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Abstract. Quantum computers have advanced rapidly in qubit count
and gate fidelity. However, large-scale fault-tolerant quantum comput-
ing still relies on quantum error correction code (QECC) to suppress
noise. Manually or experimentally verifying the fault-tolerance property
of complex QECC implementation is impractical due to the vast error
combinations. This paper formalizes the fault-tolerance of QECC imple-
mentations within the language of quantum programs. By incorporating
the techniques of quantum symbolic execution, we provide an automatic
verification tool for quantum fault-tolerance. We evaluate and demon-
strate the effectiveness of our tool on a universal set of logical operations
across different QECCs.

1 Introduction

Quantum computers have the potential to address many significant problems
that are hard to tackle on classical computers [37,42]. However, real-world quan-
tum computers suffer from noise, and practical quantum computation relies
on the quantum error correction codes (QECCs) [19,21] to correct the errors
caused by the noises and protect the quantum information. Recently, proto-
typing QECCs have been experimentally demonstrated on various devices of
different quantum computing technologies [6,2,3,43].

A critical property that a QECC must satisfy is fault-tolerance. That is, a
QECC should be able to correct a certain amount of errors even if the physical
operations to implement the QECC are themselves noisy. Proving fault-tolerance
is required for every newly designed QECC. However, hand-written proofs [21,22]
are only feasible for low-distance and few-qubit codes by propagating the state
under combinations of errors. Such proofs soon become overwhelming as more
advanced and sophisticated QECCs [32,10,51] involving more physical qubits
and physical operations are proposed.

Computer-aided techniques are well-suited for verifying the fault-tolerance
of QECCs. However, current verification tools on quantum programs either 1)
fail to capture the stabilizer formalism of QECCs [52,27,13,53,47,23], leading to
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significant scalability issues, or 2) do not consider execution faults [35,15,4,16],
making it hard for them to accommodate verification for fault-tolerance.

In particular, we identify several key challenges for mechanically proving the
fault-tolerance of a QECC. (1) Quantum computing is intrinsically analog with
continuous errors, which are hard to reason about on digital classical computers.
(2) The implementations of QECC often involve complex control flow, such as
loops, which introduce non-monotonicity in the transitions, making both seman-
tics and error analysis less tractable. (3) QECCs contain non-Clifford logical
operations for universality, which usually cannot benefit from the stabilizer for-
malism for efficient processing.

In this paper, we overcome these challenges and propose an automated verifi-
cation tool for QECC fault-tolerance. First, we extend the semantics of classical-
quantum programming language [57,56] under the presence of quantum errors,
where we can describe and formalize the criterion of fault-tolerance for QECC
components. Second, we show that the continuous errors in the input quantum
states and during the execution can both be discretized to certain input states
and Pauli errors. This allows us to develop a symbolic execution engine to prove
QECC fault-tolerance via stabilizer formalism. Third, we observe that the loops
in typical QECCs have unique properties, memory-less/conservative, which can
enable new symbolic transition rules to overcome the complexity caused by loops.
Fourth, to handle the non-Clifford components, we propose a two-party frame-
work that absorbs non-Clifford components in the inputs. Then, we show that
the execution with only Clifford components is fault-tolerant for arbitrary inputs
and thus prove the overall fault-tolerance.

We have implemented a symbolic execution framework to prove the fault-
tolerance of QECCs and used it to check the fault-tolerance of the essential
functional components (i.e., state preparation, gate, measurement, error correc-
tion) of various QECCs of different sizes. For example, we are able to prove the
fault-tolerance of a two-logical-qubit gate in Toric code with up to 100 physical
qubits in about 3 hours and the fault-tolerance of sophisticated state preparation
protocol in surface code with 49 physical qubits in about 70 hours. When the
checking fails, our framework can show the error propagation path that violates
the fault-tolerance criterion to help debug the QECC implementation.

The major contributions of this paper can be summarized as follows:

1. We extend and define the semantics of quantum programs with faulty execu-
tions to reason about the influence of faults and formalize the fault-tolerance
properties of QECCs.

2. We overcome the challenges of mechanically proving the QECC fault-tolerance
by introducing a series of theorems to discretize the continuous errors, de-
signing new transition rules by leveraging the unique properties of loops in
QECCs, and a two-party framework to handle non-Clifford components.

3. We implement a symbolic execution framework based on our theories and
show that it can prove the fault-tolerance of various QECCs or indicate the
error propagation path that violates the fault-tolerance criterion.
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2 Background

2.1 Quantum Computing Basics

The state space of a quantum system is described by a d-dimensional complex
Hilbert space Hd. A pure state of such a system is a unit vector |ψ⟩ ∈ Hd.
A mixed state is a statistical ensemble of pure states {|ψi⟩} with probability
pi, described by the partial density operator ρ =

∑
i pi|ψi⟩⟨ψ|i. If

∑
i pi = 1,

then ρ is also called a density operator. A pure state |ψ⟩ can also be regarded
as the the density operator ρ = |ψ⟩⟨ψ|. Suppose ρ =

∑
i λi|ψi⟩⟨ψi| is the spectral

decomposition of a density operator ρ such that λi > 0, then the support of ρ
is defined as supp(ρ) = span({|ψi⟩}i) and is denoted as supp(ρ).

We use quantum channel to describe a general quantum evolution, which
is mathematically a completely positive [14,29,37] trace-preserving map E on
density operators. Specifically, E has the non-unique form E(ρ) =

∑
iEiρE

†
i

such that
∑

iE
†
iEi = I. The operators {Ei} are called Kraus operators. In

particular, a quantum gate corresponds to a unitary quantum evolution that
can be described by a unitary channel: E(ρ) = UρU†, where U is a unitary matrix
(i.e., U†U = I). Qubit (quantum bit) has a 2-dimensional Hilbert space H2 as
its state space and {|0⟩, |1⟩} as the computational basis. The state space of n
qubits is the tensor product of all state spaces of each qubit.

A quantum measurement is described by a set of linear operators {Mi}
such that

∑
iM

†
iMi = I. When measuring a state ρ, the probability of outcome

i is pi = tr(MiρM
†
i ), after which the state collapses to ρ′ =MiρM

†
i /pi.

2.2 Pauli Operator and Stabilizer Formalism

The following unitaries are called the Pauli matrices:X = ( 0 1
1 0 ) , Y =

(
0 −i
i 0

)
, Z =(

1 0
0 −1

)
. An n-qubit Pauli operator P is a tensor product of n Pauli ma-

trices σi ∈ {I = ( 1 0
0 1 ) , X, Y, Z} with a global phase c ∈ {1,−1, i,−i}: P =

c ·σ1⊗· · ·⊗σn. The weight of the Pauli operator P is the number of indices
i such that σi ̸= I. Note that the set of all n-qubit Pauli operators forms a group
Pn under matrix multiplication. The vector representation [1,37] of the un-
signed Pauli operator σ1 ⊗ · · · ⊗ σn is a 2n-length vector [x1, . . . , xn, z1, . . . , zn]
where xi, zi ∈ {0, 1} and the pair (xi, zi) corresponds to (0, 0), (0, 1), (1, 0), (1, 1)
representing σi = I, Z,X, Y , respectively.

