

2
· 1i=j ≤

∣∣∣tr(K†
iKj

)∣∣∣ ≤ (d2 − 1) · 1i=j . (82)

Define isometry V ′
0 : HA[r(d2 − 1) + 1 : d1]→ HB[d2]⊗Hanc[r − η + 1 : r] as

V ′
0 := |d2⟩B ⊗

η∑
i=1

|i+ r − η⟩anc⟨i+ r(d2 − 1)|A.

Define isometry ∆ : HA[1 : r − η]→ HB[d2]⊗Hanc[1 : r − η] as

∆ := |d2⟩B ⊗
r−η∑
i=1

|i⟩anc⟨i|A

Then, for U ∈ Ur−η, we define the isometry Vε,U : HA → HB ⊗Hanc as

Vε,U := V0 + V ′
0 + εU∆, (83)

where U acts on HB[d2] ⊗ Hanc[1 : r − η]. We can verify that Vε,U is indeed an isometry from
Equation (80) and the definition of U∆. Furthermore, we note that the image of U∆ is orthogonal
to the image of V0 + V ′

0 . For clarity, we also illustrate our construction in Figure 5.
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5.2.2 Existence for Choi trace norm

Then, we prove that there exists a large set of isometries Vε,U with good separation property.

Theorem 5.4. Recall that κ = (rd2 − d1)/d1 in this regime. Suppose ε ≤ κ3/2/9200. There
exists a finite subset N of {Vε,U |U ∈ Ur−η} for Vε,U defined in Equation (83) with cardinality

|N | ≥ exp(κ2(rd2 − d1)2/480001), such that for any Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x )

and Ey = trHanc(Vy(·)V †
y ), then

1

d1
∥CEx − CEy∥1 ≥

κ3/2

4600
ε.

Proof. First, we need the following lemma.

Lemma 5.5. There exists a finite subsetM⊆ Ur−η with cardinality |M| ≥ exp(κ2(rd2−d1)2/480001)
such that for any Ux ̸= Uy ∈M,

1

d1

∥∥∥trHanc

(
(|V0⟩⟩+ |V ′

0⟩⟩)
(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))∥∥∥
1
≥ κ3/2

4600
. (84)

The proof of Lemma 5.5 is deferred to Section 5.2.3.
Now, we are able to prove Theorem 5.4. Let M be the set given in Lemma 5.5. For any

Ux ̸= Uy ∈M, if we set Ex = trHanc(Vε,Ux(·)V †
ε,Ux

) and Ey = trHanc(Vε,Uy(·)V †
ε,Uy

), then we have

∥CEx − CEy∥1

=
∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux |)− trHanc

(
|Vε,Uy⟩⟩⟨⟨Vε,Uy |

) ∥∥∥
1

=

∥∥∥∥ε2( trHanc(|Ux∆⟩⟩⟨⟨Ux∆|)− trHanc(|Uy∆⟩⟩⟨⟨Uy∆|)
)

+ ε trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(Ux − Uy)∆|
)

+ ε trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0 + V ′

0 |
)∥∥∥∥

1

≥ε
∥∥∥∥ trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(Ux − Uy)∆|
)

+ trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0 + V ′

0 |
)∥∥∥∥

1

− 2ε2d1 (85)

=2ε

∥∥∥∥ trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(Ux − Uy)∆|
)∥∥∥∥

1

− 2ε2d1 (86)

≥2κ3/2

4600
εd1 − 2ε2d1 (87)

≥ κ
3/2

4600
εd1. (88)

In Equation (85) we used

∥ trHanc(|U∆⟩⟩⟨⟨U∆|)∥1 = tr(|U∆⟩⟩⟨⟨U∆|) = r − η ≤ r < d1.

In Equation (86) we used the fact that trHanc

(
|V0 + V ′

0⟩⟩⟨⟨(Ux − Uy)∆|
)

is a linear operator with

support in HA[1 : r − η]⊗HB[d2] and image in(
HA[1 : r(d2 − 1)]⊗HB[1 : d2 − 1]

)
⊕
(
HA[r(d2 − 1) + 1 : d1]⊗HB[d2]

)
,
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which is orthogonal to its support (noting that r − η ≤ r(d2 − 1)); and then we used Fact 7.9. In
Equation (87) we used Equation (84). In Equation (88) we used that ε ≤ κ3/2/9200. Therefore,
we can lower bound the Choi trace norm

1

d1

∥∥CEx − CEy
∥∥
1
≥ κ3/2

4600
ε.

Thus, the set N = {Vε,U |U ∈M} is the desired set.

5.2.3 Proof of Lemma 5.5

Proof. Let V̂0 := V0 + V ′
0 . Then, we need the following lemma:

Lemma 5.6. For Ux, Uy ∈ Ur−η, let us define

F (Ux, Uy) =
1

d1
trHanc

(
|V̂0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
d1
-Lipschitz with respect to the

ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼ Ur−η,
we have E

[
tr(|F (Ux, Uy)|2)

]
≥ κ

2r , and E
[
tr(|F (Ux, Uy)|4)

]
≤ 256

r3
.

By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3 E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma 5.6, implies

E[tr(|F (Ux, Uy)|)]2 ≥ κ3

2048
.

Thus E[tr(|F (Ux, Uy)|)] > κ3/2/46. Then, since the function f(Ux, Uy) = tr(|F (Ux, Uy)|) is
√

2
d1

-

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P

[
tr(|F (Ux, Uy)|) ≤ κ3/2

4600

]
≤ exp

(
−d1(r − η)

2
· κ3

10000 · 12

)
≤ exp

(
−κ

2(rd2 − d1)2

240000

)
,

where we used r− η ≥ κd1 = rd2 − d1. Then, we independently sample exp(κ2(rd2 − d1)2/480001)
Haar random unitaries in Ur−η and the union bound shows that there exists a non-zero probability
that for any pair Ux, Uy, we have tr(|F (Ux, Uy)|) ≥ κ3/2/4600. Thus, there exists a set with
cardinality ≥ exp(κ2(rd2 − d1)2/480001) such that Equation (84) holds.

Then, we give the proof of Lemma 5.6.

Proof of Lemma 5.6. The Lipschitz continuity can be seen from Lemma 7.3.
Note that V̂0 can also be written as

V̂0 =
r∑

i=1

|i⟩anc ⊗
(
Ki ⊕ |d2⟩B⟨zi|A

)
,

where Ki are defined in Equation (81), and we set |zi⟩A = |i−r+η+r(d2−1)⟩A for r−η+1 ≤ i ≤ r
and |zi⟩A = 0 for 1 ≤ i ≤ r − η. Let us define

K ′
i = Ki ⊕ |d2⟩B⟨zi|A,
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then K ′
i satisfy ∣∣∣tr(K ′†

i K
′
j

)∣∣∣ =
∣∣∣tr(K†

iKj

)
+ 1r−η+1≤i=j≤r

∣∣∣ ≤ d2 · 1i=j , (89)

and

tr
(
K ′†

i K
′
i

)
= tr

(
K†

iKi

)
+ 1r−η+1≤i≤r ≥ tr

(
K†

iKi

)
≥ d2 − 1

2
, (90)

due to Equation (82).
Define Kx,i = ⟨i|ancUx∆, Ky,i = ⟨i|ancUy∆. This means

F (Ux, Uy) =
1

d1

r∑
i=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)
.

Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1

d21
E

tr

 r∑
i,j=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |


=

1

d21
E

[
r∑

i=1

⟨⟨K ′
i|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]

=
2

d21

r−η∑
i=1

⟨⟨K ′
i|K ′

i⟩⟩ (91)

≥ 2

d21
(r − η)

d2 − 1

2
(92)

≥ κ(d2 − 1)

d1
≥ κ

2r
(93)

where Equation (91) is because for t1, t2 ∈ {x, y}, we have

E[⟨⟨Kt1,i|Kt2,i⟩⟩] = E
[
tr
(
K†

t1,i
Kt2,i

)]
= tr

(
∆† E

[
U †
t1
|i⟩⟨i|ancUt2

]
∆
)

= 1t1=t211≤i≤r−η ·
1

r − η
tr(∆†∆) (94)

= 1t1=t211≤i≤r−η,

where Equation (94) is due to Schur’s lemma (noting that Uz1 and Uz2 are unitaries acting on
the (r − η)-dimensional space Hanc[1 : r − η] ⊗ HB[d2]) and also the fact that ⟨i|ancUx∆ = 0 for
i ≥ r − η + 1, Equation (92) is by Equation (90), and Equation (93) is because r − η ≥ κd1 and
d2 − 1 ≥ d2/2 ≥ d1/(2r).

Then, we have

E
[
tr(|F (Ux, Uy)|4)

]
=

1

d41
E

[
r∑

i,j,k,l=1

tr

(
|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |

|K ′
k⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨K ′

l |
)]

≤ d22
d41

r∑
i,j=1

E
[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)∣∣∣2 ] (95)
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≤ 4d22
d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 8d22

d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(96)

=
16d22
d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
=

16d22
d41

r∑
i,j=1

E
[∣∣∣tr(K†

x,iKx,j)
∣∣∣2] ,

≤ 16d22
d41
· 4(r − η)2

r − η
≤ 256

rd21
≤ 256

r3
, (97)

where Equation (95) is because Equation (89), Equation (96) is because

r∑
i,j=1

|⟨⟨Kx,i|Ky,j⟩⟩|2 = ∥K†
xKy∥2F = tr

(
K†

xKyK
†
yKx

)
≤ ∥KxK

†
x∥F · ∥KyK

†
y∥F

≤1

2

(
∥K†

xKx∥2F + ∥K†
yKy∥2F

)
=

1

2

 r∑
i,j=1

|⟨⟨Kx,i|Kx,j⟩⟩|2 +
r∑

i,j=1

|⟨⟨Ky,i|Ky,j⟩⟩|2
 , (98)

where Kx denotes the matrix with columns |Kx,i⟩⟩, and in Equation (97), the first inequality is due
to Lemma 7.4 and that ∆ is an isometry from HA[1 : r − η] to HB[d2] ⊗ Hanc[1 : r − η] (further
note that dim(Hanc[1 : r−η]) ≤ dim(HA[1 : r−η]) dim(HB[d2]) so we choose k = 1 in Lemma 7.4),
the second and third inequalities is due to d2 ≤ d1/r + 1 ≤ 2d1/r and r ≤ d1.

5.2.4 Existence for diamond norm

Note that in Theorem 5.4, the cardinality and distance both depend on κ, which can be arbitrarily
close to 0. Here, we give another packing nets w.r.t. diamond norm that does not depend on
κ. We will use the same construction as that given in Section 5.2.1. Specifically, recall that
η := d1 − r⌊d1r ⌋ = d1 − rd2 + r. Note that r − η = rd2 − d1.

Theorem 5.7. Suppose ε ≤ 1/160. There exists a finite subset N of {Vε,U |U ∈ Ur−η} for
Vε,U defined in Equation (83) with cardinality |N | ≥ exp((rd2 − d1)

2/4801), such that for any

Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x ) and Ey = trHanc(Vy(·)V †

y ), then

∥Ex − Ey∥⋄ ≥
1

80
ε.

Proof. We define |Ψ⟩ := 1√
r−η

∑r−η
i=1 |i⟩A|i⟩A be an entangled state on HA ⊗ HA and Ψ = |Ψ⟩⟨Ψ|.

