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Abstract
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1 Introduction

Estimating the expectation value, tr(Oρ), of an observable O with respect to a quantum state ρ
is a fundamental task in quantum physics, with a wide range of applications in, e.g., computation
with one clean qubit [KL98, She06, CM18], approximating the Jones polynomial [AJL09, SJ08],
fidelity estimation [FL11, WZC+23, GP22], quantum state tomography [HHJ+17, OW16, OW17],
shadow tomography [Aar18, HKP20, BO21], and quantum machine learning [HKP21]. To estimate
expectation values with respect to thermal many-body states at lower temperature, high-order
functionals tr(Oρk) play a key role in the virtual cooling protocol [CCL+19, DTE+25]. These types
of high-order functionals were also involved in the virtual distillation protocol [HMO+21, LLWF23]
and localized virtual purification protocol [HEY+24].

In this paper, we consider the task of estimating the values of

tr(Oρ), tr(Oρ2), . . . , tr(Oρk) (1)

for an observable O and a quantum state ρ. A direct solution to this task is to estimate each
tr(Oρj) one by one. Specifically, each tr(Oρj) can be estimated to within additive error ε using O(j)
samples of ρ by the generalized SWAP test (by cyclic shift) [EAO+02, Bru04] (see also [CCL+19,
HMO+21, SLLJ25]). By individually estimating tr(Oρj) each with probability 1 − 1/(3k) using
O(j log(k)) samples of ρ, one can estimate all the k values with probability at least 2/3 using∑k

j=1O(j log(k)) = O(k2 log(k)) samples of ρ.
In sharp contrast, we show that all the k values in Equation (1) can be simultaneously estimated

with little overhead when it is sufficient to estimate only one of them, tr(Oρk). We formally state
this discovery as follows.

Theorem 1.1 (Simultaneous estimator, Theorems 2.1 and 3.1 combined). For any known observable
O, we can simultaneously estimate tr(Oρ), tr(Oρ2), . . . , tr(Oρk) to within additive error ε using
O(k log(k)∥O∥2/ε2) samples of ρ, where ∥·∥ is the operator norm.

More specifically, given n samples of ρ, we can obtain n random variables p1, p2, . . . , pn such
that for any 1 ≤ k ≤ n,

E[pk] = tr(Oρk), Var[pk] ≤
2∥O∥2k

n
.

Our estimator is actually optimal up to a logarithmic factor, as shown by the following lower
bound.

Theorem 1.2 (Lower bound on estimating a single term, Theorem 4.4 restated). For any observable
O, estimating tr(Oρk) to within additive error ε requires Ω(k∥O∥2/ε2) samples of ρ.

Roughly speaking, Theorem 1.1 means that we can estimate all the k values in Equation (1)
using only O(k log(k)) samples of ρ, quadratically improving the conventional O(k2 log(k)), whereas
estimating the single value tr(Oρk) already requires Ω(k) samples of ρ due to Theorem 1.2.

As an implication, we can estimate tr(Of(ρ)) for any polynomial f ∈ R[x].

Corollary 1.3 (Special case of Corollary 3.2). For any known observable O and polynomial f ∈ R[x]
of degree k, we can estimate tr(Of(ρ)) to within additive error ε using O(k∥O∥2∥f∥21/ε2) samples
of ρ, where the ℓ1-norm ∥f∥1 is the absolute sum of the coefficients of f .

The task of estimating tr(Of(ρ)) in Corollary 1.3 is an extension of estimating tr(Oρk) with
f(x) = xk. The sample complexity in Corollary 1.3 is optimal up to a constant factor with the hard
instance where f(x) ∝ xk by Theorem 1.2. For the special case of O = I, Corollary 1.3 improves
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Quantities
Sample Complexity

Prior Works This Work

tr(ρ2)
O(1/ε2) [BCWdW01] /

Ω(1/ε2) [CWLY23, GHYZ24]

tr(ρk), k ≥ 3
O(k/ε2) [EAO+02]

Ω(k/ε2)Ω(1/ε) [LW25]
Ω(1/ε2) [CW25]

tr(f(ρ))‡ O(k2∥f∥21/ε2) [QKW24] Θ(k∥f∥21/ε2)

{tr(Oρj)}kj=1 Õ(k2∥O∥2/ε2) [SLLJ25] Θ̃(k∥O∥2/ε2)

Table 1: Sample complexity of estimating nonlinear functionals of ρ. ‡ f is a degree-k polynomial.

the result of O(k2∥f∥21/ε2) in [QKW24]. Corollary 1.3 can be further extended to the case with
multiple polynomials, i.e., estimating tr(Of1(ρ)), tr(Of2(ρ)), . . . , tr(Ofm(ρ)) given m polynomials
f1, f2, . . . , fm. See Section 3.2 for more details.

We compare our results with previous work in Table 1.

1.1 The simultaneous estimators

Now we introduce the main idea of constructing the simultaneous estimators in Theorem 1.1.
Suppose ρ is a quantum state in a finite-dimensional Hilbert space H. Let L(H) denote the set of

linear operators on H. Let Sn be the symmetric group on {1, . . . , n} and for each permutation π ∈
Sn, let Uπ be the unitary representation of π on H⊗n, i.e., Uπ|α1⟩ · · · |αn⟩ = |απ−1(1)⟩ · · · |απ−1(n)⟩.
Let Φ be the symmetrization map: Φ(M) = 1

n!

∑
π∈Sn

UπMU †
π, where M ∈ L(H⊗n). Then, given

an observable O ∈ L(H), for each 1 ≤ k ≤ n, we define:

Ok := Φ
(
Usk ·

(
O ⊗ I⊗n−1

))
, (2)

where sk ∈ Sn is the cyclic shift permutation on the first k elements, i.e., sk(i) = (i+ 1) mod k for
i ≤ k and sk(i) = i for k < i ≤ n. We will show that those Ok ∈ L(H⊗n) are valid observables and
can be used to estimate tr(Oρk) efficiently.