A state |ψ⟩ is stabilized by a unitary U if U |ψ⟩ = |ψ⟩ and U is called the
stabilizer of |ψ⟩. Suppose {P1, . . . , Pm} is a set of m commuting and indepen-
dent1 n-qubit Pauli operators such that Pi ̸= ±I and P 2

i ̸= −I. These Pauli
operators generate a group G = ⟨P1, . . . , Pm⟩ by matrix multiplication. Sup-
pose V is the subspace containing the states stabilized by elements in G, i.e.,
V := {|ψ⟩ | ∀P ∈ G, P |ψ⟩ = |ψ⟩}, then G is called the stabilizer group of
V , and the group elements P ∈ G are called the stabilizers of V . Particu-
larly, P1, . . . , Pm are called the generators. Note that V is a 2n−m-dimensional
subspace. In particular, if m = n, then V is a one-dimensional subspace.
1 Each Pj cannot be written as a product of others.
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An n-qubit unitary U is called an Clifford unitary if it maps Pauli operators
to Pauli operators under conjugation, i.e., ∀P ∈ Pn, UPU

† ∈ Pn. All n-qubit
Clifford unitaries can be generated by the H, S, and CNOT gates [1,37]. There
is a special type of quantum circuit called the stabilizer circuits, which con-
tains only the following elements: 1) preparing qubits into the computational
basis; 2) applying Clifford gates; 3) measuring qubits in the computational ba-
sis. Stabilizer circuits are vastly utilized in quantum error correction and can be
simulated efficiently by classical computers [20].

2.3 Quantum Error Correction

Quantum computers in the real world suffer errors that will significantly impact
the outcome. Due to the no-cloning theorem [37], it is impossible to duplicate
quantum states to resist errors. Instead, we employ quantum error correction
codes to encode quantum information, which can detect and correct errors. A
quantum error correction code (QECC) C uses n physical qubits (H2n) to
encode k logical qubits (H2k). Specifically, it assigns a 2k-dimensional subspace
H′ ⊆ H2n , called the code space, and an isomorphism between H′ and H2k . If
it is clear from the context, we will use C to refer to both the QECC and its code
space. The error correction process of a QECC consists of the following steps:
– Syndrome measurement: applying a list of measurements on physical

qubits to detect potential errors.
– Recovery: performing recovery operations based on the outcome of the

syndrome measurement.
The vast majority of QECC are stabilizer codes. For a stabilizer code C,

its code space is the subspace stabilized by a stabilizer group G = ⟨P1, . . . , Pm⟩,
where P1, . . . , Pm are Pauli operators. Note that the code space is of dimension
2n−m. Therefore, it encodes k = n − m logical qubits. The error syndromes
can be obtained by performing Pauli measurement of the generators P1, . . . , Pm.
A Pauli error E that anticommutes with a generator can be detected by the
measurement of this generator. The code distance d is defined as the smallest
integer t such that there exists a Pauli operator of weight t acting as a non-trivial
logical operation on the code space C.

Throughout this paper, the code parameters of stabilizer codes are denoted
as [[n,k, d]], where n, k and d stand for the number of physical qubits, number
of encoded logical qubits and code distance, respectively.

2.4 Error Propagation and Fault-Tolerance

We first introduce the following definition.

Definition 1. The r-error space surrounding |ψ⟩ is defined as

Sr(|ψ⟩) := span({P |ψ⟩ | P is a Pauli operator of weight at most r}).

We say that a quantum state ρ has at most r errors w.r.t. |ψ⟩ if supp(ρ) ⊆
Sr(|ψ⟩). We may ignore |ψ⟩ if it is clear from the context. We can further gen-
eralize the notion of error space for any pure state |ψ⟩ ∈ H1 ⊗ · · · ⊗ Hm in a
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composite system by defining:

Sr1,...,rm(|ψ⟩) := span({P |ψ⟩ |P is a Pauli of weight at most ri on block Hi}).

We say ρ has at most ri errors on block Hi w.r.t. |ψ⟩ if supp(ρ) ⊆ Sr1,...,rm(|ψ⟩).

𝐻 𝐻

𝑃1

𝑃2

𝑃3

𝑃4

|0⟩

𝑋

𝑃3

𝑃4

(a) Multi-qubit Pauli measurement using
a single ancilla, in which a Pauli-X error
on the ancilla qubit will propagate to two
Pauli errors P3, P4 on the data qubits.

H

P1
P2

P3
P4

H
H
H

cat| ⟩ ⊕

(b) Multi-qubit Pauli measure-
ment using the cat state.

Fig. 1: Two implementations of multi-qubit Pauli measurement P1⊗P2⊗P3⊗P4.

While QECCs effectively detect existing errors on quantum states, the er-
ror correction process and logical operations can introduce new errors during
executions. Even worse, errors may propagate among the qubits. For example,
Figure 1a shows an error propagation in an implementation of a multi-qubit
Pauli measurement (which corresponds to a logical Pauli measurement). In con-
trast, Figure 1b shows a “transversal” implementation, where the ancilla qubits
are initialized to the cat state |cat⟩ = (|0000⟩ + |1111⟩)/

√
2. Here, a single er-

ror will not propagate to two or more errors, which, roughly speaking, is called
fault-tolerance 2. However, being entangled, the cat state itself cannot be pre-
pared transversally, requiring a more elaborate design (see Section 8.1) for fault-
tolerance. This leads to a fundamental question:
Given a QECC and an implementation of a logical operation on it, how can
we tell if it is fault-tolerant?

It turns out that manually checking the fault-tolerance of QECC implemen-
tation is highly non-trivial because the prover needs to iterate over all possible
error combinations and propagation paths. In the rest of this paper, we will in-
troduce our new theory and tools to formalize and verify the fault-tolerance of
QEC code implementations.

3 Related Work

Formal logic for quantum computing. There are extensive works on build-
ing formal logic to reason quantum programs, including quantum assertions [33],
2 The formal definition of fault-tolerance is given in Section 4
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quantum Hoare logic [55,34,17], the logic for erroneous quantum programs [52,27],
ZX-calculus [40,41], mechanized verification [46,59,34,39,24], etc. However, most
of these works require human interaction, and none focus on fault-tolerance. In
contrast, our work formally characterizes QEC fault-tolerance and provides an
automated verification tool.
Automatic testing and verification of quantum programs. Other works
focus on proving properties of quantum programs based on certain automatic
techniques, including quantum symbolic execution [35,15,4,16], equivalence check-
ing of quantum programs [11,12,54,25], program invariance generation [58,28],
automatic testing and verification [13,53,47,23], etc. However, these tools are not
designed to target the fault-tolerance of QECCs.

4 Formalism of Quantum Fault-Tolerance

Before verifying the fault-tolerance, we first formalize the quantum fault-tolerance
by extending the language of classical-quantum programs [57,56] with faulty
transitions and then formalizing the QEC fault-tolerance criteria.

4.1 Classical-Quantum Program (cq-prog)

Note that QEC protocols contain not only unitary circuits but also include mid-
circuit measurements with sophisticated classical control flows (e.g., classical
oracles, branches, and repeat-until-success). Therefore, it is necessary to adapt
a language with classical components. In this paper, we select the classical-
quantum program [55,15,56,57].