We also define W0 : HA[1 : r − η]→ HB[1]⊗Hanc[1 : r − η] as:

W0 :=
√

1− ε2
r−η∑
i=1

|i⟩anc ⊗ |1⟩B⟨i|A.

We can easily see that

V0|Ψ⟩ = W0|Ψ⟩ =
1√
r − η

|W0⟩⟩, V ′
0 |Ψ⟩ = 0. (99)

Then, we need the following lemma.
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Lemma 5.8. There exists a finite subsetM⊆ Ur−η with cardinality |M| ≥ exp((rd2− d1)2/4801)
such that for any Ux ̸= Uy ∈M,

1

r − η

∥∥∥trHanc

(
|W0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))∥∥∥
1
≥ 1

80
. (100)

The proof of Lemma 5.8 is deferred to Section 5.2.5.
Now, we are able to prove Theorem 5.7. Let M be the set given in Lemma 5.8. For any

Ux ̸= Uy ∈M, if we set Ex = trHanc(Vε,Ux(·)V †
ε,Ux

) and Ey = trHanc(Vε,Uy(·)V †
ε,Uy

), then we have

∥Ex − Ey∥⋄ ≥ ∥Ex(Ψ)− Ey(Ψ)∥1

=
∥∥∥ trHanc

(
(W0 + εUx∆)Ψ(W0 + εUx∆)†

)
− trHanc

(
(W0 + εUy∆)Ψ(W0 + εUy∆)†

)∥∥∥
1

(101)

=
1

r − η

∥∥∥∥ε2( trHanc(|Ux∆⟩⟩⟨⟨Ux∆|)− trHanc(|Uy∆⟩⟩⟨⟨Uy∆|)
)

+ ε trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ ε trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨W0|

)∥∥∥∥
1

(102)

≥ ε

r − η

∥∥∥∥ trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨W0|

)∥∥∥∥
1

− 2ε2 (103)

=
2ε

r − η

∥∥∥∥ trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)∥∥∥∥
1

− 2ε2 (104)

≥ 1

40
ε− 2ε2 (105)

≥ 1

80
ε. (106)

In Equation (101), we used Equation (99). In Equation (102), we used U∆|Ψ⟩ = 1√
r−η
|U∆⟩⟩,

W0|Ψ⟩ = 1√
r−η
|W0⟩⟩. In Equation (103), we used

∥ trHanc(|U∆⟩⟩⟨⟨U∆|)∥1 = tr(|U∆⟩⟩⟨⟨U∆|) = r − η.

In Equation (104) we used the fact that trHanc

(
|W0⟩⟩⟨⟨(Ux−Uy)∆|

)
is a linear operator with support

in HA[1 : r − η] ⊗HB[d2] and image in HA[1 : r − η] ⊗HB[1], which is orthogonal to its support;
and then we used Fact 7.9. In Equation (105) we used Equation (100). In Equation (106) we used
that ε ≤ 1/160. Therefore, we can lower bound the diamond norm

∥Ex − Ey∥⋄ ≥
1

80
ε.

Thus, the set N = {Vε,U |U ∈M} is the desired set.

5.2.5 Proof of Lemma 5.8

Proof. We need the following lemma:

Lemma 5.9. For Ux, Uy ∈ Ur−η, let us define

F (Ux, Uy) =
1

r − η
trHanc

(
|W0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
r−η -Lipschitz with respect to the

ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼ Ur−η,
we have E

[
tr(|F (Ux, Uy)|2)

]
≥ 1

r−η , and E
[
tr(|F (Ux, Uy)|4)

]
≤ 64

(r−η)3
.
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By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3 E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma 5.9, implies

E[tr(|F (Ux, Uy)|)]2 ≥ 1

64
.

Thus E[tr(|F (Ux, Uy)|)] > 1/8. Then, since the function f(Ux, Uy) = tr(|F (Ux, Uy)|) is
√

2
r−η -

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P
[
tr(|F (Ux, Uy)|) ≤ 1

80

]
≤ exp

(
−(r − η)2

2
· 1

100 · 12

)
≤ exp

(
−(r − η)2

2400

)
.

Then, we independently sample exp((r − η)2/4801) Haar random unitaries in Ur−η and the union
bound shows that there exists a non-zero probability that for any pair Ux, Uy, we have tr(|F (Ux, Uy)|) ≥
1/80. Thus, there exists a set with cardinality ≥ exp((r− η)2/4801) = exp((rd2 − d1)2/4801) such
that Equation (100) holds.

Then, we give the proof of Lemma 5.9.

Proof of Lemma 5.9. The Lipschitz continuity can be seen from Lemma 7.3, where we treat W0

and U∆ as linear operators acting on input space with dimension r − η.
Define Kx,i = ⟨i|ancUx∆, Ky,i = ⟨i|ancUy∆, and K ′

i = |1⟩B⟨i|A = 1√
1−ε2
⟨i|ancW0. This means

F (Ux, Uy) =

√
1− ε2
r − η

r−η∑
i=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)
.

Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1− ε2

(r − η)2
E

tr

 r−η∑
i,j=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |


=

1− ε2

(r − η)2
E

[
r−η∑
i=1

(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]

=
2(1− ε2)
(r − η)2

(r − η) =
2(1− ε2)
r − η

≥ 1

r − η
(107)

where Equation (107) is because for z1, z2 ∈ {x, y}, we have

E[⟨⟨Kz1,i|Kz2,i⟩⟩] = E
[
tr
(
K†

z1,i
Kz2,i

)]
= tr

(
∆† E

[
U †
z1 |i⟩⟨i|ancUz2

]
∆
)

= 1z1=z211≤i≤r−η ·
1

r − η
tr(∆†∆) (108)

= 1z1=z211≤i≤r−η,

where Equation (108) is due to Schur’s lemma and also the fact that ⟨i|ancUx∆ = 0 for i > r − η.
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Then, we also have

E
[
tr(|F (Ux, Uy)|4)

]
=

1

(r − η)4
E

[
r−η∑

i,j,k,l=1

tr

(
|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |

|K ′
k⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨K ′

l |
)]

≤ 1

(r − η)4

r−η∑
i,j=1

E
[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)∣∣∣2 ]

≤ 4

(r − η)4

r−η∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 8

(r − η)4

r−η∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(109)

=
16

(r − η)4

r−η∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
=

16

(r − η)4

r∑
i,j=1

E
[∣∣∣tr(K†

x,iKx,j)
∣∣∣2] ,

≤ 16

(r − η)4
· 4(r − η)2

r − η
≤ 64

(r − η)3
, (110)

where Equation (109) is due to a similar argument as that in Equation (98), and in Equation (110),
the first inequality is due to Lemma 7.4 and that ∆ is an isometry from HA[1 : r − η] to HB[d2]⊗
Hanc[1 : r − η] (further note that dim(Hanc[1 : r − η]) ≤ dim(HA[1 : r − η]) dim(HB[d2]) so we
choose k = 1 in Lemma 7.4).

5.3 Type II instance: d1 < rd2 with d1 + r ≤ rd2, r ≤ d1

5.3.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d,D in Sec-
tion 4.2.1 correspond to d1 and rd2 here.

Suppose d2 > 1, d1 + r ≤ rd2 and r ≤ d1. Let κ := min{(rd2 − d1)/d1, 1} ∈ (0, 1] and let

χ := ⌊d1r ⌋, χ := ⌈d1r ⌉, ζ := min{χ, d2 − χ}.

We note the following relations can be easily verified:

• χ ≥ 1, and d2 − χ ≥ 1 (since d1/r + 1 ≤ d2),

• r(d2−χ) ≥ rd2−d1−r ≥ κ
1+κrd2−r, thus r(d2−χ) ≥ max{r, κ

1+κrd2−r} ≥
κ

2+2κrd2 ≥
κ
4 rd2,

• rχ ≥ d1/2 and r(d2 − χ) ≥ κ
4 rd2 >

κ
4d1, and thus rζ ≥ κ

4d1.

Let ε ∈ (0, 1/2) and Σε :=
√

1− ε2
∑rζ

i=1|i⟩⟨i|A+
∑d1

i=rζ+1|i⟩⟨i|A be a diagonal matrix. Let g : [d1]→
[d2] × [r] be a bijective function g(i) = (⌊ i−1

r ⌋ + 1, i − r⌊ i−1
r ⌋), i.e., g maps the integers in [d1] to

[d2]× [r] in row-major order. Then, we define the linear operator V0 : HA → HB[1 : χ]⊗Hanc as

V0 :=

d1∑
i=1

(
|g(i)1⟩B ⊗ |g(i)2⟩anc⟨i|A

)
· Σε. (111)
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(a) Case 1

(b) Case 2

Figure 6: Illustration of our construction. There are two cases depending on whether Case 1 :
⌊d1r ⌋ ≥ d2 − ⌈d1r ⌉ or Case 2 : ⌊d1r ⌋ < d2 − ⌈d1r ⌉ . We define linear operators V0 and ∆ from the
d1-dimensional space HA to the d2r-dimensional space HB⊗Hanc. The Haar randomness is applied
on the hatched area.

One can easily check that V0 can be written as

V0 =

r∑
i=1

|i⟩anc ⊗Ki, (112)

for Ki : HA → HB[1 : χ] satisfying

r∑
i=1

K†
iKi = Σ2

ε and
1

2
χ · 1i=j ≤

∣∣∣tr(K†
iKj

)∣∣∣ ≤ χ · 1i=j . (113)

Define ∆ : HA[1 : rζ] → HB[χ + 1 : d2] ⊗ Hanc be an arbitrary (but fixed) isometry. Then, for
U ∈ Ur(d2−χ), we define the isometry Vε,U : HA → HB ⊗Hanc as

Vε,U := V0 + εU∆, (114)

where U acts on HB[χ + 1 : d2] ⊗ Hanc. We can verify that Vε,U is indeed an isometry from
Equation (111) and the definition of U∆. Note that the image of U∆ is orthogonal to the image
of V0. For clarity, we also illustrate our construction in Figure 6.

5.3.2 Existence for Choi trace norm

Then, we prove that there exists a large set of isometries Vε,U with good separation property.
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Theorem 5.10. Suppose ε ≤ κ3/2/25600. There exists a finite subset N of {Vε,U |U ∈ Ur(d2−χ)}
for Vε,U defined in Equation (114) with cardinality

|N | ≥ exp

(
κ2(rd2 − d1) min{d1, rd2 − d1}

3840001

)
,

such that for any Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x ) and Ey = trHanc(Vy(·)V †

y ), then

1

d1
∥CEx − CEy∥1 ≥

κ3/2

12800
ε.

Proof. First, we need the following lemma.