To study the estimators Ok, it is more convenient to treat Usk · (O⊗ I⊗n−1) in Equation (2) as
a weighted permutation (see Definition 2.2). Specifically, a weighted permutation of degree n is a
tuple (π,w), where π ∈ Sn is a permutation and w = [w1, . . . , wn] ∈ Zn

≥0 is a length-n vector with
non-negative integer entries representing the weights. We may directly use πw to denote (π,w)
without causing confusion. We define the matrix representation of πw as

µ(πw) = Uπ · (Ow1 ⊗Ow2 ⊗ · · · ⊗ Own).

Let Wn denote the set of all weighted permutations of degree n. Then, Wn
∼= Sn ⋉ Zn

≥0 forms
a monoid, where the multiplication in Wn coincides with the matrix multiplication on its ma-
trix representation, i.e., µ(πw · π′w′) = µ(πw) · µ(π′w′). Additionally, Wn is also equipped with
an involution “†” which coincides with the Hermitian transpose on its matrix representation, i.e.,
µ((πw)†) = µ(πw)†. Some examples are shown in Figure 1. We can identify each π ∈ Sn as
π0 ∈ Mn (where 0 ∈ Zn

≥0 is the zero vector). Then, we interpret Φ as a symmetrization map
acting on the monoid ring CWn (the set of finite formal sums of elements in Wn with complex
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(a) Multiplication.

(b) Involution.

Figure 1: Diagrammatic illustration of operations on the weighted permutations.

Figure 2: Weighted cycle types before/after the involution.

coefficients), i.e., Φ(X ) = 1
n!

∑
π∈Sn

πXπ−1 for any X ∈ CWn. Thus, our estimators can be written
as Ok = µ(Φ(ske1)), where e1 = [1, 0, . . . , 0] ∈ Zn

≥0.
Then, consider the orbit of a weighted permutation X ∈ Wn under the conjugation action of

Sn, i.e., {πXπ−1 |π ∈ Sn}. It turns out that each orbit corresponds to a generalized cycle type
(see Definition 2.10), referred to as a weighted cycle type, where each transition within the cycle is
associated with a weight wi. Figure 2 shows the weighted cycle types corresponding to the example
in Figure 1b. We remark that the involution does not necessarily preserve the weighted cycle type
in general, which behaves differently from the ordinary cycle types of permutations. Nevertheless,
it does preserve the weighted cycle type when the total weight |w|1 =

∑
iwi ≤ 2.

Proposition 1.4 (Lemma 2.11). For πw ∈ Wn, if |w|1 ≤ 2, then πw and (πw)† have the same
weighted cycle type.

This further leads to the following two key properties of Ok.

1. Hermiticity: The estimator Ok is Hermitian and thus is a valid observable. Indeed, we have
O†

k = µ(Φ((ske1)
†)). Since the total weight |e1|1 = 1 ≤ 2, (ske1)† and ske1 have the same

weighted cycle type (thus the same orbit). Note that Φ(ske1) produces the average of elements
in the orbit of ske1 and thus equals Φ((ske1)

†). Therefore, O†
k = Ok.

2. Commutativity: The observables {Oi}ni=1 pairwise commute, thereby enabling simultaneous
measurements. To prove commutativity, it suffices to show that the coefficient of each weighted
permutation in OiOj coincides with that in OjOi = (OiOj)

†. Since each weighted permutation
occurred in OiOj has total weight |w|1 = 2, the involution † preserves its weighted cycle type.
Therefore, for any weighted cycle type τ , the sum of coefficients of all weighted permutations
of type τ in OiOj is the same as that in (OiOj)

†. On the other hand, since all Oi are
permutation-invariant (i.e., UπOiU

†
π = Oi for any π ∈ Sn), OiOj is permutation-invariant.
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Thus all weighted permutations of type τ must share the same coefficient in OiOj . The same
argument also works for (OiOj)

†. Then, we conclude that the coefficient of each weighted
permutation in OiOj is exactly the same as that in (OiOj)

†. More details can be found in
Proposition 2.16.

Given the Hermiticity and commutativity of the estimators, our next step is to study the ex-
pectation and variance of each estimator. First, it is easy to see that Ok is an unbiased estimator
for tr(Oρk), i.e., Eρ⊗n [Ok] = tr(Okρ

⊗n) = tr(Usk(O ⊗ I⊗n−1)ρ⊗n) = tr(Oρk). Then, to bound the
variance, we treat our estimator Ok as a symmetrization of the natural estimator Tk for the quantity
tr(Oρk), which is

Tk =
1

2⌊n/k⌋

⌊n/k⌋−1∑
i=0

(
µ(s(ik+1,...,ik+k)eik+1) + µ(s(ik+1,...,ik+k)eik+1)

†
)
,

where sJ is the cyclic shift permutation on the sequence J and ei = [0, . . . , 1, . . . , 0] ∈ Zn
≥0 is the

vector with a 1 in the i-th place and 0’s elsewhere. By the Kadison-Schwarz inequality [Kad52] (cf.
[BOW19]), we can show that the variance of the symmetrized estimator Ok is no more than that
of Tk, i.e.,

Var[Ok] ≤ Var[Tk] ≤
2k∥O∥2

n
.

Then, by Chebyshev’s inequality and the median trick, it suffices to use O(k log(k)∥O∥2/ε2) samples
of ρ to give an estimate of tr(Oρk) to within additive error ε with probability at least 1 − 1/(3k).
Similarly, these samples can be reused (due to the commutativity of {Oi}ki=1) to obtain an estimate
of each of tr(Oρk−1), . . . , tr(Oρ) with probability 1− 1/(3k). Therefore, the success probability of
the whole process is at least (1− 1/(3k))k ≥ 2/3.