Definition 2 (Syntax of Classical-Quantum Programs (cq-prog)).
A classical-quantum program (cq-prog) on qubits q1, . . . , qn with classical vari-

ables and repeat-until-success structure is defined by the following syntax:

S ::= S1;S2 (sequence) | q := |0⟩ (initialization)
| U(q) (unitary) | x := measure q (measurement)
| x := e (assign) | if b then S1 else S2 (conditionals)
| y := f(x) (classical oracle) | repeat S until b (repeat-until)

The notations used in Definition 2 are explained as follows: q is a qubit, x and
y are classical variables, e is an expression on classical variables, f is a classical
oracle, q = qi, . . . , qj is an arbitrary list of distinct qubits; U(q) performs a
unitary gate U on a list of qubits q; x := measure q performs a computational-
basis measurement {|0⟩⟨0|, |1⟩⟨1|} on the qubit q and stores the result (0 or 1)
in the classical variable x; repeat S until b performs the quantum program S
until the Boolean expression b is evaluated as true.

Then, the execution of a classical-quantum program can be described in terms
of the transition between the classical-quantum configurations.
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(IN) ⟨q := |0⟩, σ, ρ⟩ → ⟨↓, σ, ρq:=|0⟩⟩ (UT) ⟨U(q), σ, ρ⟩ → ⟨↓, σ, UqρU
†
q ⟩

(M0) ⟨x := measure q, σ, ρ⟩ → ⟨↓, σ[0/x], |0⟩q⟨0|ρ|0⟩q⟨0|⟩
(M1) ⟨x := measure q, σ, ρ⟩ → ⟨↓, σ[1/x], |1⟩q⟨1|ρ|1⟩q⟨1|⟩

(AS) ⟨x := e, σ, ρ⟩ → ⟨↓, σ[σ(e)/x], ρ⟩ (CO) ⟨y := f(x), σ, ρ⟩ → ⟨↓, σ[f(x)/y], ρ⟩

(SC)
⟨S1, σ, ρ⟩ → ⟨S′

1, σ
′, ρ′⟩

⟨S1;S2, σ, ρ⟩ → ⟨S′
1;S2, σ

′, ρ′⟩

(CT)
σ |= b

⟨if b then S1 else S2, σ, ρ⟩ → ⟨S1, σ, ρ⟩

(CF)
σ |= ¬b

⟨if b then S1 else S2, σ, ρ⟩ → ⟨S2, σ, ρ⟩
(RU) ⟨repeat S until b, σ, ρ⟩ → ⟨S; if b then ↓ else {repeat S until b}, σ, ρ⟩

Fig. 2: Rules for the ideal transition relation. In rule (IN), ρq:=|0⟩ =
|0⟩q⟨0|ρ|0⟩q⟨0| + |0⟩q⟨1|ρ|1⟩q⟨0| where we use |i⟩q to denote the pure state |i⟩
at qubit q and |i⟩q⟨j| is the abbreviation of product of |i⟩q and q⟨j|; in rule
(UT), Uq means a unitary that acts as U on q = qi . . . qj , and acts trivially on
other qubits.

Definition 3 (Classical-Quantum Configuration). A classical-quantum
configuration is a triple ⟨S, σ, ρ⟩, where S is a cq-prog, σ : x 7→ v is a map
from classical variables to classical values, and ρ is a partial density operator
describing the (sub-normalized) quantum state of the qubits.

We can now define the operational semantics of a cq-prog by specifying the
transition relationship between the classical-quantum configurations. The rules
in Fig. 2 define the ideal transition relation “→” between classical-quantum con-
figurations.

4.2 Execution with Faults

We now inject faults into ideal executions. We assume that all the classical oper-
ations (i.e., (AS), (CO), (CT), (CF), and (RU)) are flawless, and only quantum
operations (i.e., (IN), (UT), (M0), and (M1)) can be faulty. When a fault hap-
pens, the original quantum operation is replaced by an arbitrary quantum op-
eration acting on the same qubits. The corresponding transition is called faulty
transition.

Definition 4 (Faulty Transition). The following rules define the faulty tran-
sition “⇝” between classical-quantum configurations when faults occur during the
execution of a quantum program:

(F-IN) ⟨q := |0⟩, σ, ρ⟩⇝ ⟨↓, σ, Eq(ρ)⟩ (F-UT) ⟨U(q), σ, ρ⟩⇝ ⟨↓, σ, Eq(ρ)⟩
(F-M0) ⟨x := measure q, σ, ρ⟩⇝ ⟨↓, σ[0/x], E0,q(ρ)⟩
(F-M1) ⟨x := measure q, σ, ρ⟩⇝ ⟨↓, σ[1/x], E1,q(ρ)⟩
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where in rules (F-IN) and (F-UT), Eq and Eq can be arbitrary trace-preserving
quantum operations that act non-trivially only on q and q, respectively; in rules
(F-M0) and (F-M1), E0,q and E1,q can be arbitrary (non-trace-preserving) quan-
tum operations 3 acting non-trivially only on q. We omit the rule (F-SC) here
as it is simply analogous to the rule (SC) in Figure 2.

Now, we can describe the execution of a cq-prog with faults using the following
faulty transition tree.

Definition 5 (Transition Tree with Faults). Let S0 be a cq-prog, σ0 be
a classical state and r ≥ 0 be an integer. An r-fault transition tree T starting
with (S0, σ0) is a (possibly infinite) tree with classical-quantum configurations as
nodes and satisfies the following conditions:

1. The root is ⟨S0, σ0, ρ̃⟩, where ρ̃ is an indeterminate quantum state.
2. A node is of the form ⟨↓, σ, ρ⟩ iff it is a leaf node.
3. A node is of the form ⟨x := measure q;S, σ, ρ⟩ iff it has two children, either

generated by (M0) and (M1), or generated by (F-M0) and (F-M1). Fur-
thermore, for the latter case, the quantum operations E0,q and E1,q in the
transition rules satisfy that E0,q + E1,q is trace-preserving.

4. If a node v is not of the form ⟨↓, σ, ρ⟩ or ⟨x := measure q;S, σ, ρ⟩, then it
has only one child v′ such that v → v′ or v ⇝ v′ (cf. Fig. 2 and Def. 4).

5. Each path contains at most r faulty transitions “⇝”.

Let ρ0 be a concrete quantum state. We use T (ρ0) to denote the tree obtained by
replacing the indeterminate quantum state ρ̃ with ρ0 in the root node.

If we fix a cq-prog S and a classical state σ0, then any r-fault transition tree
T starting with (S0, σ0) corresponds to a well-defined quantum channel.

Proposition 1. Let S0 be a quantum program, σ0 be a classical state and r ≥ 0.
If T is an r-fault transition tree starting with (S0, σ0), then the map ET : ρ 7→∑

⟨↓,σ,ρ′⟩∈T (ρ) ρ
′ is a quantum channel (not necessarily trace-preserving).

The proof can be found in Appendix C.
Note that the semantics of a cq-prog in the presence of faults is nondetermin-

istic. This is because there can be infinite many r-fault transition trees starting
with (S0, σ0), where each transition tree corresponds to a valid semantics with r
faults. In this context, each tree T is also referred to as an r-fault instantiation
of (S0, σ0), or simply an instantiation of S0 with r faults, if σ0 = ∅.