Lemma 5.11. There exists a finite subset M ⊆ Ur(d2−χ) with cardinality |M| ≥ exp(κ3d1(rd2 −
d1)/3840001) such that for any Ux ̸= Uy ∈M,

1

d1

∥∥∥trHanc

(
|V0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))∥∥∥
1
≥ κ3/2

12800
. (115)

The proof of Lemma 5.11 is deferred to Section 5.3.3.
Now, we are able to prove Theorem 5.10. Let M be the set given in Lemma 5.11. Then, for

any Ux ̸= Uy ∈M, if we set Ex = trHanc(Vε,Ux(·)V †
ε,Ux

) and Ey = trHanc(Vε,Uy(·)V †
ε,Uy

), we have

∥CEx − CEy∥1

=
∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux |)− trHanc

(
|Vε,Uy⟩⟩⟨⟨Vε,Uy |

) ∥∥∥
1

=

∥∥∥∥ε2( trHanc(|Ux∆⟩⟩⟨⟨Ux∆|)− trHanc(|Uy∆⟩⟩⟨⟨Uy∆|)
)

+ ε trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ ε trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0|

)∥∥∥∥
1

≥ε
∥∥∥∥ trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0|

)∥∥∥∥
1

− 2ε2d1 (116)

=2ε

∥∥∥∥ trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)∥∥∥∥
1

− 2ε2d1 (117)

≥ 2κ3/2

12800
εd1 − 2ε2d1 (118)

≥ κ3/2

12800
εd1. (119)

In Equation (116), we used ∥ trHanc(|U∆⟩⟩⟨⟨U∆|)∥1 = tr(|U∆⟩⟩⟨⟨U∆|) = rζ ≤ rχ ≤ d1. In Equa-

tion (117) we used the fact that trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)
is a linear operator with support in

HA[1 : rζ] ⊗HB[χ + 1 : d2] and image in HA ⊗HB[1 : χ] which is orthogonal to its support; and
then we used Fact 7.9. In Equation (118) we used Equation (115). In Equation (119) we used that
ε ≤ κ3/2/25600. Therefore, we can lower bound the Choi trace norm

1

d1

∥∥CEx − CEy
∥∥
1
≥ κ3/2

12800
ε.

Thus, the set N = {Vε,U |U ∈ M} is the desired set, and the cardinality is exp(κ3d1(rd2 −
d1)/3840001) = exp(κ2(rd2 − d1) min{d1, rd2 − d1}/3840001).
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5.3.3 Proof of Lemma 5.11

Proof. First, we need the following lemma:

Lemma 5.12. For Ux, Uy ∈ Ur(d2−χ), let us define

F (Ux, Uy) =
1

d1
trHanc

(
|V0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
d1
-Lipschitz with respect to the

ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼ Ur(d2−χ),

we have E
[
tr(|F (Ux, Uy)|2)

]
≥ κ

4r , and E
[
tr(|F (Ux, Uy)|4)

]
≤ 256

r3
.

By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3 E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma 5.12, implies

E[tr(|F (Ux, Uy)|)]2 ≥ κ3

16384
.

Thus E[tr(|F (Ux, Uy)|)] > κ3/2/128. Then, since the fucntion f(Ux, Uy) = tr(|F (Ux, Uy)|) is
√

2
d1

-

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P

[
tr(|F (Ux, Uy)|) ≤ κ3/2

12800

]
≤ exp

(
−d1r(d2 − χ)

2
· κ3

40000 · 12

)
≤ exp

(
−κ

3d1(rd2 − d1)
1920000

)
,

where we used r(d2−χ) = r⌊ rd2−d1
r ⌋ ≥ rd2−d1

2 (since rd2−d1 ≥ r). Then, we independently sample
exp(κ3d1(rd2 − d1)/3840001) Haar random unitaries in Ur(d2−χ) and the union bound shows that

there exists a non-zero probability that for any pair Ux, Uy, we have tr(|F (Ux, Uy)|) ≥ κ3/2/12800.
Thus, there exists a set with cardinality ≥ exp(κ3d1(rd2 − d1)/3840001) such that Equation (115)
holds.

Then, we give the proof of Lemma 5.12.

Proof of Lemma 5.12. The Lipschitz continuity can be seen from Lemma 7.3.

Define Kx,i = ⟨i|ancUx∆ and Ky,i = ⟨i|ancUy∆. Thus F (Ux, Uy) = 1
d1

∑r
i=1 |Ki⟩⟩

(
⟨⟨Kx,i| −

⟨⟨Ky,i|
)

. Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1

d21
E

tr

 r∑
i,j=1

|Ki⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨Kj |


=

1

d21
E

[
r∑

i=1

⟨⟨Ki|Ki⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]

=
2ζ

d21

r∑
i=1

⟨⟨Ki|Ki⟩⟩ (120)

≥ ζ

d1
≥ κ

4r
, (121)
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where Equation (120) is because for t1, t2 ∈ {x, y}, we have

E[⟨⟨Kt1,i|Kt2,i⟩⟩] = E
[
tr
(
K†

t1,i
Kt2,i

)]
= tr

(
∆† E

[
U †
t1
|i⟩⟨i|ancUt2

]
∆
)

= 1t1=t2 ·
1

r
tr(∆†∆) (122)

= 1t1=t2 · ζ,

where Equation (122) is due to Schur’s lemma, Equation (121) is because
∑r

i=1 tr(K†
iKi) =

tr(V †
0 V0) ≥ 1

2 tr(IHA
) = d1/2.

Then, we also have

E
[
tr(|F (Ux, Uy)|4)

]
=

1

d41
E

[
r∑

i,j,k,l=1

tr

(
|Ki⟩⟩

(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨Kj |

|Kk⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨Kl|

)]

≤ χ2

d41

r∑
i,j=1

E
[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)∣∣∣2 ] (123)

≤ 4χ2

d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 8χ2

d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(124)

=
16χ2

d41

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
=

16χ2

d41

r∑
i,j=1

E
[∣∣∣tr(K†

x,iKx,j)
∣∣∣2]

≤ 16χ2

d41
· 4r2ζ2

r
=

64 · rχ2ζ2

d41
≤

64 · rχ2χ2

d41
≤ 256

r3
, (125)

where Equation (123) is due to Equation (113), Equation (124) due to the similar argument as that
in Equation (98), and in Equation (125), the first inequality is due to Lemma 7.4 and that ∆ is
an isometry from HA[1 : rζ] to HB[χ + 1 : d2] ⊗Hanc (further note that dim(Hanc) ≤ dim(HA[1 :
rζ]) dim(HB[χ+ 1 : d2]) so we choose k = 1 in Lemma 7.4).

5.3.4 Existence for diamond norm

Note that in Theorem 5.10, the cardinality and distance both depend on κ, which can be arbitrarily
close to 0. Here, we give another packing nets w.r.t. diamond norm that does not depend on κ.
We will use the same construction as that given in Section 5.3.1. Specifically, recall that χ := ⌊d1r ⌋,
χ := ⌈d1r ⌉, and ζ := min{χ, d2 − χ}.

Theorem 5.13. Suppose ε ≤ 1/160. There exists a finite subset N of {Vε,U |U ∈ Ur(d2−χ)} for
Vε,U defined in Equation (114) with cardinality

|N | ≥ exp

(
(rd2 − d1) min{d1, rd2 − d1}

38404

)
,
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such that for any Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x ) and Ey = trHanc(Vy(·)V †

y ), then

∥Ex − Ey∥⋄ ≥
1

80
ε.

Proof. We define |Ψ⟩ := 1√
rζ

∑rζ
i=1|i⟩A|i⟩A be an entangled state on HA ⊗HA and Ψ = |Ψ⟩⟨Ψ|. We

also define W0 : HA[1 : rζ]→ HB[1 : ζ]⊗Hanc as:

W0 :=
√

1− ε2
rζ∑
i=1

|g(i)1⟩B ⊗ |g(i)2⟩anc⟨i|A.

We can easily see that (c.f. Equation (111)):

V0|Ψ⟩ = W0|Ψ⟩ =
1√
rζ
|W0⟩⟩. (126)

Then, we need the following lemma.

Lemma 5.14. There exists a finite subset M ⊆ Ur(d2−χ) with cardinality |M| ≥ exp(rζ(rd2 −
d1)/9601) such that for any Ux ̸= Uy ∈M,

1

rζ

∥∥∥trHanc

(
|W0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))∥∥∥
1
≥ 1

80
. (127)

The proof of Lemma 5.14 is deferred to Section 5.3.5.
Now, we are able to prove Theorem 5.7. Let M be the set given in Lemma 5.8. For any

Ux ̸= Uy ∈M, if we set Ex = trHanc(Vε,Ux(·)V †
ε,Ux

) and Ey = trHanc(Vε,Uy(·)V †
ε,Uy

), then we have

∥Ex − Ey∥⋄ ≥ ∥Ex(Ψ)− Ey(Ψ)∥1

=
∥∥∥ trHanc

(
(W0 + εUx∆)Ψ(W0 + εUx∆)†

)
− trHanc

(
(W0 + εUy∆)Ψ(W0 + εUy∆)†

)∥∥∥
1

(128)

=
1

rζ

∥∥∥∥ε2( trHanc(|Ux∆⟩⟩⟨⟨Ux∆|)− trHanc(|Uy∆⟩⟩⟨⟨Uy∆|)
)

+ ε trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ ε trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨W0|

)∥∥∥∥
1

(129)

≥ ε

rζ

∥∥∥∥ trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨W0|

)∥∥∥∥
1

− 2ε2 (130)

=
2ε

rζ

∥∥∥∥ trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)∥∥∥∥
1

− 2ε2 (131)

≥ 1

40
ε− 2ε2 (132)

≥ 1

80
ε. (133)

In Equation (128), we used Equation (126). In Equation (129), we used U∆|Ψ⟩ = 1√
rζ
|U∆⟩⟩,

W0|Ψ⟩ = 1√
rζ
|W0⟩⟩. In Equation (130), we used ∥ trHanc(|U∆⟩⟩⟨⟨U∆|)∥1 = tr(|U∆⟩⟩⟨⟨U∆|) = rζ. In

Equation (131) we used the fact that trHanc

(
|W0⟩⟩⟨⟨(Ux − Uy)∆|

)
is a linear operator with support

in HA[1 : rζ] ⊗ HB[χ + 1 : d2] and image in HA[1 : rζ] ⊗ HB[1 : ζ], which is orthogonal to its
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support; and then we used Fact 7.9. In Equation (132) we used Equation (127). In Equation (133)
we used that ε ≤ 1/160. Therefore, we can lower bound the diamond norm

∥Ex − Ey∥⋄ ≥
1

80
ε.

Thus, the setN = {Vε,U |U ∈M} is the desired set, and the cardinality is at least exp
(
rζ(rd2−d1)

9601

)
≥

exp
(
(rd2−d1)min{d1,rd2−d1}

38404

)
, since rζ ≥ κ

4d1 = 1
4 min{d1, rd2 − d1}.

5.3.5 Proof of Lemma 5.14

Proof. We need the following lemma:

Lemma 5.15. For Ux, Uy ∈ Ur(d2−χ), let us define

F (Ux, Uy) =
1

rζ
trHanc

(
|W0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
rζ -Lipschitz with respect to the

ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼ Ur(d2−χ),

we have E
[
tr(|F (Ux, Uy)|2)

]
≥ 1

r , and E
[
tr(|F (Ux, Uy)|4)

]
≤ 64

r3
.

By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3 E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma 5.15, implies

E[tr(|F (Ux, Uy)|)]2 ≥ 1

64
.

Thus E[tr(|F (Ux, Uy)|)] > 1/8. Then, since the function f(Ux, Uy) = tr(|F (Ux, Uy)|) is
√

2
rζ -

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P
[
tr(|F (Ux, Uy)|) ≤ 1

80

]
≤ exp

(
−rζ · r(d2 − χ)

2
· 1

100 · 12

)
≤ exp

(
−rζ(rd2 − d1)

4800

)
,

where in the last inequality we used r(d2 − χ) = r⌊ rd2−d1
r ⌋ ≥ rd2−d1

2 (since rd2 − d1 ≥ r).
Then, we independently sample exp(rζ(rd2 − d1)/9601) Haar random unitaries in Ur(d2−χ) and
the union bound shows that there exists a non-zero probability that for any pair Ux, Uy, we have
tr(|F (Ux, Uy)|) ≥ 1/80. Thus, there exists a set with cardinality ≥ exp(rζ(rd2 − d1)/9601) such
that Equation (127) holds.