1.2 Lower bounds

To prove the matching lower bound in Theorem 1.2, we first reduce the problem to the case of
∥O∥ = 1 and ⟨0|O|0⟩ = 1 by rescaling. In this case, we can obtain a lower bound Ω

(
k/ε2

)
by reducing from the lower bound for quantum state discrimination. Then, we find a new hard
instance not well-known in the literature. Specifically, the pair of quantum states ρ+ and ρ− for
the discrimination task is constructed as:

ρ± =

(
1− 1

k
± ε

k

)
|0⟩⟨0|+

(
1

k
∓ ε

k

)
|1⟩⟨1|,

where ε ∈ (0, 1). For sufficiently small ε > 0, it can be verified that tr(Oρk+) − tr(Oρk−) ≥ Ω(ε).
Therefore, any estimator for tr(Oρk) to within additive error Θ(ε) can be used to distinguish ρ+ and
ρ−. On the other hand, the infidelity between ρ+ and ρ− is bounded by γ = 1−F(ρ+, ρ−) ≤ O(ε2/k).
By the Helstrom-Holevo bound [Hel67, Hol73] (cf. [Wil13, Hay16]), the sample complexity of dis-
tinguishing ρ+ and ρ− is lower bounded by Ω(1/γ) = Ω(k/ε2), which easily leads to Theorem 1.2
by rescaling.

Note that another consequence of Theorem 1.2 is the optimality of the generalized SWAP test
[EAO+02, Bru04] (see also [CCL+19, HMO+21, SLLJ25]) for estimating a single term tr(Oρk). In
comparison, our Theorem 1.1 implies that simultaneously estimating all the k values in Equation (1)
only incurs an O(log(k)) factor.

5



1.3 Organization of this paper

The construction of the simultaneous estimators in Theorem 1.1 will be presented in Section 2, and
their sample complexity will be analyzed in Section 3. The sample complexity lower bounds will
be given in Section 4. Applications of our simultaneous estimators will be discussed in Section 5.
Finally, a brief discussion will be given in Section 6 with several open questions.

2 Simultaneous Estimators

In this section, we prove the following result.

Theorem 2.1. Suppose O ∈ L(H) is an observable. Given n samples of an unknown state ρ, there
is an algorithm that outputs a list p1, p2, . . . , pn such that for any 1 ≤ k ≤ n, we have

E[pk] = tr(Oρk) and Var[pk] ≤
2k∥O∥2

n
,

where ∥O∥ is the operator norm of O.

The proof is based on the idea we outlined in Section 1.1 with full details provided here. First,
we formally define the weighted permutations and weighted cycle type in Section 2.1 and Section 2.2.
Then, we use these notations to construct our simultaneous estimators in Section 2.3 and bound
the variance in Section 2.4. The proof of Theorem 2.1 is summarized in Section 2.5.

2.1 Weighted permutations

First, we define the weighted permutation.

Definition 2.2 (Weighted permutation). A weighted permutation of degree n is a tuple (π,w) where
π ∈ Sn is a permutation and w = [w1, . . . , wn] ∈ Zn

≥0 is a length-n vector with non-negative integer
entries representing the weights. We use Wn to denote the set of all weighted permutations of degree
n.

Then, we define the total weight of a weighted permutation X ∈ Wn.

Definition 2.3. For any X = (π,w) ∈ Wn, we define the total weight of X as |X| = |w|1 =
∑

iwi.

Then, we define the multiplication and involution on Wn.

Definition 2.4. We define two operations on Wn:

• Multiplication “·”:
(π,w) · (π′, w′) = (ππ′, wπ′ + w′),

where wπ′ = [wπ′(1), wπ′(2), . . . , wπ′(n)] ∈ Zn
≥0.

• Involution “†”:
(π,w)† = (π−1, wπ−1),

where wπ−1 = [wπ−1(1), wπ−1(2), . . . , wπ−1(n)] ∈ Zn
≥0.

Some examples are shown in Figure 1.

Remark 2.1. For convenience, we may directly use πw to denote the weighted permutation (π,w).
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It is easy to check the following properties.

Fact 2.5. For any X,Y, Z ∈ Wn,

• X · (Y · Z) = (X · Y ) · Z,

• (I0) ·X = X · (I0) = X, where I ∈ Sn is the identity permutation and 0 ∈ Zn
≥0 is the zero

vector,

• (X · Y )† = Y † ·X†.

In fact, Wn can be viewed as a monoid Sn⋉Zn
≥0 with an additional involution operation, where

Zn
≥0 is an abelian monoid with natural addition. On the other hand, we can also see the following

properties.

Fact 2.6. For any X,Y ∈ Wn,

• |X · Y | = |X|+ |Y |,

• |X†| = |X|.

Then, we consider the matrix representation for Wn.

Definition 2.7. Given an Hermitian operator O ∈ L(H), we define the matrix representation
µ : Wn → L(H⊗n) based on O as

µ(πw) = Uπ · (Ow1 ⊗Ow2 ⊗ · · · ⊗ Own),

where Uπ to denotes the permutation operator acting on the space H⊗n, i.e., Uπ · |ψ1⟩ · · · |ψn⟩ =
|ψπ−1(1)⟩ · · · |ψπ−1(n)⟩.

We can easily see that µ is a valid matrix representation for Wn through the following properties.

Fact 2.8. For any X,Y ∈ Wn,

• µ(X · Y ) = µ(X) · µ(Y ),

• µ(X)† = µ(X†).

Then we extend our definition to the monoid ring CWn, which is the set of formal sums∑
X∈Wn

bXX, where bX ∈ C and bX = 0 for all but only finitely manyX. The involution is extended
anti-linearly on CWn, i.e., (

∑
X bXX)† =

∑
X b∗XX

†, where b∗X is the complex conjugate of bX . The
matrix representation µ can be extended naturally on CWn, i.e., µ(

∑
X bXX) =

∑
X bXµ(X).

Then, one can easily check that the properties in Fact 2.5 and Fact 2.8 also hold on CWn. For
convenience, we will use the following notation.

Definition 2.9. For every X ∈ Wn, define cX : CWn → C such that for any
∑

Y bY Y ∈ CWn,

cX

(∑
Y

bY Y

)
= bX .
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2.2 Weighted cycle type

There is a natural inclusion map from Sn to Wn by identifying each π ∈ Sn as π0 ∈ Mn (where
0 ∈ Zn

≥0 is the zero vector).
Then, consider the conjugation action of Sn. The orbit of a weighted permutation X ∈ Wn

w.r.t. the conjugation action of Sn is the set {πXπ−1 |π ∈ Sn}. Such orbit can be represented by
a generalized cycle type, referred to as a weighted cycle type, where each transition within the cycle
is associated with a weight wi.