4.3 Formalization of Quantum Fault-Tolerance

Given the definition of quantum gadgets and cq-prog, we can formally define
quantum fault-tolerance developed in previous QEC theory [21,22]. Different

3 It is worth noting that (F-M0) and (F-M1) also cover the case of bit-flip error on
the measurement outcome, since it is equivalent to letting E0,q(ρ) = |1⟩q⟨1|ρ|1⟩q⟨1|
and E1,q = |0⟩q⟨0|ρ|0⟩q⟨0|.
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from their definitions, we separate the fault-tolerance property of a QEC program
from its semantical correctness in the ideal case, and we further assume that a
QEC program always produces the correct semantics in the ideal case.

A QECC usually consists of four types of gadgets: (1). Preparation: pre-
pare a logical state, e.g., the logical state |0⟩. (2). Measurement: measure on
a logical basis, e.g., the logical Z-basis measurement {|0⟩⟨0|, |1⟩⟨1|}.4 (3). Gate:
perform a logical quantum gate, e.g., the logical CNOT gate. (4). Error cor-
rection: detect and correct physical errors in the logical state. We provide some
circuit implementation examples of the gadgets in Appendix K.

In the rest this section, we fix a QECC C with distance d and set t := ⌊d−1
2 ⌋

as the number of correctable errors. The following symbols will be used:
– “ ” stands for a logical block of C formed by physical qubits.
– |ψ⟩ r stands for an arbitrary quantum mixed state having at most r

errors w.r.t. |ψ⟩ (see Def. 1). When multiple ri are applied on multiple
blocks, they together denote a quantum mixed state having at most ri errors
on the i-th block, respectively.

– , , and EC stand for the preparation, measurement, (two-

qubit) gate, and error correction gadgets, respectively.
– “s” near a gadget indicates s faults appear in the execution of the gadget.

The gadget is ideal (fault-free) if no number is present near it.

Then, we introduce the formalization of fault-tolerance. We only present the
two-qubit case for gate gadgets, which can be easily extended to n-qubit cases.

Definition 6 (Fault-Tolerance of QECC Gadgets).
1. A state preparation gadget is fault-tolerant if the following holds:

s
= s .whenever s ≤ t, (1)

That is, a cq-prog S is a FT preparation gadget if for any s-fault instantiation
of S, s.t. s ≤ t, the prepared state has at most s errors.

2. A two-qubit logical gate gadget is fault-tolerant if the following holds:

|ψ⟩
r1

r2

U

s

= |ψ⟩ U

e1

e2

,whenever r1 + r2 + s ≤ t, (2)

where e1, e2 = r1 + r2 + s. That is, a cq-prog S is a FT gate gadget if for any
input logical state |ψ⟩ with r1 and r2 errors on each logical block and any s-fault
instantiation of S, s.t. r1 + r2 + s ≤ t, the output state has at most r1 + r2 + s
errors on each block.

3. A measurement gadget is fault-tolerant if the following holds:

|ψ⟩ r
s

= |ψ⟩ .whenever r + s ≤ t, (3)
4 A bar on a ket (pure state) denotes the corresponding logical state w.r.t. a QECC.
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That is, a cq-prog S is a FT measurement gadget if for any input logical state |ψ⟩
with r errors and any s-fault instantiation of S, s.t. r+ s ≤ t, the measurement
outcomes are the same (in distribution) as those in the ideal case.

4. An error correction gadget is fault-tolerant if the following holds:

|ψ⟩ r EC
s

= |ψ⟩ s .whenever r + s ≤ t, (4)

That is, a cq-prog S is a fault-tolerant error correction gadget if for any input
logical state |ψ⟩ with r errors and any s-fault instantiation of S, s.t. r + s ≤ t,
the output state has at most s errors.

5 Discretization

Because physical quantum errors are analog (e.g., small imprecisions in rotation
angle), the fault-tolerance conditions formalized above are defined over contin-
uous error channels and logical states that are difficult to reason about using
computer-aided techniques. It is essential to break these formulations into dis-
crete yet equivalent forms. In this section, we introduce two new discretization
theorems that allow us to analyze and verify quantum fault-tolerance on cq-prog
in a systematic way.

5.1 Discretization of Input Space

We show that, for fault-tolerance verification, the input space can be discretized
from continuous code space into discrete logical basis states. A similar result of
input space discretization was given in [15] for verifying fault-free QEC programs.
Our result is a further refinement that uses fewer inputs and applies to fault-
tolerance verification of various types of gadgets.

Theorem 1 (Discretization of Input Space).

1. A gate or error correction gadget is fault-tolerant if and only if it satis-
fies the corresponding fault-tolerance properties (c.f. Equations (2), (4)) on
both the logical computational basis {|i⟩}2

k−1
i=0 and the logical state |+⟩ :=∑2k−1

i=0 |i⟩/
√
2k, where k is the number of logical qubits.

2. A Z-basis measurement gadget is fault-tolerant if and only if it satisfies
the corresponding fault-tolerance properties (c.f. Equation (3)) on the log-
ical computational basis {|i⟩}2

k−1
i=0 , where k is the number of logical qubits.

The proof can be found in Appendix E.

5.2 Discretization of Faults

Since a general cq-prog contains complicated control flows that can also be af-
fected by quantum faults (e.g., through outcomes of mid-circuit measurements),
the discretization theorem in conventional QEC theory [21,22] does not fit our
cq-prog framework. We provide our discretization result for cq-prog, showing that
faults can be discretized from arbitrary quantum channels into Pauli channels.
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Definition 7 (Transition Tree with Pauli Faults). Let S0 be a quantum
program, σ0 be a classical state and r ≥ 0 be an integer. An r-Pauli-fault
transition tree T starting with (S0, σ0) is a transition tree (c.f. Definition 5),
such that all faulty transitions in it satisfy the following rules instead:

(PF-IN) ⟨q := |0⟩, σ, ρ⟩⇝ ⟨↓, σ, Pqρq:=|0⟩Pq⟩

(PF-UT) ⟨U(q), σ, ρ⟩⇝ ⟨↓, σ, PqUqρU
†
qPq⟩

(PF-M0) ⟨x := measure q, σ, ρ⟩⇝ ⟨↓, σ[0/x], P0,q|0⟩q⟨0|QqρQq|0⟩q⟨0|P0,q⟩
(PF-M1) ⟨x := measure q, σ, ρ⟩⇝ ⟨↓, σ[1/x], P1,q|1⟩q⟨1|QqρQq|1⟩q⟨1|P1,q⟩

where in rules (PF-IN) and (PF-UT), Pq and Pq are arbitrary Pauli operators
acting on q and q, respectively. In rules (PF-M0) and (PF-M1), P0,q, P1,q, Qq

are arbitrary Pauli operators acting on q.5 Furthermore, if a node is ⟨x :=
measureq;S, σ, ρ⟩ and its two children are generated by (PF-M0) and (PF-M1),
then both transitions share the same Pauli error Qq.

We call such tree T an r-Pauli-fault instantiation of (S0, σ0) and if σ0 = ∅, we
call it an r-Pauli-fault instantiation of S0. Then, we have the following theorem.

Theorem 2 (Discretization of Faults). A gadget is fault-tolerant if and only
if it satisfies the corresponding fault-tolerance properties (c.f. Equations (1), (2),
(3), (4)) with the Pauli fault instantiation (see Definition 7).

The proof can be found in Appendix F.