Then, we give the proof of Lemma 5.15.

Proof of Lemma 5.15. The Lipschitz continuity can be seen from Lemma 7.3, where we treat W0

and U∆ as linear operators acting on the input space with dimension rζ.
Define Kx,i = ⟨i|ancUx∆, Ky,i = ⟨i|ancUy∆, and K ′

i = ⟨i|ancW0. We can easily see that

1

2
ζ · 1i=j ≤

∣∣∣tr(K ′†
i K

′
j)
∣∣∣ ≤ ζ · 1i=j , (134)
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and also

F (Ux, Uy) =
1

rζ

r∑
i=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)
.

Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1

r2ζ2
E

tr

 r∑
i,j=1

|K ′
i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |


≥ 1

2r2ζ
E

[
r∑

i=1

(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]
(135)

=
1

2r2ζ
· 2rζ =

1

r
(136)

where Equation (135) is due to Equation (134), and Equation (136) is because for t1, t2 ∈ {x, y},
we have

E[⟨⟨Kt1,i|Kt2,i⟩⟩] = E
[
tr
(
K†

t1,i
Kt2,i

)]
= tr

(
∆† E

[
U †
t1
|i⟩⟨i|ancUt2

]
∆
)

= 1t1=t2 ·
1

r
tr(∆†∆) (137)

= 1t1=t2ζ,

where Equation (137) is due to Schur’s lemma..
Then, we also have

E
[
tr(|F (Ux, Uy)|4)

]
=

1

r4ζ4
E

[
r∑

i,j,k,l=1

tr

(
|K ′

i⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨K ′

j |

|K ′
k⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨K ′

l |
)]

≤ 1

r4ζ2

r∑
i,j=1

E
[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)∣∣∣2 ] (138)

≤ 4

r4ζ2

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 8

r4ζ2

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(139)

=
16

r4ζ2

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
=

16

r4ζ2

r∑
i,j=1

E
[∣∣∣tr(K†

x,iKx,j)
∣∣∣2] ,

≤ 16

r4ζ2
· 4(rζ)2

r
=

64

r3
, (140)

where Equation (138) is due to Equation (134), Equation (139) is due to a similar argument as
that in Equation (98), and in Equation (140), the first inequality is due to Lemma 7.4 and that ∆
is an isometry from HA[1 : rζ] to HB[χ+ 1 : d2]⊗Hanc (further note that dim(Hanc) ≤ dim(HA[1 :
rζ]) dim(HB[χ+ 1 : d2]) so we choose k = 1 in Lemma 7.4).
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Figure 7: Illustration of our construction. We define linear operators V0 and ∆ from the d1-
dimensional space HA to the d2r-dimensional space HB ⊗Hanc. The Haar randomness is applied
on the hatched area. The gradient-colored area means the image of V0 is approximately “uniformly”
distributed along the r-axis, using Lemma 7.5.

5.4 Type II instance: d1 < rd2 with d1 + r ≤ rd2, d1 < r

5.4.1 Construction

In this subsection, we will use the definition in Section 4.2.1, where the parameter d,D in Sec-
tion 4.2.1 correspond to d1 and rd2 here.

Suppose d2 > 1. We further assume d1 + r ≤ rd2 and d1 < r. Let χ = ⌈ r
d1
⌉. Thus χ ≥ 1 and

χd1 ≥ r. Moreover, since d1d2 ≥ 2r (see Equation (55)), we have χ ≤ ⌈d22 ⌉ and thus d2−χ ≥ ⌊d22 ⌋.
Note that χd1 ≥ r. Thus by Lemma 7.5, there exists a set of linear operators {Ki}ri=1 for

Ki : HA → HB[1 : χ] such that

r∑
i=1

K†
iKi = (1− ε2)IHA

and
∣∣∣tr(K†

iKj

)∣∣∣ ≤ 2 dim(HA)

r
· 1i=j =

2d1
r
· 1i=j . (141)

Then we define V0 : HA → HB[1 : χ]⊗Hanc as

V0 =

r∑
i=1

|i⟩anc ⊗Ki.

Note that V0 can also be written as V0 =
√

1− ε2V for some isometry V : HA → HB[1 : χ]⊗Hanc.
Define ∆ : HA → HB[χ+ 1 : d2]⊗Hanc be an arbitrary (but fixed) isometry. Then, for ε ∈ (0, 1/2)
and U ∈ Ur(d2−χ), we define the isometry Vε,U : HA → HB ⊗Hanc as

Vε,U := V0 + εU∆, (142)

where U acts on HB[χ + 1 : d2] ⊗Hanc. We can easily verify that Vε,U is indeed an isometry. We
also note that the image of U∆ is orthogonal to the image of V0. For clarity, we illustrate our
construction in Figure 7.
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5.4.2 Existence

Then, we prove that there exists a large set of isometries Vε,U with good separation property.

Theorem 5.16. Suppose ε ≤ 1/4000. There exists a finite subset N of {Vε,U |U ∈ Ur(d2−χ)}
for Vε,U defined in Equation (142) with cardinality |N | ≥ exp(rd1d2/307201), such that for any

Vx ̸= Vy ∈ N , if we set Ex = trHanc(Vx(·)V †
x ) and Ey = trHanc(Vy(·)V †

y ), then

1

d1
∥CEx − CEy∥1 ≥

1

2000
ε.

Proof. First, we need the following lemma.

Lemma 5.17. There exists a finite subsetM⊆ Ur(d2−χ) with cardinality |M| ≥ exp(rd1d2/307201)
such that for any Ux ̸= Uy ∈M,

1

d1

∥∥∥trHanc

(
|V0⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))∥∥∥
1
≥ 1

2000
. (143)

The proof of Lemma 5.17 is deferred to Section 5.4.3.
Now we are able to prove Theorem 5.16. LetM be the set given in Lemma 5.17. Then, for any

Ux ̸= Uy ∈M, if set Ex = trHanc(Vε,Ux(·)V †
ε,Ux

) and Ey = trHanc(Vε,Uy(·)V †
ε,Uy

), we have

∥CEx − CEy∥1

=
∥∥∥ trHanc(|Vε,Ux⟩⟩⟨⟨Vε,Ux |)− trHanc

(
|Vε,Uy⟩⟩⟨⟨Vε,Uy |

) ∥∥∥
1

=

∥∥∥∥ε2( trHanc(|Ux∆⟩⟩⟨⟨Ux∆|)− trHanc(|Uy∆⟩⟩⟨⟨Uy∆|)
)

+ ε trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ ε trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0|

)∥∥∥∥
1

≥ε
∥∥∥∥ trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)
+ trHanc

(
|(Ux − Uy)∆⟩⟩⟨⟨V0|

)∥∥∥∥
1

− 2ε2d1 (144)

=2ε

∥∥∥∥ trHanc

(
|V0⟩⟩⟨⟨(Ux − Uy)∆|

)∥∥∥∥
1

− 2ε2d1 (145)

≥ 1

1000
εd1 − 2ε2d1 (146)

≥ 1

2000
εd1. (147)

In Equation (144), we used ∥ trHanc(|U∆⟩⟩⟨⟨U∆|)∥1 = tr(|U∆⟩⟩⟨⟨U∆|) = d1. In Equation (145) we

used the fact that trHanc

(
|V0⟩⟩⟨⟨(Ux−Uy)∆|

)
is a linear operator with support in HA⊗HB[χ+1 : d2]

and image in HA ⊗ HB[1 : χ] which is orthogonal to its support; and then we used Fact 7.9. In
Equation (146) we used Equation (143). In Equation (147) we used that ε ≤ 1/4000. Therefore,
we can lower bound the Choi trace norm

1

d1

∥∥CEx − CEy
∥∥
1
≥ 1

2000
ε.

Thus, the set N = {Vε,U |U ∈M} is the desired set.
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5.4.3 Proof of Lemma 5.17

Proof. First, we need the following lemma:

Lemma 5.18. For Ux, Uy ∈ Ur(d2−χ), let us define

F (Ux, Uy) =
1

d1
trHanc

(
|V ⟩⟩

(
⟨⟨Ux∆| − ⟨⟨Uy∆|

))
,

then the function f(Ux, Uy) = ∥F (Ux, Uy)∥1 = tr(|F (Ux, Uy)|) is
√

2
d1
-Lipschitz with respect to the

ℓ2-sum of the 2-norms (Frobenius norm). Furthermore, for independent random Ux, Uy ∼ Ur(d2−χ),

we have E
[
tr(|F (Ux, Uy)|2)

]
≥ 1

r , and E
[
tr(|F (Ux, Uy)|4)

]
≤ 384

r3
.

By the Hölder’s inequality we have

E
[
tr
(
|F (Ux, Uy)|2

)]
≤ E

[
tr
(
|F (Ux, Uy)|4

)]1/3 E[tr(|F (Ux, Uy)|)]2/3 ,

which, combined with Lemma 5.18, implies

E[tr(|F (Ux, Uy)|)]2 ≥ 1

384
.

Thus E[tr(|F (Ux, Uy)|)] > 1/20. Then, since the function f(Ux, Uy) = tr(|F (Ux, Uy)|) is
√

2
d1

-

Lipschitz, we can use Theorem 7.10 to prove the concentration result:

P
[
tr(|F (Ux, Uy)|) ≤ 1

2000

]
≤ exp

(
−d1r(d2 − χ)

2
· 1

1600 · 12

)
≤ exp

(
− rd1d2

153600

)
,

where we used d2 − χ ≥ ⌊d2/2⌋ ≥ d2/4. Then, we independently sample exp(rd1d2/307201) Haar
random unitaries in Ur(d2−χ) and the union bound shows that there exists a non-zero probability
that for any pair Ux, Uy, we have tr(|F (Ux, Uy)|) ≥ 1/2000. Thus, there exists a set with cardinality
≥ exp(rd1d2/307201) such that Equation (143) holds.

Then, we give the proof of Lemma 5.18.

Proof of Lemma 5.18. The Lipschitz continuity can be seen from Lemma 7.3.

Define Kx,i = ⟨i|ancUx∆ and Ky,i = ⟨i|ancUy∆. Thus F (Ux, Uy) = 1
d1

∑r
i=1 |Ki⟩⟩

(
⟨⟨Kx,i| −

⟨⟨Ky,i|
)

. Then, we note that

E
[
tr(|F (Ux, Uy)|2)

]
=

1

d21
E

tr

 r∑
i,j=1

|Ki⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨Kj |


=

1

d21
E

[
r∑

i=1

⟨⟨Ki|Ki⟩⟩
(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,i⟩⟩ − |Ky,i⟩⟩

)]

=
2

rd1

r∑
i=1

⟨⟨Ki|Ki⟩⟩ (148)

≥ 1

r
, (149)
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where Equation (148) is because for z1, z2 ∈ {x, y}, we have

E[⟨⟨Kz1,i|Kz2,i⟩⟩] = E
[
tr
(
K†

z1,i
Kz2,i

)]
= tr

(
∆† E

[
U †
z1 |i⟩⟨i|ancUz2

]
∆
)

= 1z1=z2 ·
1

r
tr(∆†∆) (150)

= 1z1=z2 ·
d1
r
,

where Equation (150) is due to Schur’s lemma, Equation (149) is because
∑r

i=1 tr(K†
iKi) =

tr(V †
0 V0) ≥ 1

2 tr(IHA
) = d1/2.