Definition 2.10 (Weighted cycle type). A weighted cycle type of degree n is a disjoint union of
directed cycle graphs with n vertices, where each edge e is assigned a weight we ∈ Z≥0. We use τ ⊢ n
to denote that τ is a weighted cycle type of degree n.

Two weighted cycle types τ, ν ⊢ n are considered the same if there is a bijection f between the
vertex sets of τ and ν such that there exists an edge with weight wv1v2 ∈ Z≥0 from v1 to v2 if and
only if there exists an edge with weight wv1v2 from f(v1) to f(v2).

An example of weighted cycle type is shown in Figure 3.

(a) A weighted permutation. (b) The weighted cycle type of Figure 3a.

Figure 3: A weighted permutation with the corresponding weighted cycle type.

In general, the involution does not preserve the weighted cycle type of a weighted permutation
X ∈ Wn (an example is shown in Figure 2), which behaves differently from the ordinary cycle
types of permutations. Nevertheless, it does preserve the weighted cycle type when the total weight
|X| ≤ 2 is small.

Lemma 2.11. Given a weighted permutation X ∈ Wn, if the total weight |X| ≤ 2, then the weighted
cycle type of X is the same as that of X†.

Proof. Suppose X = πw. Then, we have |w|1 ≤ 2. The involution † only reverses the edge
directions in each directed cycle graph. It suffices to prove that a directed cycle graph is invariant
under reversing when the sum of its weights is no more than 2.

If the sum of weight is 0, then this is a cycle with all edges having weight 0, and reversing its
edge directions gives the same cycle.

If the sum of weight is 1, then this is a cycle with only one edge having weight 1 and others
having weight 0, and reversing its edge directions gives the same cycle.

If the sum of weight is 2 with only one edge having weight 2 and others having weight 0, then
this is the same as in the previous situation. If there are two edges having weight 1, suppose that,
starting from one of these two edges, we need to traverse n1 weight-0 edges to get to the second
weight-1 edge, and then traverse n2 weight-0 edges to get back to the first weight-1 edge. Then,
if the edge directions are reversed, we can start from the second weight-1 edge and traverse n1
weight-0 edges to get to the first weight-1 edge, and then traverse n2 weight-0 edges to get back
to the second weight-1 edge. Therefore, the reversed cycle graph is the same as the original cycle
graph.
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For convenience, we will use the following notation.

Definition 2.12. For every weighted cycle type τ ⊢ n, define cτ : CWn → C such that for any
X ∈ CWn,

cτ (X ) :=
∑

X has type τ

cX(X ),

where cX(·) is defined in Definition 2.9.

2.3 Simultaneous estimators for tr(Oρk)

Given an observable O ∈ L(H), let µ be the matrix representation of Wn based on O as defined in
Definition 2.7. We define the following symmetrization map.

Definition 2.13. Let Φ be the symmetrization map acting on CWn as:

Φ(X) =
1

n!

∑
π∈Sn

πXπ−1,

where X ∈ CWn.

Then, our estimators are defined as follows.

Definition 2.14. For any 1 ≤ k ≤ n, we define

Ok := µ(Φ(ske1)), (3)

where sk ∈ Sn is the cyclic shift permutation on the first k elements, i.e., sk(i) = (i+1) mod k for
i ≤ k and sk(i) = i for k < i ≤ n, and e1 = [1, 0, . . . , 0] ∈ Zn

≥0.

We have the following results.

Proposition 2.15. Ok is Hermitian and tr(Okρ
⊗n) = tr(Oρk).

Proof. Note that

O†
k = µ

(
Φ(ske1)

†) = µ
(
Φ
(
(ske1)

†)). (4)

Since |e1|1 = 1 ≤ 2, by Lemma 2.11, (ske1)
† and ske1 have the same weighted cycle type (thus

the same orbit). Note that Φ(ske1) produces the average of elements in the orbit of ske1 and thus
equals Φ((ske1)

†). Therefore, O†
k = Ok.

On the other hand, we have

tr(Okρ
⊗n) =

1

n!

∑
π∈Sn

tr
(
UπUsk(O ⊗ I⊗n−1)U †

πρ
⊗n
)

=
1

n!

∑
π∈Sn

tr
(
Usk(O ⊗ I⊗n−1)ρ⊗n

)
= tr(Oρk).

Proposition 2.16. For any 1 ≤ i ≤ j ≤ n,

OiOj = OjOi.

9



Proof. By Proposition 2.15, we know that O†
i = Oi, which means OjOi = (OiOj)

†. Let Pi denote
Φ(sie1). Thus, OiOj = µ(Pi)µ(Pj) = µ(PiPj). Then, it suffices to show that

PiPj = (PiPj)
†.

Suppose
PiPj =

∑
bXX,

where X ∈ Wn and bX = 0 for all but only finitely many X. From the definition of Pi, it is obvious
that bX are real numbers. Then, (PiPj)

† =
∑
bXX

†. Furthermore, by the definition of Pi and
Fact 2.6, we know that for all X such that bX ̸= 0, we have |X| = 2, and thus X† has the same
weighted cycle type as X by Lemma 2.11. Therefore, for any weighted cycle type τ ⊢ n, we have

cτ (PiPj) = cτ ((PiPj)
†), (5)

where cτ (·) is defined in Definition 2.12.
On the other hand, since all Pi are permutation-invariant by definition (i.e., πPiπ

−1 = Pi for
any π ∈ Sn), PiPj is also permutation-invariant. Note that the conjugation action of Sn acts
transitively on each orbit in Wn. That is, for any X,Y ∈ Wn, if X,Y are in the same orbit (of the
same weighted cycle type), there exists a π ∈ Sn such that

πXπ−1 = Y.

Further note that the conjugation map π(·)π−1 is injective. We can conclude that X and Y
must have the same coefficient in PiPj , i.e., cX(PiPj) = cY (PiPj). Therefore, if X is of type
τ , then cX(PiPj) = cτ (PiPj)/|τ |, where |τ | is the number of weighted permutations in the orbit
τ . Since (PiPj)

† is also permutation-invariant, the same argument works for (PiPj)
†, thus we have

cX((PiPj)
†) = cτ ((PiPj)

†)/|τ |. Then, for any X ∈ Wn, letting τ be its weighted cycle type, we have

cX((PiPj)
†) = cτ ((PiPj)

†)/|τ | = cτ (PiPj)/|τ | = cX(PiPj),

where the second equality is by Equation (5). Therefore, PiPj = (PiPj)
†.