6 Symbolic Execution with Quantum Faults

Having discretized the inputs and errors, we can now establish a symbolic ex-
ecution framework based on the quantum stabilizer formalism to reason about
fault-tolerance of QECC implementations. Specifically, we maintain a symbolic
configuration ⟨S, σ̃, ρ̃, p, φ, F̃ ⟩, where

– S is the quantum program to be executed,
– σ̃ is a symbolic classical state,
– ρ̃ is a symbolic quantum stabilizer state, parameterized by a set of symbols,

and is equipped with a set of stabilizer operations (see Section 6.1).
– p is the probability corresponding to the current execution path, which is,

in fact, a concrete number instead of a symbolic expression.
– φ is the path condition, expressing the assumptions introduced in an execu-

tion path of the cq-prog .
– F̃ is a symbolic expression that records the number of faults occurring during

the execution of faulty transitions.
5 Rules (PF-M0) and (PF-M1) introduce both pre- and post-measurement Pauli errors,

aiming to account for all possible error patterns of a measurement operation.
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6.1 Symbolic Stabilizer States and Error Injection

Definition 8 (Symbolic Stabilizer States). For any commuting and in-
dependent set {P1, . . . , Pn|Pi ̸= ±I, P 2

i ̸= −I} of n-qubit Pauli operators and
Boolean functions g1, . . . , gn over m Boolean variables, the symbolic stabilizer
state ρ̃(s1, . . . , sm) over symbols s1, . . . , sm is a stabilizer state of

⟨(−1)g1(s1,...,sm)P1, . . . , (−1)gn(s1,...,sm)Pn⟩,

where ⟨A1, . . . , An⟩ denotes the group generated by A1, . . . , An.

When it is clear from the context, we will omit the symbols s1, . . . , sm using
ρ̃ to denote ρ̃(s1, . . . , sm), and directly use ⟨A1, . . . , An⟩ to denote the stabilizer
state of the group generated by A1, . . . , An.

There are four types of symbolic stabilizer operations:
1. A symbolic function IN(qi, ρ̃) for the initialization statement qi := |0⟩.
2. A symbolic function UT(U, q, ρ̃) for the Clifford unitary transform statement
U(q).

3. A symbolic function M(qi, ρ̃) for the measurement statement x := measure qi.
4. A symbolic error injection function EI(q, ρ̃) for the faulty transitions.

The symbolic functions IN(qi, ρ̃), UT(U, q, ρ̃) return the symbolic quantum states
resulting from the corresponding quantum operations and M(qi, ρ̃) returns a
triplet comprising the measurement outcome, probability and post-measurement
state. They are similarly to those in [15] and are available in Appendix A.

Here we introduce our new symbolic error injection function EI(q, ρ̃). Suppose
ρ̃ is a symbolic stabilizer state:

ρ̃ = ⟨(−1)g1(s1,...,sm)P1, . . . , (−1)gn(s1,...,sm)Pn⟩. (5)

The symbolic error injection function acts on ρ̃ by injecting symbolic Pauli er-
rors. It returns a symbol recording the activation of those Pauli errors and the
symbolic state ρ̃ after error injection. Specifically, it is defined as follows.

Definition 9 (Symbolic Error Injection). The symbolic Pauli error injec-
tion function EI(qi, ρ̃) is defined as

EI(qi, ρ̃) = (eX ∨ eZ , ⟨(−1)g1⊕eX ·cX1 ⊕eZ ·cZ1 P1, . . . , (−1)gn⊕eX ·cXn ⊕eZ ·cZnPn⟩),

where eX and eZ are newly introduced symbols recording the inserted Pauli X
and Z errors; cXi = 0 if Pi commutes with Xi and cXi = 1 otherwise (similarly
for cZi ).

If the symbolic Pauli error injection function is applied on a sequence of qubit
variables q = qj1 , . . . , qja , then EI(q, ρ̃) is defined as

EI(q, ρ̃) = (e1 ∨ · · · ∨ ea, ρ̃(a)),

where (ei, ρ̃
(i)) = EI(qji , ρ̃(i−1)) for i = 1, . . . , a and ρ̃(0) := ρ̃.

Note that in the definition of error injection on a sequence of qubits, we set
the fault counter as e1 ∨ · · · ∨ ea rather than e1 + · · · + ea. This is because a
single faulty multi-qubit operation may introduce errors on multiple qubits but
we count it as only one fault.
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6.2 Symbolic Faulty Transitions

With the new error injection rule, we can define the symbolic faulty transitions,
which are a symbolization of the faulty transitions in Definition 7.

Definition 10 (Symbolic Faulty Transitions). The following are the sym-
bolic faulty transition rules on the symbolic configurations:

(SF-IN) ⟨qi := |0⟩, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃, ρ̃′, p, φ, F̃ + e⟩
where (e, ρ̃′) = EI(qi, IN(qi, ρ̃))

(SF-UT) ⟨U(q), σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃, ρ̃′, p, φ, F̃ + e⟩
where (e, ρ̃′) = EI(q,UT(U, q, ρ̃))

(SF-M) ⟨x := measure qi, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃[s/x], ρ̃(3), pp′, φ, F̃ + e1 ∨ e2⟩
where (e2, ρ̃

(3)) = EI(qi, ρ̃(2)), (s, p′, ρ̃(2)) = M(qi, ρ̃
(1)), (e1, ρ̃

(1)) = EI(qi, ρ̃)

(SF-AS) ⟨x := e, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃[σ̃(e)/x], ρ̃, p, φ, F̃ ⟩

(SF-CO) ⟨y := f(x), σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃[s/y], ρ̃, p, φ ∧ Cf (σ̃(x), s), F̃ ⟩

(SF-CT) ⟨if b then S1 else S2, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S1, σ̃, ρ̃, p, φ ∧ σ̃(b), F̃ ⟩

(SF-CF) ⟨if b then S1 else S2, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S2, σ̃, ρ̃, p, φ ∧ ¬σ̃(b), F̃ ⟩

(SF-RU) ⟨repeat S until b, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S;S′, σ̃, ρ̃, p, φ, F̃ ⟩
where S′ = if b then ↓ else {repeat S until b}

where in rules (SF-IN), (SF-UT) and (SF-M), e, e1 and e2 are newly introduced
bit symbols recording the inserted faults and in rule (SF-CO), s is a newly intro-
duced symbol and Cf is a logical formula asserting the behavior of f . We omit
the rule (SF-SC) here as it is simply analogous to the rule (SC) in Figure 2.

Note that in rule (SF-CO), we do not actually run the classical oracle f(x),
but instead add an assertion Cf for the output of f(x) to the path condition. This
is beneficial when the behavior of the classical oracle can be abstracted into a
logical formula, such as the decoding algorithms for stabilizer codes. More details
about the assertion of the decoding algorithm can be found in Appendix B.

6.3 Repeat-Until-Success

Analyzing the repeat-until-success loop, also known as the do-while loop, presents
significant challenges. The symbolic transition rule (SF-RU) shown in Defini-
tion 10 does not perform well in practice since it can lead to numerous execution
paths or even render the symbolic execution non-terminable.