Then, we also have

E
[
tr(|F (Ux, Uy)|4)

]
=

1

d41
E

[
r∑

i,j,k,l=1

tr

(
|Ki⟩⟩

(
⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)
⟨⟨Kj |

|Kk⟩⟩
(
⟨⟨Kx,k| − ⟨⟨Ky,k|

)(
|Kx,l⟩⟩ − |Ky,l⟩⟩

)
⟨⟨Kl|

)]

≤ 4

r2d21

r∑
i,j=1

E
[ ∣∣∣(⟨⟨Kx,i| − ⟨⟨Ky,i|

)(
|Kx,j⟩⟩ − |Ky,j⟩⟩

)∣∣∣2 ] (151)

≤ 16

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2 + |⟨⟨Kx,i|Ky,j⟩⟩|2 + |⟨⟨Ky,i|Kx,j⟩⟩|2

]
≤ 32

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2 + |⟨⟨Ky,i|Ky,j⟩⟩|2

]
(152)

=
64

r2d21

r∑
i,j=1

E
[
|⟨⟨Kx,i|Kx,j⟩⟩|2

]
=

64

r2d21

r∑
i,j=1

E
[∣∣∣tr(K†

x,iKx,j)
∣∣∣2] ,

≤ 384

r3
, (153)

where Equation (151) is due to Equation (141), Equation (152) due to the similar argument as that
in Equation (98), and in Equation (153), the first inequality is due to Lemma 7.4 and that ∆ is an
isometry from HA to HB[χ+1 : d2]⊗Hanc (further note that dim(Hanc) = r ≤ d1d2/2 ≤ 2d1⌊d22 ⌋ ≤
2d1(d2 − χ) = 2 dim(HA) dim(HB[χ+ 1 : d2]) so we choose k = 2 in Lemma 7.4).

6 Query lower bounds

Now, we combine the results from Section 4 and Section 5 to give the lower bounds for quantum
channel tomography.

Theorem 6.1. Let d1, d2, r be positive integers such that d1 ≤ rd2 ≤ 4
3d1. Suppose ε ≤ 1

39660 and
rd1d2 ≥ 7 · 1025. Then, tomography of an unknown channel E ∈ QChanr

d1,d2 to within Choi trace

norm or diamond norm error ε
3966000 with probability at least 2/3 must use at least n ≥ 1

2·1019 ·
d21
ε

queries to E.

Proof. This can be obtained by combining Theorem 4.1 with Theorem 5.2. Specifically, a tomog-
raphy algorithm to within Choi trace norm error ε

2·1983000 = ε
3966000 can discriminate between the
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quantum channels constructed by Theorem 5.2. Therefore, this algorithm can be used to dis-
criminate between the corresponding Stinespring dilation isometries (simply discard the ancilla
system and then apply this algorithm). Note that these isometries coincide with those defined in
Section 4.1.1 (up to a change of basis). Furthermore, note that 4

3d
2
1 ≥ rd1d2 ≥ 7 · 1025 implies

d1 ≥ 7 · 1012. Therefore, Theorem 4.1 applies and shows that any such algorithm must use at least

n ≥ 1
2·1019 ·

d21
ε queries. Since diamond norm is always larger than or equal to the Choi trace norm,

this lower bound also applies to diamond norm tomography algorithms.

Theorem 6.2. Let c ∈ (0, 1] be constant, and d1, d2, r be positive integers such that (1+c)d1 ≤ rd2.
Suppose ε ≤ c3/2

25600 and rd1d2 ≥ 2·1030
c10

. Then, tomography of an unknown channel E ∈ QChanr
d1,d2

to within Choi trace norm or diamond norm error c3/2

25600ε with probability at least 2/3 must use at

least n ≥ c6

1016
· rd1d2

ε2
queries to E.

Proof. This can be obtained by combining Theorem 4.4 with Theorem 5.4, Theorem 5.10 and
Theorem 5.16. Specifically, the regime d1 < rd2 can be divided into three regime:

(i) rd2 < d1 + r,

(ii) d1 + r ≤ rd2 and r ≤ d1,

(iii) d1 + r ≤ rd2 and d1 < r,

which are covered by Theorem 5.4, Theorem 5.10 and Theorem 5.16, respectively. We define κ =
min{ rd2−d1

d1
, 1}. By assumption, we know that κ ≥ c. Note that rd2 ≤ 2

c (rd2−d1), d1 ≤ 1
c (rd2−d1)

and rd1d2 ≤ 2
c2

(rd2 − d1)2. Since rd1d2 ≥ 2·1030
c10

, we know rd2 − d1 ≥ 1015

c4
.

In regime (i), first note that 2r ≤ rd2 < d1+r (since d2 = 1 is trivial), which means d1 > r. Thus

rd2−d1 ≤ r < d1. A tomography algorithm to within Choi trace norm error c3/2

9200ε can discriminate

between exp( c2

480001(rd2 − d1)
2) quantum channels constructed by Theorem 5.4. Therefore, this

algorithm can be used to discriminate between the corresponding Stinespring dilation isometries
(simply discard the ancilla system and then apply this algorithm). Note that these isometries
coincide with those defined in Section 4.2.1 (up to a change of basis). Furthermore, note that

rd2 − d1 ≥ 2·1013
c4

. Therefore, Theorem 4.4 applies and shows that any such algorithm must use n
queries such that

n ≥ c4

8 · 1012
· (rd2 − d1)2

ε2
≥ c6

16 · 1012
· rd2d1

ε2
.

In regime (ii), we define d′ = min{d1, rd2 − d1}. A tomography algorithm to within Choi trace

norm error c3/2

25600ε can discriminate between exp( c2

3840001(rd2−d1)d′) quantum channels constructed
by Theorem 5.10. Therefore, this algorithm can be used to discriminate between the corresponding
Stinespring dilation isometries (simply discard the ancilla system and then apply this algorithm).
Note that these isometries coincide with those defined in Section 4.2.1 (up to a change of basis).

Furthermore, note that rd2 − d1 ≥ 1015

c4
. Therefore, Theorem 4.4 applies and shows that any such

algorithm must use n queries such that

n ≥ c4

5 · 1014
· (rd2 − d1)d′

ε2
≥ c6

1016
· rd1d2

ε2
.

In regime (iii), note that rd2 − d1 ≥ r > d1. Furthermore, since rd2 ≥ 2r > 2d1 (since d2 = 1 is
trivial), we have rd2− d1 ≥ rd2/2. A tomography algorithm to within Choi trace norm error 1

4000ε
can discriminate between exp( 1

307201rd1d2) ≥ exp( 1
307201(rd2−d1)d1) quantum channels constructed
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by Theorem 5.16. Therefore, this algorithm can be used to discriminate between the corresponding
Stinespring dilation isometries (simply discard the ancilla system and then apply this algorithm).
Note that these isometries coincide with those defined in Section 4.2.1 (up to a change of basis).
Furthermore, note that rd2 − d1 ≥ 7 · 1012. Therefore, Theorem 4.4 applies and shows that any
such algorithm must use n queries such that

n ≥ 1

4 · 1012
· (rd2 − d1)d1

ε2
≥ 1

8 · 1012
· rd1d2

ε2
.

Then, combining the results in these three regimes, we obtain the desired lower bound. More-
over, the Choi trace norm lower bound directly implies the same lower bound for diamond norm.

Theorem 6.3. Let d1, d2, r be positive integers such that d1 < rd2 ≤ 2d1. Suppose ε ≤ 1
160 and

rd2 − d1 ≥ 64 · 384042. Then, tomography of an unknown channel E ∈ QChanr
d1,d2 to within

diamond norm error ε
160 with probability at least 2/3 must use at least n ≥ 1

32·384042 ·
(rd2−d1)2

ε2

queries to E.

Proof. This can be easily obtained by combining Theorem 4.4 with Theorem 5.7 and Theorem 5.13.
Specifically, the regime d1 < rd2 can be divided into three regime: (i) rd2 ≤ d1 +r, (ii) rd2 ≥ d1 +r
and d1 ≥ r, (iii) rd2 ≥ d1 + r and d1 < r. Since the case (iii) implies rd2 > 2d1, so we know that
the regime d1 < rd2 ≤ 2d1 is in the union of regime (i) and (ii), which are covered by Theorem 5.7
and Theorem 5.13, respectively.

In regime (i), a tomography algorithm to within diamond norm error ε/160 can discriminate
between exp((rd2 − d1)

2/4801) quantum channels constructed by Theorem 5.7. Therefore, this
algorithm can be used to discriminate between the corresponding Stinespring dilation isometries
(simply discard the ancilla system and then apply this algorithm). Note that these isometries
coincide with those defined in Section 4.2.1 (up to a change of basis). Therefore, Theorem 4.4

applies and shows that any such algorithm must use at least n ≥ 1
32·48012 ·

(rd2−d1)2

ε2
queries (note

that rd2 − d1 ≤ d1).
In regime (ii), we use a similar argument. Note that rd2 − d1 ≤ d1. Thus Theorem 5.13

provides exp((rd2−d1)2/38404) quantum channels, which also have Stinespring dilation isometries
that coincide with those defined in Section 4.2.1 (up to a change of basis). Therefore, Theorem 4.4

applies and shows that any such algorithm must use at least n ≥ 1
32·384042 ·

(rd2−d1)2

ε2
queries.

Then, combining the results in these two regimes, we obtain the desired lower bound.

Corollary 6.4. Let d1, d2, r be positive integers such that d1 < rd2 ≤ 2d1. Suppose ε ≤ 1
160d1

and

rd2 − d1 ≥ 64 · 384042. Then, tomography of an unknown channel E ∈ QChanr
d1,d2 to within Choi

trace norm error ε
160 with probability at least 2/3 must use at least n ≥ 1

32·384042 ·
(rd2/d1−1)2

ε2
queries

to E.

Proof. Let ε′ = d1 · ε. By Equation (4), a tomography algorithm to within Choi trace norm error
ε

160 is also a tomography algorithm to within diamond norm error 1
160ε

′. Note that ε′ ≤ 1
160 .

Thus Theorem 6.3 applies and shows that this algorithm must use n ≥ 1
32·384042 ·

(rd2−d1)2

ε′2 =
1

32·384042 ·
(rd2/d1−1)2

ε2
queries.
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7 Deferred lemmas

7.1 Technical lemmas

Lemma 7.1. Suppose G is a compact Lie group and ρ(·) is an action of G on a finite-dimensional
Hilbert space H. Suppose X ∈ L(H) is positive semidefinite. Then,

tr

((
E
g∼G

[
ρ(g)Xρ(g)−1

])−1

X

)
≤ dim(H),

where E
g∼G

denotes the expectation over the Haar measure of G and (·)−1 denotes pseudo-inverse.

Proof. Define X = E
g∼G

[
ρ(g)Xρ(g)−1

]
. Then

tr
(
X

−1
X
)

= tr
(
X

−1
X
)

= E
g∼G

[
tr
(
ρ(g)X

−1
Xρ(g)−1

)]
= E

g∼G

[
tr
(
X

−1
ρ(g)Xρ(g)−1

)]
= tr

(
X

−1
X
)

≤ dim(H),

where we used that X commutes with ρ(g).