2.4 Bounding the variance

Now, we fix ρ and introduce the following notations. Suppose Q is an observable acting on H⊗n,
let x be the outcome of measuring ρ⊗n with the observable Q. Then we write E[Q] := E[x] and
Var[Q] := Var[x]. It is easy to see that

E[Q] = tr(Qρ⊗n), Var[Q] = E[Q2]−E[Q]2 = tr(Q2ρ⊗n)− tr(Qρ⊗n)2.

Let Ok be the observables defined in Definition 2.14. We will bound Var[Ok] in this section.
For a sequence J = (j1, j2, . . . , jl) ⊆ [n], let sJ ∈ Sn be the cyclic shift permutation acting on J ,
i.e., sJ maps ji to ji+1, maps jl to j1 and leaves other elements unchanged. Let

Tk :=
1

2⌊n/k⌋

⌊n/k⌋−1∑
i=0

(
µ(s(ik+1,...,ik+k)eik+1) + µ(s(ik+1,...,ik+k)eik+1)

†
)
,

where ei = [0, . . . , 1, . . . , 0] ∈ Zn
≥0 is the vector with a 1 in the i-th place and 0’s elsewhere. We

have the following result
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Lemma 2.17.
Var[Ok] ≤ Var[Tk].

Proof. The proof follows the idea in [BOW19, Lemma 3.14].
By symmetry, for any i, we have

Φ(s(ik+1,...,ik+k)eik+1) = Φ(ske1),

where Φ is the symmetrization map defined in Definition 2.13. Therefore,

Φ(Tk) =
1

2
(Ok +O†

k) = Ok,

where with a slight abuse of notations, Φ is reinterpreted as the symmetrization map acting on
L(H), i.e., Φ(A) = 1

n!

∑
π∈Sn

UπAU
†
π for any A ∈ L(H⊗n). Note that Φ is both positive and unital,

by the Kadison-Schwarz inequality [Kad52], we have

Φ(Tk)
2 ⊑ Φ(T 2

k ),

where ⊑ is the Loewner order. This means

E[O2
k] = tr(O2

kρ
⊗n) = tr(Φ(Tk)

2ρ⊗n)

≤ tr(Φ(T 2
k )ρ

⊗n)

= tr(T 2
k ρ

⊗n) (6)

= E[T 2
k ],

where Equation (6) is because π ∈ Sn commutes with ρ⊗n. Since E[Ok] = tr(ρk) = E[Tk], we have
Var[Ok] ≤ Var[Tk].

Then, it remains to upper bound Var[Tk]. We have the following result.

Lemma 2.18.

Var[Tk] ≤
2k∥O∥2

n
.

Proof. Let Si denote µ(s(ik+1,...,ik+k)eik+1) + µ(s(ik+1,...,ik+k)eik+1)
†. Note that for i ̸= j, Si and Sj

act non-trivially on different subsystems, and thus

E[SiSj ] = E[Si]E[Sj ].

Therefore

Var[Tk] = Var

 1

2⌊n/k⌋

⌊n/k⌋−1∑
i=0

Si


=

1

4⌊n/k⌋2

⌊n/k⌋−1∑
i=0

Var[Si]

≤ 1

4⌊n/k⌋2
· ⌊n/k⌋ · 4∥O∥2 (7)

=
∥O∥2

⌊n/k⌋

≤ 2k∥O∥2

n
,

where in Equation (7) we use the fact that the operator norm of Si is upper bounded by 2∥O∥.
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Then, we have the following result.

Proposition 2.19.

Var[Ok] ≤
2k∥O∥2

n
.

Proof. This is by combining Lemma 2.17 with Lemma 2.18.

2.5 Proof of Theorem 2.1

Proof of Theorem 2.1. We define p1, . . . , pn to be the outcomes of measuring ρ⊗n with the observ-
ables O1, . . . ,On. Note that this is well-defined as Oi are valid observables and pairwise commuting
due to Proposition 2.15 and Proposition 2.16. Thus, we can perform the measurements simulta-
neously. Then, by Proposition 2.15 and Proposition 2.19, we have E[pk] = E[Ok] = tr(Oρk) and
Var[pk] = Var[Ok] ≤ 2k∥O∥2/n.

3 Sample Complexity Upper Bounds

3.1 Nonlinear functionals

Theorem 3.1. For any known observable O, we can simultaneously estimate tr(Oρ), tr(Oρ2), . . . , tr(Oρk)
to within additive error ε using O(k log(k)∥O∥2/ε2) samples of ρ, where ∥·∥ is the operator norm.

Proof. From Theorem 2.1, given n samples of an unknown state ρ, we can outputs a list p1, p2, . . . , pn
such that for any 1 ≤ k ≤ n,

E[pk] = tr(Oρk) and Var[pk] ≤
2k∥O∥2

n
.

Using Chebyshev’s inequality, we have

Pr[|pk −E[pk]| ≥ ε] ≤ 2k∥O∥2

nε2
.

We take n = ⌈6k∥O∥2/ε2⌉ to ensure that the probability

Pr[|pj −E[pj ]| ≥ ε] ≤ 2j∥O∥2

nε2
≤ 1

3

for all 1 ≤ j ≤ k. Then we can use the median trick to further boost the confidence of estimators
pj to at least 1− 1/(3k) for all 1 ≤ j ≤ k with an O(log(k)) overhead.

Specifically, we repeat the above estimation process for m times and obtain the random variables
p
(1)
j , p

(2)
j , ..., p

(m)
j for all 1 ≤ j ≤ k. Then we pick the median p̃j = median(p

(1)
j , p

(2)
j , ..., p

(m)
j ) as the

estimator of tr(Oρj). Note that each p
(ℓ)
j for 1 ≤ ℓ ≤ m is an independent random variable such

that
Pr
[∣∣∣p(ℓ)j − tr(Oρj)

∣∣∣ ≥ ε
]
≤ 1

3
.