To circumvent this issue, we observe that loops employed in QEC gadgets
typically adhere to specific patterns. By leveraging these patterns, we propose
the following symbolic transition rule in place of (SF-RU):

(SF-RU′)
⟨S, σ̃, ρ̃, p, φ, F̃ ⟩↠∗ ⟨↓, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩

⟨repeat S until b, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨↓, σ̃′, ρ̃′, p′, φ′ ∧ σ̃′(b), F̃ ′⟩
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where ↠∗ stands for the transitive closure of ↠. Notably, it executes the loop
body only once and then post-selects on success by adding the success condition
to the path condition. We will explain its conditional validity in the following
and then conclude the overall soundness and completeness in Section 6.5.

The first pattern is from the fault-tolerant cat state preparation gadget. Here,
a repeat-until-success structure is used to test the prepared state, where in each
iteration, all quantum and classical variables are reset before being used again.
This pattern is recognized as the memory-less repeat-until-success.

Definition 11 (Memory-Less Repeat-Until-Success). A repeat-until-success
loop “repeat S until b” is memory-less if all classical and quantum variables
used in the loop body S are reset before being used in each iteration.

For the memory-less repeat-until-success structure, it suffices only to consider
the last iteration. The intuition is straightforward: suppose t errors are injected
into the loop. Errors injected in iteration other than the last one have no effect
beyond that iteration. Therefore, the worst case is when all errors are injected
into the final iteration. If the fault-tolerance property holds in the worst-case
scenario, it also holds in the general case.

The second pattern witnesses the applicability of (SF-RU′) in a more gen-
eral scenario, where qubits are not reset across iterations. Our observation is
based on Shor’s error correction. Here, syndrome measurements are repeated
until consecutive all-agree syndrome results of length ⌊d−1

2 ⌋ + 1 are observed.
Therefore, qubits are not reset, meaning errors in one iteration can affect sub-
sequent iterations. Nevertheless, through closer examination, we observe that
syndrome measurements are implemented “transversally” upon proper cat state
preparation. This means the errors will not propagate. As a result, any errors
injected in an early iteration can be commuted to the last iteration without
increasing the total number of errors. Additionally, in the fault-free case, the
stabilizer syndrome measurements exhibit idempotent semantics, meaning a sin-
gle iteration suffices to capture all possible quantum state outputs that would
arise from multiple iterations. We refer to this type of loop as a conservative
repeat-until-success.

Definition 12 (Conservative Repeat-Until-Success). A repeat-until-success
loop “repeat S until b” is conservative if

1. the classical variables in S are reset before used in each iteration,
2. in the fault-free case, the loop always terminates after a single iteration, and

the fault-free semantics of the loop body S is non-adaptive and idempotent
(see Appendix G for more details).

Consequently, for a conservative loop, the rule (SF-RU′) remains valid pro-
vided that an additional condition is met: errors do not propagate uncontrollably
within the loop body S. Fortunately, this can again be verified inside the loop
body S recursively, using our symbolic execution.



Verifying Fault-Tolerance of Quantum Error Correction Codes 15

6.4 Verification of Fault-Tolerance

Here, we present the overall pipeline of our verification tool for FT properties
(i.e., Eq. 1, 2, 3 and 4). For simplicity, we only demonstrate the verification of a
gate gadget for a logical gate U . Other types of gadgets can be handled similarly.

By Theorem 1, it suffices to check whether Equation (2) holds for the fol-
lowing two cases: |ψ⟩ = |i⟩ for all i and |ψ⟩ =

∑2k−1
i=0 |i⟩/

√
2k. Therefore, we

construct two symbolic stabilizer states respectively:

ρ̃Z = ⟨P1, . . . , Pn−k, (−1)s1Z1, . . . , (−1)skZk⟩,
ρ̃X = ⟨P1, . . . , Pn−k, X1, . . . , Xk⟩,

(6)

where P1, . . . , Pn−k are the Pauli stabilizers of the QECC C and Zi, Xi are the
Pauli operators corresponding to the logical Zi and logical Xi in C, respectively.
We will only deal with the state ρ̃Z , and the state ρ̃X can be handled analogously.

Let ρ̃0 = ρ̃Z . We apply the Pauli error injection function EI on ρ̃0 recur-
sively for all physical qubits, i.e., (ei, ρ̃i) = EI(qi, ρ̃i−1) for i = 1, . . . , n. Then
we define ρ̃in := ρ̃n and F̃in :=

∑n
i=1 ei, which records the number of errors

injected in the symbolic state ρ̃in. The initial symbolic configuration is set to
⟨S, ∅, ρ̃in, 1,True, F̃in⟩, where S is the cq-prog implementing the gate gadget. By
applying our symbolic faulty transitions (see Definition 10) recursively on the
initial configuration, we obtain a set of output configurations cfgs = {cfgi}i,
where the indices i refer to different execution paths and each cfgi is of the form
⟨↓, σ̃, ρ̃, p, φ, F̃ ⟩, in which p > 0 is a concrete positive number.

Then, the gadget is fault-tolerant if and only if each symbolic configuration
in cfgs describes a set of noisy states that are not “too far” from the error-free
output state. Specifically, for each ⟨↓, σ̃, ρ̃, p, φ, F̃ ⟩ ∈ cfgs, let {s1, . . . , sm} be the
set of symbols involved in this configuration (i.e., all symbols occurring in σ̃, ρ̃, φ
and F̃ ). Then, we need to check whether the following holds

∀s1, . . . , sm, (φ ∧ F̃ ≤ t) → D(ρ̃, ρ̃ideal) ≤ F̃ , (7)

where ρ̃ideal is the symbolic state obtained by applying the (concrete) ideal uni-
tary transform U on ρ̃0, and D(ρ̃, ρ̃ideal) represents the Pauli distance between
ρ̃ and ρ̃ideal, i.e., the minimal weight of a Pauli operator that can transform ρ̃
to ρ̃ideal. Note that the computation of D(ρ̃, ρ̃ideal) is not straightforward but
can still be formulated in a first-order formula. Specifically, let P1, . . . , Pn be the
unsigned stabilizers of ρ̃, which should also be the unsigned stabilizers of ρ̃ideal
(otherwise we can direct conclude that the gadget is not fault-tolerant). Suppose

ρ̃ = ⟨(−1)g1P1, . . . , (−1)gnPn⟩, ρ̃ideal = ⟨(−1)h1P1, . . . , (−1)hnPn⟩,

where gi and hi are functions taking symbols s1, . . . , sm as inputs. Therefore,
D(ρ̃, ρ̃ideal) ≤ F̃ can be expressed as

∃P, wt(P ) ≤ F̃ ∧
n∧

i=1

hi ⊕ c(P, Pi) = gi, (8)
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where P is a symbolic Pauli represented by a symbolic vector of length 2n (c.f. the
vector representation in Section 2.2), wt(P ) is the weight of P and c(P, Pi) = 0
if P and Pi commutes and 1 otherwise.