Lemma 7.2. Suppose n,m are positive integers such that n ≥ m. For i ∈ [n], let Hi
∼= Cd be

a Hilbert space. We use {|0⟩, . . . , |d − 1⟩} to denote an orthonormal basis of Cd. We define the
following subspace of

⊗n
i=1Hi:

A = span



∑
S⊆[n]
|S|=m

|ψ⟩⊗S ⊗ |0⟩⊗[n]\S
∣∣∣∣ |ψ⟩ ∈ Π


 ,

where Π ⊆ span{|1⟩, . . . , |d− 1⟩} is a subspace orthogonal to |0⟩. Then,

dim(A) =

(
dim(Π) +m− 1

m

)
.

Proof. We define

P =
∑
π∈Sn

p(π),

where p(·) denotes the action of Sn on
⊗n

i=1Hi (that is, for π ∈ Sn, p(π)|ψ1⟩ ⊗ · · · ⊗ |ψn⟩ =
|ψπ−1(1)⟩ ⊗ · · · ⊗ |ψπ−1(n)⟩). We can see that, when restricting to the subspace span({|ψ⟩⊗m ⊗
|0⟩⊗n−m | |ψ⟩ ∈ Π}), P is injective and A is exactly the image of P on this subspace. Therefore, A
has the same dimension as span({|ψ⟩⊗m | |ψ⟩ ∈ Π}) ∼= ∨mΠ. The latter is the symmetric subspace
of Π⊗m, which is of dimension

(
dim(Π)+m−1

m

)
[Har13].
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Lemma 7.3. Let H1, H2 and H3 be Hilbert spaces with dimension d1, d2 and d3, respectively. Let
Ux, Uy ∈ Ud2d3 be unitaries acting on H2 ⊗H3. Let V,W : H1 → H2 ⊗H3 be sub-isometries (i.e.,

V †V, W †W ≤ IH1). Then, the following function is
√

2
d1
-Lipschitz

f(Ux, Uy) =
1

d1

∥∥∥ trH3

(
|V ⟩⟩

(
⟨⟨UxW | − ⟨⟨UyW |

)) ∥∥∥
1
,

i.e., |f(Ux, Uy)−f(U ′
x, U

′
y)| ≤

√
2
d1

√
∥Ux − U ′

x∥2F + ∥Uy − U ′
y∥2F . Here ∥·∥1 denotes the trace norm

and ∥ · ∥F denotes the Frobenius norm.

Proof. First, note that∥∥∥ trH3

(
|V ⟩⟩

(
⟨⟨UxW | − ⟨⟨UyW |

)) ∥∥∥
1
≤
∥∥∥|V ⟩⟩(⟨⟨UxW | − ⟨⟨UyW |)

∥∥∥
1

(154)

=
∥∥|V ⟩⟩∥∥ · ∥∥|UxW ⟩⟩ − |UyW ⟩⟩

∥∥
≤
√
d1 ·

∥∥|UxW ⟩⟩ − |UyW ⟩⟩
∥∥ (155)

=
√
d1 ·

√
tr(W †(Ux − Uy)†(Ux − Uy)W )

≤
√
d1

√
tr((Ux − Uy)†(Ux − Uy)) =

√
d1 · ∥Ux − Uy∥F , (156)

where Equation (154) is because partial trace is contractive in trace norm, Equation (155) is due
to V †V ≤ IH1 , Equation (156) is because WW † ≤ IH2 ⊗ IH3 since W †W ≤ IH1 . Then, we can
show that

|f(Ux, Uy)− f(U ′
x, U

′
y)|

≤ 1

d1

∥∥∥ trH3

(
|V ⟩⟩

(
⟨⟨UxW | − ⟨⟨UyW |

))
− trH3

(
|V ⟩⟩

(
⟨⟨U ′

xW | − ⟨⟨U ′
yW |

)) ∥∥∥
1

≤ 1

d1

∥∥∥ trH3

(
|V ⟩⟩

(
⟨⟨UxW | − ⟨⟨U ′

xW |
)) ∥∥∥

1
+
∥∥∥ trH3

(
|V ⟩⟩

(
⟨⟨UyW | − ⟨⟨U ′

yW |
)) ∥∥∥

1

≤ 1√
d1

(∥Ux − U ′
x∥F + ∥Uy − U ′

y∥F ) (157)

≤
√

2

d1

√
∥Ux − U ′

x∥2F + ∥Uy − U ′
y∥2F ,

where Equation (157) is due to Equation (156).

Lemma 7.4. Suppose HA, HB and Hanc are Hilbert spaces with dimensions d1, d2 and r, respec-
tively. Further assume that d1/d2 ≤ r ≤ kd1d2 for some k ≥ 1. Suppose U ∈ Urd2 is a Haar-random
unitary acting on HB ⊗Hanc and ∆ : HA → HB ⊗Hanc is an isometry. Then

r∑
i,j=1

E
[∣∣∣tr(∆†U †|i⟩⟨j|ancU∆

)∣∣∣2] ≤ 2(1 + k)d21
r

.

Proof. For any i, j ∈ [r],

E
[∣∣∣tr(∆†U †|i⟩⟨j|ancU∆

)∣∣∣2]
=

d1∑
k,l=1

E
[
tr
(
U †|i⟩⟨j|ancU∆|l⟩⟨k|A∆†U †|j⟩⟨i|ancU∆|k⟩⟨l|A∆†

)]
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=

d1∑
k,l=1

1

r2d22 − 1

[
tr
(

∆|l⟩⟨k|A∆†
)
· tr
(

∆|k⟩⟨l|A∆†
)
· tr
(
|i⟩⟨j|anc ⊗ IB · |j⟩⟨i|anc ⊗ IB

)
+ tr

(
∆|l⟩⟨k|A∆† ·∆|k⟩⟨l|A∆†

)
· tr
(
|i⟩⟨j|anc ⊗ IB

)
· tr
(
|j⟩⟨i|anc ⊗ IB

)]
− 1

rd2(r2d22 − 1)

[
tr
(

∆|l⟩⟨k|A∆†
)
· tr
(

∆|k⟩⟨l|A∆†
)
· tr
(
|i⟩⟨j|anc ⊗ IB

)
· tr
(
|j⟩⟨i|anc ⊗ IB

)
+ tr

(
∆|l⟩⟨k|A∆† ·∆|k⟩⟨l|A∆†

)
· tr
(
|i⟩⟨j|anc ⊗ IB · |j⟩⟨i|anc ⊗ IB

)]
(158)

=

d1∑
k,l=1

(
1

r2d22 − 1
(1k=ld2 + 1i=jd

2
2)−

1

rd2(r2d22 − 1)
(1k=l1i=jd

2
2 + d2)

)

=
d1d2 + 1i=jd

2
1d

2
2

r2d22 − 1
− 1i=jd1d

2
2 + d21d2

r3d32 − rd2
,

where Equation (158) is by Corollary 7.13. Hence,

r∑
i,j=1

E
[∣∣∣tr(∆†U †|i⟩⟨j|ancU∆

)∣∣∣2] =
r2d1d2 + rd21d

2
2

r2d22 − 1
− rd1d

2
2 + r2d21d2

r3d32 − rd2

≤ r2d1d2 + rd21d
2
2

r2d22 − 1

≤ 2

(
d1
d2

+
d21
r

)
≤ 2(1 + k)d21

r
, (159)

where Equation (159) uses r ≤ kd1d2.

Lemma 7.5. Let d1, d2 and r be integers such that d1/d2 ≤ r ≤ d1d2. Let HA be a Hilbert space
of dimension d1 and HB be a Hilbert space of dimension d2. Then, there exists a set of linear
operators {Ki}ri=1 with Ki : HA → HB satisfying

• tr(K†
iKj) = 0 for any i ̸= j,

• tr(K†
iKi) ≤ 2d1/r for any i ∈ [r],

•
∑r

i=1K
†
iKi = IA.

Proof. We distinguish between two cases depending on whether d1 ≤ d2 or not.
Case 1: d1 ≤ d2, let k =

⌊
d2
d1

⌋
≥ 1. We can write HB

∼=
(⊕k

i=1HAi

)
⊕Cd3 , with HAi

∼= Cd1 for
each i and d3 = d2 − kd1 < d1.

For each i ∈ [k], there exists l = d21 orthogonal d1 × d1 unitary matrices {Ui,j}j∈[l] (one can
take the generalized Pauli operators). We may find a subset S ⊆ [k] × [l] with |S| =

⌈
r
2

⌉
because

kl =
⌊
d2
d1

⌋
d21 ≥

⌈
d1d2
2

⌉
≥
⌈
r
2

⌉
. For (i, j) ∈ S, we view Ui,j : HA → HAi as a linear operator that

maps from HA to the i-th block HAi ⊆ HB, and we define the linear operator Ki,j as

Ki,j =
1√
|S|

Ui,j .

We then check:
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(a) For all (i, j), (i′, j′) ∈ S,∣∣∣tr(K†
i,jKi′,j′

)∣∣∣ =
d1
|S|

1i=i′1j=j′ ≤
2d1
r

1i=i′1j=j′ .

(b) ∑
(i,j)∈S

K†
i,jKi,j =

∑
(i,j)∈S

1

|S|
U †
i,jUi,j = IA.

(c) The total number of constructed operators is |S| ≤ r.

Case 2: d1 > d2, let k =
⌊
d1
d2

⌋
∈ [1, r] and write d1 = kd2 + d3 with 0 ≤ d3 < d2. We can then

write HA =
(⊕k

i=1HBi

)
⊕HC, with each HBi

∼= Cd2 .

For each i ∈ [k], there exists a family {Ui,j}j∈[l] of l =
⌈

r
2k

⌉
∈ [1, d22] orthogonal d2 × d2 unitary

matrices. For the block HBi (i = 1, . . . , k), we view Ui,j : HBi → HB as a linear operator that acts
nontrivially only on the i-th block HBi ⊆ HA, and we define the linear operator Ki,j as

Ki,j =
1√
l
Ui,j .

For the remaining block HC, since d3 < d2 we can use the construction similar to that in Case
1. Specifically, we split HB into ⌊d2d3 ⌋ equal-dimension blocks (possibly leaving a remainder). For

each i ≤ ⌊d2d3 ⌋, there are d23 orthogonal d3 × d3 unitary matrices that maps from HC to the i-th
block in HB. These unitaries can be viewed as orthogonal isometries from HC to HB and there are⌊
d2
d3

⌋
· d23 such isometries in total. We choose r′ =

⌈
rd3
2d1

⌉
≤ ⌊d2d3 ⌋ · d

2
3 of them, say V ′

1 , . . . , V
′
r′ , and

define

Kk+1,i′ =
1√
r′
V ′
i′ ,

for i′ ∈ [r′]. We can check

(a) For all i, i′ ∈ [k] and j, j′ ∈ [l],

tr
(
K†

i,jKi′,j′
)

= 1i=i′1j=j′
d2
l
≤ 1i=i′1j=j′

2d1
r
,

where we used d2
l ≤

2kd2
r ≤ 2d1

r , and for i′, i′′ ∈ [r′],

tr
(
K†

k+1,i′Kk+1,i′′
)

= 1i′=i′′
d3
r′
≤ 1i′=i′′

2d1
r
,

and obviously tr(K†
i,jKk+1,i′) = 0 for i ∈ [k].

(b)

k∑
i=1

l∑
j=1

K†
i,jKi,j +

r′∑
i′=1

K†
k+1,i′Kk+1,i′ =

k∑
i=1

l∑
j=1

1

l
IBi +

r′∑
i′=1

1

r′
IC

= IA.