Define indicator variables Yj,ℓ = 1{|p(ℓ)j −tr(Oρj)|≥ε}, so Yj,ℓ ∼ Bernoulli(p) with p ≤ 1/3. Let Yj =∑m
ℓ=1 Yj,ℓ be the number of “bad” estimates among the m trials. To bound the probability that

more than half of the Yj,ℓ’s are bad,

Pr[|p̃j − tr(Oρj)| > ε] ≤ Pr[Yj > m/2].

12



Now apply Hoeffding’s inequality [Hoe63, Theorem 2] with E[Yj ] = mp ≤ m/3, we have

Pr[Yj > m/2] = Pr[Yj −E[Yj ] > m/6] ≤ exp(−m/18).

By choosing m = ⌈18 ln(3k)⌉, we have the success probability

Pr
[∣∣p̃j − tr(Oρj)

∣∣ ≤ ε
]
≥ 1− 1

3k
.

Then by the union bound, we can simultaneously estimate tr(Oρ), tr(Oρ2), . . . , tr(Oρk) to
within additive error ε with probability at least 2/3. The entire estimation process uses n ·m =
⌈6k∥O∥2/ε2⌉ · ⌈18 ln(3k)⌉ = O(k log(k)∥O∥2/ε2) samples of ρ.

3.2 Extension to general functionals by polynomial approximation

Our method enables us to simultaneously estimate several functionals of the form tr(Og(ρ)), where
g is a real function.

Corollary 3.2. Let O be an observable and g1, g2, . . . , gm : [0, 1] → R that can be approximated
respectively by degree-k polynomials f1, f2, . . . , fm to precision ε/2∥O∥d. For any d-dimensional
state ρ, we can simultaneously estimate tr(Og1(ρ)), tr(Og2(ρ)), . . . , tr(Ogm(ρ)) to within additive
error ε using

O

(
k∥O∥2 log(min{k,m})

ε2
max
1≤i≤m

∥fi∥21
)

samples of ρ, where ∥fi∥1 is the ℓ1-norm of the polynomial coefficients of fi.

Corollary 3.2 improves and generalizes the results in [QKW24] (see also [YLLW25]), where they
presented an approach for the case where O = I and m = 1 with sample complexity O(k2∥f1∥21/ε2).
In particular, Corollary 3.2 improves it to O(k∥f1∥21/ε2) by a factor of k, and if there are m different
functionals to estimate, it incurs only an overhead of log(min{k,m}). Moreover, Corollary 3.2 is
optimal even when m = 1, g1(x) = f1(x) ∝ xk, and O ∝ I, where Ω(k∥O∥2∥f1∥21/ε2) samples of ρ
are required as implied by Theorem 1.2.

Proof of Corollary 3.2. Let us first focus on a single polynomial f =
∑k

j=1 αjx
j . For a quantum

state ρ, using Theorem 1.1, we can obtain p1, . . . , pk such that for j = 1 to k,

E[pj ] = tr
(
Oρj

)
, and Var[pj ] =

2∥O∥2j
n

.

Suppose that X1, . . . , Xk are random variables. Observe that the standard variation of the random
variable X = X1 + . . . + Xk can be upper bounded by the sum of the standard variations of all

13



X1, . . . , Xk as follows:

σ[X1 + . . .+Xk] =
√
Var[X1 + . . .+Xk]

=

√∑
j

Var[Xj ] +
∑
j ̸=l

Cov[Xj , Xl]

≤
√∑

j

Var[Xj ] +
∑
j ̸=l

√
Var[Xj ]Var[Xl]

=

√√√√√
∑

j

σ[Xj ]

2

=
∑
j

σ[Xj ],

where Cov[·, ·] denotes the covariance between two random variables, and we use the Cauchy–Schwarz
inequality. Let p̂ =

∑k
j=1 ajpj . Then, we can calculate E[p̂] = tr(Of(ρ)) and

σ[p̂] ≤
k∑

j=1

ajσ[pj ] =
k∑

j=1

√
2∥O∥2j

n
αj ,

by the above observation. Consequently, setting the number of samples

n = O

(
k∥f∥21∥O∥2

ε2

)

allows us to estimate tr(Of(ρ)) to within additive error ε/2 and with probability ≥ 2/3. Like in
the proof of Theorem 3.1, by repeating this experiment for O(log(1/δ)) times, we can amplify the
success probability to 1− δ.

Now consider multiple polynomials f1, f2, . . . , fm.

• If m ≤ k, then for each i = 1 to m, we can estimate tr(Ofi(ρ)) to within additive error ε/2
and with probability ≥ 1 − 1/(3m). By the union bound, with overall success probability
≥ 2/3, we can simultaneously estimate all tr(Of1(ρ)), . . . , tr(Ofm(ρ)) to within error ε/2.

• If m > k, then for each j = 1 to k, we can estimate tr
(
Oρj

)
to within additive error

ε/(2maxmi=1∥fi∥1) and with probability ≥ 1 − 1/(3k). By the union bound, with success
probability ≥ 2/3, for any i = 1 to m, the linear combination of estimates of tr

(
Oρj

)
gives

an estimation of tr(Ofi(ρ)) to within error ε/2.

Combining the results above, we can simultaneously estimate all tr(Of1(ρ)), . . . , tr(Ofm(ρ)) to
within additive error ε/2, with overall success probability ≥ 2/3, using

O

(
k∥O∥2maxmi=1∥fi∥21 log(min{k,m})

ε2

)
samples of ρ. Since in Corollary 3.2, we assume that each fi(x) approximates gi(x) to precision
ε/(2∥O∥d) for x ∈ [0, 1], with probability ≥ 2/3, our estimates of tr(Ofi(ρ)) approximate tr(Ogi(ρ))
to within error ε. The conclusion immediately follows.
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4 Sample Complexity Lower Bounds

In this section, we first establish a matching lower bound on the sample complexity of estimating
tr(ρk). Then, we extend the proof idea to show a lower bound on the sample complexity of estimating
tr(Oρk), where O is a given observable. Further, we derive lower bounds on the sample complexity
of estimating tr(f(ρ)) and tr(Of(ρ)) for general functional f approximated by polynomials.