Note that the existence quantifier is, in fact, applied on 2n variables. We
can further reduce it to n variables. To see this, note that the computation
of c(P, Pi) for i = 1, . . . ,m involves multiplication (over GF(2)) of the matrix
representing the stabilizers with the vector representing P . Specifically, let M
be the n× 2n matrix, in which each row represents a stabilizer, and let v be the
2n-length vector representing the symbolic Pauli P . Then, c(P, Pi) = (MΛv)i,
where Λ = ( 0 I

I 0 ) is a 2n × 2n matrix with n × n identity matrices as its off-
diagonal blocks (see Sec. 10.5.1 in [37]). By solving the linear system over GF (2),
Equation (8) is equivalent to

∃w, wt(Nw ⊕ p) ≤ F̃ , (9)

where w is an n-length vector, N is a 2n× n matrix with columns spanning the
null space of MΛ, p is a particular solution of the linear equation MΛp = g⊕h,
in which g and h are the n-length vectors with entries gi and hi, respectively.
As a result, we can reduce the number of quantified variables from 2n to n.

Interpreting D(ρ̃, ρ̃ideal) ≤ F̃ by Equation (9), we can use the SMT solver to
check the validity of Equation (7). The same method is also applied on ρ̃X (see
Equation (6)), and “fault-tolerant” is claimed if both checks on ρ̃Z and ρ̃X pass.

6.5 Soundness and Completeness

Here, we state our main theorem about the soundness and completeness of our
verification tool.

Definition 13 (Soundness and Completeness). Suppose Alg is an algo-
rithm taking a cq-prog S as input. Then, for the task of verifying quantum fault-
tolerance, we define the soundness and completeness of Alg as follows.

– Soundness: Alg(S) returns “fault-tolerant” =⇒ S is fault-tolerant.
– Completeness: S is fault-tolerant =⇒ Alg(S) returns “fault-tolerant”.

Theorem 3. Suppose S is a cq-prog implementing a quantum gadget with sta-
bilizer quantum operations.

– If the repeat-until-success statements in S are memory-less, then our fault-
tolerance verification is both sound and complete.

– If the repeat-until-success statements in S are conservative, then our fault-
tolerance verification is sound.

The proof can be found in Appendix G. Notably, when S is non-fault-tolerant,
our quantum symbolic execution will always return a fault instantiation that
witnesses the failure of fault-tolerance.
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7 Verifying Magic State Distillation

We have applied our verification tools on QEC gadgets with Clifford circuits.
We still need one more non-Clifford QEC gadget for universal quantum comput-
ing [36,45]. A widely used approach for universal fault-tolerant quantum com-
puting is using the gate teleportation [37,22] with magic state distillation [31,9]
to implement non-Clifford gates. Since the teleportation circuit is already a sta-
bilizer circuit, the remaining problem is verifying the fault-tolerance of a magic
state distillation protocol.

Typically, a magic state distillation protocol employs a distillation code D.
It performs the error correction (or error detection) process of D on multiple
noisy magic states to yield a high-quality magic state encoded in D, followed
by the decoding. The code D must exhibit desirable properties for magic state
distillation, such as the transversality of the logical T -gate [49].

......
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Fig. 3: Two-party magic state distilla-
tion framework with a QECC C on Bob
and a distillation code D on Alice.

In the context of quantum fault-
tolerance, we instead use a concate-
nated code with D as an outer code and
a QECC C (used for fault-tolerance) as
an inner code (i.e., each qubit of D is
encoded in C). To better illustrate the
idea of fault-tolerant magic state dis-
tillation, we reformulate it in a two-
party framework in Figure 3.
– Bob works on physical qubits and

produces logical qubits encoded in
C equipped with fault-tolerant sta-
bilizer operations and non-fault-
tolerant magic state preparation.

– Alice works on the encoded qubits
produced by Bob and performs a
magic state distillation protocol us-
ing a distillation code D.

Specifically, Alice makes use of the logical operations of C provided by Bob and
performs magic state distillation as follows:
1. Call the non-FT magic preparation to produce noisy magic states on C.
2. Call error correction process of C on each noisy magic state.
3. Prepare logical state |+⟩ encoded in D.
4. Implement logical-T gate of D by gate teleportation with noisy magic states.
5. Perform error correction of D.

All the steps except step 1 contain only stabilizer operations of C, which can
be verified for fault-tolerance. Therefore, we only need to investigate how the
errors from the noisy magic states propagate through the distillation process.
Intuitively, step 2 ensures that the physical errors (in Bob’s perspective) are
suppressed, and only physical errors (in Alice’s perspective), which are logical
errors in Bob’s view, can further propagate. Fortunately, in Alice’s perspective,
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the gate teleportation is transversal, so errors do not propagate between qubits.
Therefore, it suffices to check whether Alice’s error correction (i.e., step 5) can
correct the errors on the magic state encoded in D.

Our quantum symbolic execution is not directly applicable for this case since
the magic state encoded in D is not a stabilizer state. Nevertheless, we can
circumvent it by generalizing the input. That is, we instead verify a stronger
statement: Alice’s error correction can correct errors on an arbitrary state, not
only on the magic state. Then, we can use a discretization lemma like Theorem 1
to reduce it back to a verification task on stabilizer states. We remark that Alice’s
error correction itself is not required to be fault-tolerant but only needs to be
able to correct errors on the input assuming no faults occur during its execution,
which we call ideal-case correct. Formally, the magic state distillation gadget
is fault-tolerant if

1. Bob’s stabilizer operations are fault-tolerant,
2. Alice’s error correction process is ideal-case correct.

Our tool verifies the fault-tolerance of Bob’s stabilizer operations. For the
ideal-case correctness of Alice’s EC process, we can use similar techniques where
error injections are only applied on inputs and are disabled in symbolic transi-
tions. Consequently, we have:

Theorem 4. If the magic state preparation is implemented within the two-
party distillation framework and the repeat-until-success statements are either
memory-less or conservative, then our fault-tolerance verification is sound.

The proof can be found in Appendix H.

8 Case Study

We implemented our verification tool 6 based on the Julia [5] package Quan-
tumSE.jl [15] and use Bitwuzla [38] 0.7.0 as the SMT solver. Our experiments
are executed on a desktop with AMD Ryzen 9 7950X and 64GB of RAM.

8.1 Bug Finding Example: Cat State Preparation

Cat state preparation is a crucial module in fault-tolerant (FT) quantum com-
puting, extensively used in various FT gadgets such as FT Pauli measurement
and Shor’s error correction [48]. A fault-tolerant 7 cat state preparation can be
implemented through the following steps: 1) Prepare the cat state non-fault-
tolerantly; 2) Perform a check on the cat state; 3) If the check fails, discard the
state and start over. For the second step, a parity check on pairs of qubits of the
cat state is performed. However, the pairs must be selected carefully.
6 The code is available at: https://github.com/vftqc/vftqecc.
7 Although the cat state itself is not encoded in any QECC with positive code distance,

we can still define its fault-tolerance up to t faults as follows: for any s ≤ t, if s faults
occur during the cat state preparation, the output contains at most s errors.

https://github.com/vftqc/vftqecc
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(a) Non-FT cat state preparation.
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(b) FT cat state preparation.

Fig. 4: Comparison of 4-qubit cat state preparations with different checks. By
our verification tool, we found that the first is non-FT and the second is FT.

For example, we found with our tool that the 4-qubit cat state preparation
with the check on the second and third qubits, as shown in Figure 4a, turns out
to be non-FT, and the corresponding error propagation path found by our tool
is marked in Figure 4a. In contrast, our tool proves that when checking the third
and fourth qubits (Figure 4b), the cat state preparation is FT.
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Check4

⇝
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Check1

Check6
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Repeat:

Until , pass(Checki)

Fig. 5: An implementation of 8-qubit cat
state preparation. By our verification
tool, it is proved to be FT up to 2 faults
but disproved to be FT for 3 faults.