(c) The total number of constructed operators is

lk + r′ =
⌊ r

2k

⌋
k +

⌈rd3
2d1

⌉
≤
⌊r

2

⌋
+
⌈r

2
− rkd2

2d1

⌉
≤ r.
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7.2 Auxiliary facts

We also need the following facts.

Fact 7.6. Let p ∈ [0, 1], and n and k be two positive integers such that n ≥ k. We have that(
n

k

)
≤ exp(nH(k/n)) ,

where H(·) denotes the binary entropy function.

Proof. We observe that (
n

k

)(
k

n

)k (
1− k

n

)n−k

≤
(
k

n
+ 1− k

n

)n

= 1,

so the inequality
(
n
k

)
≤ nn

kk(n−k)n−k follows.

Fact 7.7. Let |ψ⟩ be a vector in the support of a positive semidefinite operator M . We have that

M ≥ |ψ⟩⟨ψ| ⇐⇒ 1 ≥ ⟨ψ|M−1|ψ⟩,

where M−1 is the pseudoinverse of M .

Proof. We have the following chain of equivalences

M ≥ |ψ⟩⟨ψ| ⇐⇒ Isupp(M) ≥M−1/2|ψ⟩⟨ψ|M−1/2

⇐⇒ 1 ≥ tr(M−1/2|ψ⟩⟨ψ|M−1/2)

⇐⇒ 1 ≥ ⟨ψ|M−1|ψ⟩,

where M−1/2 is the pseudoinverse of M1/2.

Fact 7.8. We have that for all positive numbers x and M

x ln(M/x) ≤M/e.

Proof. The derivative of the function f(x) = x ln(M/x) is f ′(x) = ln(M/x) − 1. So f ′ is strictly
monotonically decreasing and f ′(M/e) = 0. Hence f(x) ≤ f(M/e) = M/e.

Fact 7.9. For any square matrix M such that M2 = 0, we have

∥M +M †∥1 = 2∥M∥1.

Proof. Note that

∥M +M †∥1 = tr

(√
(M +M †)2

)
= tr

(√
MM † +M †M

)
= tr

(√
MM †

)
+ tr

(√
M †M

)
,

where the last equality is by using supp(MM †) ⊥ supp(M †M).
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Theorem 7.10 ([MM13, Corollary 17]). Let k, d ≥ 1. Suppose that f :
(
Ud

)k → R is L-Lipschitz
with respect to the ℓ2-sum of the 2-norms (Frobenius norm), i.e.

∣∣f(U1, . . . , Uk)− f(U ′
1, . . . , U

′
k)
∣∣ ≤ L

√√√√ k∑
i=1

∥Ui − U ′
i∥2F (160)

for all Ui, U
′
i ∈ Ud, with i = 1, . . . , k. Then, if we independently sample U1, . . . , Uk according to the

Haar measure on Ud, the following inequality holds for each t > 0:

P[f(U1, . . . , Uk) ≥ E[f(U1, . . . , Uk)] + t] ≤ exp

(
− dt2

12L2

)
. (161)

The following facts from Weingarten calculus are needed in this work. For π ∈ Sn a permutation
of [n], we denote by Wg(π, d) the Weingarten function of dimension d.

Lemma 7.11. Let U ∈ Ud be a Haar-random unitary and let {Ai, Bi}ni=1 be a sequence of complex
(d× d)-matrices. We have the following formula for the expectation value:

E
[
tr(UB1U

†A1U . . . UBnU
†An)

]
=

∑
α,β∈Sn

Wg(βα−1, d) trβ−1(B1, . . . , Bn) trαγn(A1, . . . , An),
(162)

where γn = (12 . . . n) ∈ Sn and, writing σ in terms of cycles {Cj} as σ =
∏

j Cj,

trσ(M1, . . . ,Mn) :=
∏
j

tr
∏
i∈Cj

Mi.

Proof. For elementary matrices A1, . . . , An, B1, . . . , Bn, the lemma is exactly [CŚ06, Corollary 2.4].
To see this, let us assume that A1 = |i′1⟩⟨i2|, A2 = |i′2⟩⟨i3|, . . . , An = |i′n⟩⟨i1| and B1 = |j1⟩⟨j′1|, B2 =
|j2⟩⟨j′2|, . . . , Bn = |jn⟩⟨j′n| for some i1, . . . , in, i

′
1, . . . , i

′
n ∈ [d] and j1, . . . , jn, j

′
1, . . . , j

′
n ∈ [d]. The LHS

of (162) can be computed using [CŚ06, Corollary 2.4]:

E
[
tr(UB1U

†A1U . . . UBnU
†An)

]
= E

[
Ui1,j1 · · ·Uin,jn · Ūi′1,j

′
1
· · · Ūi′n,j

′
n

]
=

∑
α,β∈Sn

Wg(βα−1, d)1i1=i′
α(1)

,..., in=i′
α(n)
· 1j1=j′

β(1)
,..., jn=j′

β(n)
.

Since the matrices A1, . . . , An and B1, . . . , Bn are elementary, the RHS of (162) can be expressed
as follows:

∑
α,β∈Sn

Wg(βα−1, d) trβ−1(B1, . . . , Bn) trαγn(A1, . . . , An)

=
∑

α,β∈Sn

Wg(βα−1, d)1jβ−1(1)=j′1,..., jβ−1(n)=j′n
· 1i2=i′

αγn(1)
,..., i1=i′

αγn(n−1)

=
∑

α,β∈Sn

Wg(βα−1, d)1j1=j′
β(1)

,..., jn=j′
β(n)
· 1i1=i′

α(1)
,..., in=i′

α(n)
.

Hence, (162) holds for elementary matrices. The generalization is obtained by linearity.

70



The following values of the Weingarten function are known [CŚ06, Section 6].

Lemma 7.12. The function Wg(π, d) has the following values:

• Wg((1), d) = 1
d ,

• Wg((12), d) = −1
d(d2−1)

,

• Wg((1)(2), d) = 1
d2−1

.

Then, we can easily see the following result.

Corollary 7.13. Let U ∈ Ud be a Haar-random unitary and A1, B1, A2, B2 are complex (d × d)-
matrices. We have:

E
[
tr(UB1U

†A1UB2U
†A2)

]
=

1

d2 − 1

[
tr(B1) tr(B2) tr(A1A2) + tr(B1B2) tr(A1) tr(A2)

]
− 1

d(d2 − 1)

[
tr(B1B2) tr(A1A2) + tr(B1) tr(B2) tr(A1) tr(A2)

]
.

Proof. By Lemma 7.11, we have

E
[
tr(UB1U

†A1UB2U
†A2)

]
= Wg((1)(2), d)

[
tr(1)(2)(B1, B2) tr(12)(A1, A2) + tr(12)(B1, B2) tr(1)(2)(A1, A2)

]
+ Wg((12), d)

[
tr(12)(B1, B2) tr(12)(A1, A2) + tr(1)(2)(B1, B2) tr(1)(2)(A1, A2)

]
=

1

d2 − 1

[
tr(B1) tr(B2) tr(A1A2) + tr(B1B2) tr(A1) tr(A2)

]
− 1

d(d2 − 1)

[
tr(B1B2) tr(A1A2) + tr(B1) tr(B2) tr(A1) tr(A2)

]
,

where the last equality is due to Lemma 7.12.

8 Isometry channel tomography

8.1 Diamond norm tomography

In this section, we prove a lemma that extends the unitary channel tomography algorithm that
uses O(d2/ε2) queries in [HKOT23] to isometry channel tomography.

Lemma 8.1 (Isometry channel tomography in diamond norm). Suppose that d1 ≤ d2 are two
positive integers and ε ∈ (0, 1). Let V : Cd1 → Cd2 be an isometry and V = V (·)V † ∈ ISOd1,d2

be the associated isometry channel. Then, there exists an algorithm using O(d1d2/ε
2) queries to

channel V and it outputs an isometry channel estimate V̂ such that ∥V − V̂∥⋄ ≤ ε with probability
≥ 2/3. Further, the algorithhm uses these queries in parallel.

To prove Lemma 8.1, one of the key techniques is the following lemma [CL14, KRT17, GKKT20,
HKOT23] for pure state tomography.
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Lemma 8.2 (Pure state tomography, cf. [HKOT23, Proposition 2.2]). Suppose d is a positive
integer. Then, there exists an algorithm for pure state tomography using O(d/εmax) copies of the
unknown quantum state |v⟩ ∈ Cd, and it outputs a pure state estimate (by a classical description)
|v̂⟩ such that

|v̂⟩ = ϕ
√

1− ε|v⟩+
√
ε|w⟩,

where ϕ is a random phase, ε ∈ [0, 1] is a random number with P[ε ≤ εmax] ≥ 1 − exp(−5d), and
|w⟩ is a Haar random state orthogonal to |v⟩.

We also need the following lemma that allows us to convert a weak tomography algorithm into
a standard tomography algorithm, as required by Lemma 8.1.

Lemma 8.3. Suppose d1 ≤ d2 are two positive integers. Let V : Cd1 → Cd2 be an isometry
and V = V (·)V † ∈ ISOd1,d2 be the associated isometry channel. Let A be an algorithm for weak
isometry channel tomography that satisfies the following condition: using queries to V, it outputs
an isometry estimate V̂ : Cd1 → Cd2 such that

P
[
∃ diagonal unitary Φ : Cd1 → Cd1 ,

∥∥∥V Φ− V̂
∥∥∥
op
≤ ε ≤ 1

8

]
≥ 1− η, (163)

where ∥·∥op denotes the operator norm. Then, there exists an algorithm for isometry channel

tomography that uses A twice in parallel and outputs an isometry estimate V̂ ′ such that

P
[∥∥∥V − V̂ ′∥∥∥

⋄
≤ 98ε

]
≥ 1− 2η.

Proof. Our proof extends that of [HKOT23, Proposition 2.3] for unitary channel tomography to
the setting of isometry channel tomography. Let A be an algorithm for weak isometry channel
tomography as described in Lemma 8.3. We first apply A that uses queries to the original channel
V to obtain an isometry estimate V̂1 : Cd1 → Cd2 . In parallel, we can apply A that uses queries to
the modified channel V ◦ F to obtain another isometry estimate V̂2 : Cd1 → Cd2 , where F is the
quantum channel for implementing the quantum Fourier transform F : Cd1 → Cd1 .

Combining our condition of A and the union bound, we obtain∥∥∥V Φ1 − V̂1
∥∥∥
op
≤ ε and

∥∥∥V FΦ2 − V̂2
∥∥∥
op
≤ ε (164)

for some diagonal unitaries Φ1,Φ2 : Cd1 → Cd1 , with probability ≥ 1 − 2η. Because V is an
isometry, we have V †V =

∑d1−1
j=0 |j⟩⟨j| = Id1 . As a result,∥∥∥V̂1†V̂2 − Φ†

1FΦ2

∥∥∥
op
≤
∥∥∥(V̂1† − Φ†

1V
†
)
V̂2

∥∥∥
op

+
∥∥∥Φ†

1V
†
(
V̂2 − V FΦ2

)∥∥∥
op

≤
∥∥∥V Φ1 − V̂1

∥∥∥
op

+
∥∥∥V FΦ2 − V̂2

∥∥∥
op

≤ 2ε.