4.1 Estimation of trace powers tr(ρk)

Let us start with the lower bound on the sample complexity of estimating the trace power tr(ρk);
that is, the special case O = I in Theorem 1.2. Before proceeding, we introduce the following
theorem and fact about quantum state discrimination.

Theorem 4.1 (Quantum state discrimination, cf. [Wil13, Section 9.1.4] and [Hay16, Lemma 3.2]).
Let ρ0 and ρ1 be two quantum states, and let ρ be a quantum state such that ρ = ρ0 or ρ = ρ1
with equal probability. Then, any POVM Λ = {Λ0,Λ1} determines whether ρ = ρ0 and ρ = ρ1 with
success probability at most

1

2
+

1

4
∥ρ0 − ρ1∥1,

where
1

2
∥ρ0 − ρ1∥1 =

1

2
tr(|ρ0 − ρ1|)

is the trace distance.

Fact 4.2. Any quantum algorithm that distinguishes between two quantum states ρ0 and ρ1 requires
sample complexity Ω(1/γ), where γ = 1− F(ρ0, ρ1) is the infidelity and

F(ρ0, ρ1) = tr

(√√
ρ0ρ1

√
ρ0

)
is the fidelity.

Now we can prove Theorem 1.2 for the special case of O = I.

Theorem 4.3. For sufficiently large integer k and sufficiently small ε > 0, estimating tr(ρk) to
within additive error ε requires sample complexity Ω(k/ε2).

The lower bound Ω(k/ε2) in Theorem 4.3 considers the dependence on k, whereas the previous
lower bound Ω(1/ε2) in [CW25] assumes k = Θ(1).

Proof of Theorem 4.3. Suppose that estimating tr(ρk) to additive error ε can be done with sample
complexity S(k, ε). Let ε ∈ (0, 1). Consider the problem of distinguishing the two quantum states
ρ± defined by

ρ± =

(
1− 1

k
± ε

k

)
|0⟩⟨0|+

(
1

k
∓ ε

k

)
|1⟩⟨1|. (8)

Note that

tr(ρk±) =

(
1− 1

k
± ε

k

)k

+

(
1

k
∓ ε

k

)k

.

Then, we have
tr(ρk+)− tr(ρk−) = Ω(ε) (9)
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for sufficiently small ε > 0, which is by noting that

lim
ε→0

tr(ρk+)− tr(ρk−)

ε
=

∂

∂ε

(
tr(ρk+)− tr(ρk−)

)∣∣∣∣
ε=0

=

((
1− 1

k
+
ε

k

)k−1

−
(
1

k
− ε

k

)k−1

+

(
1− 1

k
− ε

k

)k−1

−
(
1

k
+
ε

k

)k−1
)∣∣∣∣∣

ε=0

= 2

((
1− 1

k

)k−1

−
(
1

k

)k−1
)

≥ Θ(1),

where the last inequality is because

lim
k→∞

((
1− 1

k

)k−1

−
(
1

k

)k−1
)

=
1

e
.

Then, we can distinguish ρ+ and ρ− by separately estimating tr(ρk+) and tr(ρk−) to additive error
Θ(ε), each with sample complexity S(k,Θ(ε)).

On the other hand, by Fact 4.2, the quantum sample complexity of distinguishing ρ+ and ρ− is

Ω

(
1

1− F(ρ+, ρ−)

)
≥ Ω

(
k

ε2

)
for sufficiently small ε > 0, where the inequality is by noting that

lim
ε→0

1− F(ρ+, ρ−)

ε2
= lim

ε→0

1−
√(

1− 1
k

)2 − ε2

k2
−
√(

1
k

)2 − ε2

k2

ε2

= lim
x→0

1−
√(

1− 1
k

)2 − x
k2

−
√(

1
k

)2 − x
k2

x

=
∂

∂x

1−

√(
1− 1

k

)2

− x

k2
−

√(
1

k

)2

− x

k2

∣∣∣∣∣∣
x=0

=

 1

2k2
√(

1− 1
k

)2 − x
k2

+
1

2k2
√(

1
k

)2 − x
k2

∣∣∣∣∣∣
x=0

=
1

2(k − 1)
= Θ

(
1

k

)
.

The above together gives

S(k,Θ(ε)) ≥ Ω

(
k

ε2

)
for sufficiently small ε > 0 (dependent on k). By letting δ = Θ(ε), we have

S(k, δ) ≥ Ω

(
k

δ2

)
.

These yield the proof.
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4.2 Estimation of tr(Oρk) with general observables O

Next, we formally restate Theorem 1.2 in the following theorem and then show a lower bound on
the sample complexity of estimating tr(Oρk) for any given observable O.

Theorem 4.4. For sufficiently large integer k, sufficiently small ε > 0, and any observable O,
estimating tr(Oρk) to within additive error ε requires sample complexity Ω(k∥O∥2/ε2).

Proof. Estimating tr(Oρk) to within additive error ε is equivalent to estimating tr( O
∥O∥ρ

k) to within
error ε

∥O∥ . So, it suffices to assume ∥O∥ = 1 and prove that estimating tr(Oρk) to error ε requires
Ω(k/ε2) samples of ρ.

The proof idea is similar to that for Theorem 4.3. Suppose that ρ is a d-dimensional quantum
state. Without loss of generality, we set the computational basis |x⟩d−1

x=0 such that O is diagonal in
this basis and that ⟨0|O|0⟩ = 1. Suppose that ⟨1|O|1⟩ = a for some a ∈ [−1, 1]. Like the proof of
Theorem 4.3, let us consider the problem of distinguishing the two quantum states ρ± defined in
Equation (8). We can calculate

tr
(
Oρk±

)
=

(
1− 1

k
± ε

k

)k

+ a

(
1

k
∓ ε

k

)k

.