Now we define p(k, j) to be the proposition∣∣∣⟨k|(V̂1†V̂2 − Φ†
1FΦ2

)
|j⟩
∣∣∣ ≤ 4ε√

d1
. (165)

Using the pigeonhole principle, one can obtain

for any j = 0 to d1 − 1, #{k : p(k, j)} ≥ 3d1
4
, (166)
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with probability ≥ 1 − 2η, where #{k : p(k, j)} stands for the number of k such that p(k, j) is
satisfied.

Define Φ3 =
∑d1−1

k,j=0
⟨k|V̂1

†
V̂2|j⟩

⟨k|F |j⟩ |k⟩⟨j|. If p(k, j) is satisfied, we obtain, from Equation (165),∣∣∣⟨k|Φ3|j⟩ − ⟨k|Φ†
1|k⟩ · ⟨j|Φ2|j⟩

∣∣∣ ≤ 4ε, (167)

where we use the fact that |⟨k|F |j⟩| = 1√
d1

for any k, j. Moreover, if both p(k, 0) and p(k, j) are

satisfied, then from Equation (167) one can derive∣∣∣∣ ⟨k|Φ3|j⟩
⟨k|Φ3|0⟩

− ⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣∣ ≤ 2 · 4ε
1− 4ε

≤ 16ε. (168)

Note that from Equation (166), we have

for any j = 0 to d1 − 1, #{k : p(k, j) ∧ p(k, 0)} ≥ d1
2
, (169)

with probability ≥ 1− 2η. For each j = 0 to d1 − 1, define aj and bj to be the medians of the real

parts and the imaginary parts of the set
{

⟨k|Φ3|j⟩
⟨k|Φ3|0⟩

}
k
, respectively. In this case, Equations (168)

and (169) together lead to ∣∣∣∣(aj + ibj)−
⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣∣ ≤√(16ε)2 + (16ε)2,

which further means ϕj =
aj+ibj
|aj+ibj | satisfies

∣∣∣ϕj − ⟨j|Φ2|j⟩
⟨0|Φ2|0⟩

∣∣∣ ≤ 48ε. Let Φ =
∑d1−1

j=0 ϕj |j⟩⟨j|, then we

have
∥⟨0|Φ2|0⟩ · Φ− Φ2∥op ≤ 48ε (170)

with probability ≥ 1− 2η. Consequently,∥∥∥V − V̂2Φ†F†
∥∥∥
⋄
≤ 2
∥∥∥V ⟨0|Φ2|0⟩ − V̂2Φ†F †

∥∥∥
op

(171)

≤ 2
∥∥∥V ⟨0|Φ2|0⟩ − V̂2Φ†

2F
†⟨0|Φ2|0⟩

∥∥∥
op

+ 2
∥∥∥V̂2Φ†

2F
†⟨0|Φ2|0⟩ − V̂2Φ†F †

∥∥∥
op

= 2
∥∥∥V − V̂2Φ†

2F
†
∥∥∥
op

+ 2∥⟨0|Φ2|0⟩ · Φ− Φ2∥op (172)

≤ 98ε, (173)

with probability ≥ 1 − 2η. Here, Equation (171) comes from [AKN98, Lemma 12] (see also

[KSW08]). Equation (172) exploits the fact that Φ2 is a diagonal unitary, V̂2 is an isometry and F
is a unitary. Equation (173) is due to Equations (164) and (170). The algorithm can output the

isometry channel corresponding to V̂ ′ = V̂2Φ
†F † as the final estimate.

Given the above lemma, one can prove Lemma 8.1 for isometry channel tomography.

Proof of Lemma 8.1. The proof extends that of [HKOT23, Theorem 2.1] to isometry channel to-
mography. From Lemma 8.3 (with appropriate rescaling of ε), it suffices to construct an algorithm
for weak isometry channel tomography that satisfies Equation (163) with η = 1

6 . Our algorithm
works as follows:
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1. Given queries to V, we first use the algorithm in Lemma 8.2 for pure state tomography
(taking d = d2 and εmax = Θ(ε2) to be determined later) on computational basis input states
|0⟩, |1⟩, . . . , |d1−1⟩ to get estimates |ṽj⟩ of |vj⟩ = V |j⟩ for all j in parallel. Then, the following
holds

|ṽj⟩ = ϕj
√

1− εj |vj⟩+
√
εj |wj⟩, (174)

where for each j = 0 to d1 − 1, the random variables ϕj , εj , |wj⟩ are as in Lemma 8.2.

2. Let Ṽ =
∑

j |ṽj⟩⟨j|. Let Ṽ = U2ΛU1 be the singular value decomposition of Ṽ with U1 ∈ Ud1

and U2 ∈ Ud2 , respectively. We then output the quantum channel V̂ corresponding to the
isometry V̂ = U2

∑d1−1
j=0 |j⟩⟨j|U1.

One can easily compute that the number of queries to V in the algorithm above is O
(
d1d2/ε

2
)
.

Next, to see that V̂ satisfies Equation (163) in Lemma 8.3, we prove∥∥∥V Φ− Ṽ
∥∥∥
op
≤ ε/2 (175)

for some diagonal unitary Φ : Cd1 → Cd1 , with probability ≥ 0.97 ≥ 5
6 . Whenever Equation (175)

holds, the estimate V̂ in the algorithm above satisfies∥∥∥V Φ− V̂
∥∥∥
op
≤
∥∥∥V Φ− Ṽ

∥∥∥
op

+
∥∥∥Ṽ − V̂ ∥∥∥

op
≤ ε.

Here, we use ∥Ṽ − V̂ ∥op ≤ ε/2, because once Equation (175) holds, the operator norm between Ṽ

and an isometry is at most ε/2 and therefore the differences between the singular values of Ṽ and
1 are at most ε/2.

SupposeW =
∑d1−1

j=0 |wj⟩⟨j|, Φ =
∑d1−1

j=0 ϕj |j⟩⟨j|, B1 =
∑d1−1

j=0
√
εj |j⟩⟨j|, andB2 =

∑d1−1
j=0

√
1− εj |j⟩⟨j|.

Then,
∣∣√1− εj − 1

∣∣ ≤ √εj for all j = 0 to d1 − 1 implies ∥B2 − Id1∥op ≤ ∥B1∥op, where

Id1 =
∑d1−1

j=0 |j⟩⟨j|. Using Lemma 8.2 (taking d = d2, where d2 is sufficiently large), we obtain

∥B1∥op ≤
√
εmax,

with probability ≥ 0.99. From the triangle inequality, we have∥∥∥V Φ− Ṽ
∥∥∥
op

= ∥V Φ(B2 − Id1) +WB1∥op ≤ ∥V ∥op · ∥Φ∥op · ∥B2 − Id1∥op + ∥W∥op · ∥B1∥op,

which implies ∥∥∥V Φ− Ṽ
∥∥∥
op
≤
√
εmax(1 + ∥W∥op), (176)

with probability ≥ 0.99.
Now we prove

∥W∥op ≤ cW (177)

for some constant cW > 0, with probability ≥ 0.98. This will imply Equation (175) by combining
with Equation (176) and taking εmax = Θ(ε2) to be sufficiently small.

We define the following quantum states: for each j = 0 to d1 − 1,

|yj⟩ =
√
δjψj |vj⟩+

√
1− δj |wj⟩, (178)

where
√
δj = |⟨0|xj⟩| is the overlap between a Haar random state |xj⟩ ∼ Cd2 and the state |0⟩, and

ψj ∼ [0, 2π) is an uniformly random phase. Here, we require that |x0⟩, . . . , |xd1−1⟩ are independent
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and ψ0, . . . , ψd1−1 are independent. In this case, |yj⟩ ∼ Cd2 and |y0⟩, . . . , |yd1−1⟩ are independent.

Let Y =
∑d1−1

j=0 |yj⟩⟨j|. According to [Ver18, Theorem 3.4.6, complex version],
√
d2Y has its column

vectors being independent sub-gaussian isotropic random in Cd2 , and we can upper bound the
maximal singular value of Y with high probability by [Ver18, Theorem 4.6.1, complex version]:

∥Y ∥op ≤ cY (179)

for some constant cY > 0, with probability ≥ 0.99. Suppose E1 =
∑d1−1

j=0

√
δjψj |j⟩⟨j| and E2 =∑d1−1

j=0

√
1− δj |j⟩⟨j|. As

∥W∥op =
∥∥(Y − V E1)E

−1
2

∥∥
op
≤
(
∥Y ∥op + ∥V ∥op · ∥E1∥op

)
·
∥∥E−1

2

∥∥
op
,

by combining with Equations (178) and (179), we obtain

∥W∥op ≤ (cY + 1) · (1−max
j
δj)

−1/2 (180)

with probability ≥ 0.99. Since
√
d2|xj⟩ are sub-Gaussian (similar to the case of

√
d2|yj⟩, by [Ver18,

Theorem 3.4.6, complex version]),
√
d2δj are also sub-gaussian by definition, which yields

P
[√

δj ≤ 0.1
]
≥ 1− e−Θ(d2).

Using the union bound and d1 ≤ d2, we have P
[
(1−maxj δj)

−1/2 ≤ 2
]
≥ 0.99 for sufficiently large

d2. Then, we can establish Equation (177).

8.2 Choi trace norm tomography

In this section, we prove the following lemma, which essentially builds on an algorithm for isometry
channel tomography in [YMM25], with a slightly different analysis.

Lemma 8.4 (Isometry channel tomography in Choi trace norm, adapted from [YMM25]). Suppose
d ≤ D are two positive integers and ε ∈ (0, 1). Let V : Cd → CD be an isometry and V =
V (·)V † ∈ ISOd,D be the associated isometry channel. Then, there exists an algorithm that uses

n = O((D − d)d/ε2 + d2/ε) queries to V and outputs an isometry channel estimate V̂ such that∥∥1
dCV − 1

dCV̂
∥∥
1
≤ ε with probability ≥ 2/3. Further, the algorithm uses these queries in parallel.

Proof. Suppose n ≥ 3d2/2. Using [YMM25, Lemma S5] together with g(n) =
⌊

2
3d2
n
⌋
≥ 1

3d2
n, there

exists an algorithm for isometry channel tomography that uses n queries to achieve the average
channel fidelity:

F ≥ 1− π2(d− 1)2

d2g(n)2
− D − d

n
d + d−1

2 g(n) +D − d
≥ 1− 144d4

n2
− D − d

n
d

≥ 1− 144

(
d4

n2
+

(D − d)d

n

)
,

where the average channel fidelity F is defined as follows:

F := E
V∼ISOd,D

[
Ê
V

[
Fch(V, V̂)

]]
.

Here, V̂ denotes the output of the tomography algorithm when the input channel is V. It is worth
noticing that this algorithm is also covariant. Thus, for any V ∈ ISOd,D, we have

1− Ê
V

[
Fch(V, V̂)

]
= 1− F ≤ 144

(
d4

n2
+

(D − d)d

n

)
≤ ε2

12
,
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if we set

n = Θ

(
(D − d)d

ε2
+
d2

ε

)
.

Moreover, this implies that with probability at least 2/3, we have∥∥∥∥1

d
CV −

1

d
CV̂

∥∥∥∥
1

= 2

√
1− Fch(V, V̂) ≤ 2

√
3 · ε

2

12
= ε,

where the inequality comes from the Markov’s inequality. Further, note that this algorithm uses
queries to V in parallel.
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parallel, sequential, and indefinite-causal-order strategies for channel discrimination.
Physical review letters, 127(20):200504, 2021.

76



[BMQ22] Jessica Bavaresco, Mio Murao, and Marco Túlio Quintino. Unitary channel discrimi-
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