It can be verified that∣∣∣tr(Oρk+)− tr
(
Oρk−

)∣∣∣ = (1− 1

k
+
ε

k

)k

+ a

(
1

k
− ε

k

)k

−
(
1− 1

k
− ε

k

)k

− a

(
1

k
+
ε

k

)k

≥
(
1− 1

k
+
ε

k

)k

+

(
1

k
− ε

k

)k

−
(
1− 1

k
− ε

k

)k

−
(
1

k
+
ε

k

)k

= tr(ρk+)− tr(ρk−)

≥ Ω(ε),

where the last inequality is by Equation (9). Using the same reasoning as in the proof of Theorem 4.3,
the conclusion immediately follows.

5 Applications

5.1 Entanglement spectroscopy

Entanglement spectroscopy [JST17] is a powerful tool for analyzing the quantum correlations and
topological properties of many-body systems. By studying the entanglement spectrum, i.e., the
eigenvalues of the reduced density matrix ρ = trB(|ψ⟩⟨ψ|) obtained from a pure bipartite state |ψ⟩
on systems A and B, one could extract a wealth of information about the many-body systems. For
example, the eigenvalues of the reduced state ρ diagnose whether the bipartite state |ψ⟩ is entangled
or separable and characterize how strong the entanglement is [HE02]. The entanglement spectrum
can be further used to identify topological orders [Fid10, LH08, PTBO10, YQ10], quantum phase
transitions [DCLLS12], many-body localizations [SMAP16, YCHM15, YHG+17], and irreversibility
in quantum systems [CHM14].

Prior works have reduced the task of entanglement spectroscopy to computing high-order func-
tionals of the reduced density matrix, i.e., tr(ρk) for k = 2, 3, . . . , kmax, which can be done by the
Hadamard test [JST17], Two-Copy test [SCC19], qubit reset [YS21], and cyclic shift [QKW24].
Note that O(k2max log(kmax)/ε

2) samples of ρ are needed in these algorithms to get an estimation
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of {tr(ρk)}kmax
k=2 to within additive error ε. It can be seen that this can be further improved to

O(kmax log(kmax)/ε
2), using our simultaneous estimator in Theorem 1.1 for the special case where

O = I is the identity operator.

5.2 Quantum virtual cooling

Quantum virtual cooling [CCL+19] provides a way to estimate properties of thermal states at
low temperatures, with a prominent application scenario in the doped Fermi-Hubbard model with
ultracold atoms [GB17]. For a thermal state ρ(T ) = e−βH/ tr(e−βH) at temperature T with H the
Hamiltonian of the system, where β = 1/(kBT ) is the inverse temperature and kB is the Boltzmann
constant, the expectation of an observable O with respect to the thermal state ρ(T/n) at the
fractional temperature T/n can be expressed as (noted in [CCL+19])

tr(O · ρ(T/n)) = tr(O · ρ(T )n)
tr(ρ(T )n)

. (10)

Thus, one can estimate tr(O · ρ(T/n)) from the nonlinear functionals tr(O · ρ(T )n) and tr(ρ(T )n)
of ρ(T ), using O(n) samples of ρ(T ).

To draw a tomographic view of the thermal states of a system at different temperatures, one
can consider fractional temperatures such as T/2, T/3, . . . , T/n. Specifically, the expectation
tr(O · ρ(T/k)) at temperature T/k can be obtained from tr(O · ρ(T )k) and tr(ρ(T )k) according to
Equation (10). This requires to estimate the following values:

tr(O · ρ(T )2), tr(O · ρ(T )3), . . . , tr(O · ρ(T )n),
tr(ρ(T )2), tr(ρ(T )3), . . . , tr(ρ(T )n).

To achieve this, directly employing the approach in [CCL+19] consumes O(n2 log(n)) samples of
ρ. In sharp contrast, the simultaneous estimator in Theorem 1.1 allows us to use only O(n log(n))
samples of ρ, yielding a quadratic reduction in resources.

6 Discussion

We present an approach to simultaneously estimating high-order functionals of the form tr(Oρk)
with almost optimal sample complexity. We apply this approach in entanglement spectroscopy and
quantum virtual cooling, and extend it to general functionals by polynomial approximation.

An interesting future direction is to extend the simultaneous estimation to more general cases.

1. Multivariate case. The multivariate trace tr(ρ1ρ2 . . . ρm) can also be estimated by the cyclic
shift [EAO+02], and was recently solved with constant quantum depth [QKW24]. An inter-
esting problem is how to simultaneously estimate tr(ρσ), tr((ρσ)2), . . . , tr((ρσ)k), which is
related to the estimation of fidelity [QKW24] and multivariate fidelities [NMLW25]. A solu-
tion to this problem may inspire new quantum algorithms for estimating quantities involving
multiple quantum states, e.g., trace distance [WZ24] and relative entropy [Hay25].

2. Non-integer case. Estimating tr(ρα) for non-integer α is the key step in estimating the Rényi
and Tsallis entropies [AISW20, WGL+24, WZL24, WZ25, LW25, CW25]. An interesting
problem is how to estimate tr(ρα1), tr(ρα2), . . . , tr(ραk) for several non-integer α1, α2, . . . , αk.
This could lead to fast simultaneous estimation of entropy.
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3. Incoherent case. As considered to be near-term friendly, incoherent measurements were inves-
tigated for estimating, e.g., tr(ρσ) and tr(ρ2) [ACQ22, CCHL22, ALL22, GHYZ24]. Recently,
estimating tr(ρk) for large k with incoherent measurements was studied in [PTTW26]. An
interesting question is whether a simultaneous estimation exists in the incoherent case.

4. Query-access case. In addition to sample access, another input model, known as the “purified
quantum query access” model [GL20], gives quantum states via state-preparation circuits, as
widely employed in the literature (e.g., [GL20, SH21, GHS21, GMF24, GLM+22, WZC+23,
WGL+24, GP22, RASW23, WZYW23, WZL24, Wan24, LW25]). However, it is not even clear
if we can simultaneously estimate tr(ρ2), . . . , tr(ρk) in this query model. Existing methods
based on the generalized SWAP test [EAO+02] and quantum amplitude estimation [BHMT02]
estimate tr(ρj) individually to within additive error ε with query complexity O(j/ε), leading
to O(k2 log(k)/ε) for estimating all the k values, which is still worse than the O(k log(k)/ε2)
given in this paper when ε = Θ(1).
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