The implementation of cat state
preparation also depends on the num-
ber of faults it needs to tolerate. For
example, consider the cat state prepa-
ration in Figure 5 with checks on pairs
of consecutive qubits. This implemen-
tation is only fault-tolerant up to 2
faults but fails to be fault-tolerant
for 3 faults. The error pattern vio-
lating the fault-tolerance of Figure 5
reported by our tool is marked in
red (Pauli-X error, failed measure-
ment, failed CNOT). Note that all the
checks passed since the first and sixth
checks failed to detect the errors. Con-
sequently, these 3 faults cause 4 errors
in the output state, which violates the fault-tolerance condition. Two additional
examples of fault-tolerance bugs are provided in Appendix I.

8.2 Verification of Fault-Tolerance

We perform our verification tool on the fault-tolerant quantum gadgets over
the color code [8,44], rotated surface code [7,26], and the toric code [30]. The
verification time is shown in Table 1. The preparation (Prep.) gadgets prepare
the logical state |0⟩, (|00⟩ for toric code), the measurement (Meas.) gadgets per-
form the logical-Z measurement (logical-Z1 for toric code) and the error correc-
tion (EC) gadgets implements the Shor’s error correction [48]. We also perform



20 K. Chen et al.

Table 1: Verification time of fault-tolerant gadgets over different QECCs. The
quantum Reed-Muller code is used as distillation code for magic state distillation
and only the error correction (EC) gadget is reported.

QECC [[n,k, d]]
Time (s)

Prep. CNOT Meas. EC

Color Code [8,44] [[7,1,3]] 2.81 1.36 3.65 3.15
[[17,1,5]] 13.91 30.29 27.92 20.98

Rotated Surface Code [7,26]
[[9,1,3]] 2.96 1.27 3.91 3.10
[[25,1,5]] 22.38 181.72 42.79 52.15
[[49,1,7]] 250818 Out of Time 82319 435011

Toric Code [30] [[18,2,3]] 4.42 2.37 5.53 4.51
[[50,2,5]] 818.34 12168.51 916.51 1918.95

Quantum Reed-Muller Code [49] [[15,1,3]] N.A. N.A. N.A. 4.89

our verification on the magic state distillation protocol in Section 7 with quan-
tum Reed-Muller code [49] as the distillation code. Other single-qubit Clifford
gates, such as the phase gate and Hadamard gate, can be either implemented
transversally or via fault-tolerant state preparation of specific “magic” states
(see Theorem 13.2 in [22]. These preparations are analogous to the preparation
gadgets verified in Table 1, and the results are provided in Appendix J. We
remark that the time cost mostly comes from the SMT solver, which is a typ-
ical challenge faced by most symbolic execution frameworks. For example, for
the 121-qubit rotated surface code, our symbolic execution (excluding the SMT
solver stage) uses only 54.72s to generate the FT constraints of the EC gadget.

9 Conclusion and Future Work
In this paper, we presented a novel framework for the verification for fault-
tolerance of QECCs. By extending the semantics of classical-quantum programs
to model faulty executions and developing discretization theorems for both quan-
tum states and faults, we enabled the use of quantum symbolic execution to ver-
ify fault-tolerance of quantum programs. Our approach is both sound and com-
plete under certain structural assumptions on loops and has been implemented
into a practical tool capable of verifying real-world QECC implementations
across a range of codes and gadgets. For future work, we believe the scalability
can be significantly enhanced by incorporating interactive strategies [55,56,59]
and human-assisted annotations and assertions [33]. In addition, we believe our
framework could be extended to accommodate leakage errors [18,50] by intro-
ducing new language primitives, such as qubit loss detection and qubit refilling.
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A Symbolic Stabilizer Operations

Definition 14 (Symbolic Clifford Gates). For a Clifford unitary U , the
symbolic unitary transform function UT(U, q, ρ̃) is defined as

UT(U, q, ρ̃) = ⟨(−1)g1(s1,...,sm)UqP1U
†
q , . . . , (−1)gn(s1,...,sm)UqPnU

†
q ⟩.

Definition 15 (Symbolic Measurement). The symbolic measurement func-
tion M(qi, ρ̃) is defined separately in the following two cases:

1. Zqi commutes with all Pauli operators Pj in Equation (5). This means Zqi

is expressible by the set of Pauli operators {Pi}ni=1. More specifically, there
exists a bit value b and a sequence of indices 1 ≤ j1 < j2 < · · · < jk such
that Zqi = (−1)bPj1Pj2 · · ·Pjk . In this case, the measurement outcome is
deterministic, and

M(qi, ρ̃) = (b⊕ gj1(s1, . . . , sm)⊕ · · · ⊕ gjk(s1, . . . , sm), 1, ρ̃).

2. Zqi anti-commutes with some of the Pauli operators Pj in Equation (5). By
re-choosing a set of stabilizer generators, we can assume without loss of gen-
erality that Zqi only anti-commutes with P1, and commutes with P2, . . . , Pn.
In this case, the measurement outcome is 0 or 1 with equal probability, and
we introduce a new symbol s to record this measurement outcome as

M(qi, ρ̃) =

(
s,

1

2
, ⟨(−1)sZqi , (−1)g2(s1,...,sm)P2, . . . , (−1)gn(s1,...,sm)Pn⟩

)
The initialization statement on qi can be viewed as a measurement on qi

followed by a Pauli-X gate controlled by the measurement outcome.

Definition 16 (Symbolic State Initialization). The symbolic initialization
function IN(qi, ρ̃) is defined separately in the following cases:

1. Zqi commutes with all Pauli operators Pj in Equation (5). There exists a bit
value b and a sequence of indices j1, . . . , jk such that Zqi = (−1)bPj1Pj2 · · ·Pjk .
Then,

IN(qi, ρ̃) = ⟨(−1)g1(s1,...,sm)⊕r·c1P1, . . . , (−1)gn(s1,...,sm)⊕r·cnPn⟩,

where cj ∈ {0, 1} indicates whether Xqi commutes or anti-commutes with
Pj and r = b ⊕ gj1(s1, . . . , sm) ⊕ · · · ⊕ gjk(s1, . . . , sm) can be viewed as the
measurement outcome of M(qi, ρ̃).

2. Zqi anti-commutes with some of the Pauli operators Pj in Equation (5).
Without loss of generality, we assume Zqi only anti-commutes with P1 and
commutes with P2, . . . , Pn, then

IN(qi, ρ̃) = ⟨Zqi , (−1)g2(s1,...,sm)P2, . . . , (−1)gn(s1,...,sm)Pn⟩.
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B Assertion for the Decoders

In this section, we show how to implement the assertion that is used in the
transition (SF-CO) for the decoding algorithm.

Suppose our QECC C has parameters [[n, k, d]]. Let t = ⌊d−1
2 ⌋ be the number

of correctable errors of C. In our task of building a fault-tolerant error correc-
tion gadget, it suffices to let the decoding algorithm behave correctly when the
detected syndromes can be reproduced by a Pauli operator of weight ≤ t. We
will then explain how to construct the assertion.

Let G = ⟨P1, . . . , Pn−k⟩ be a set of generators of the stabilizer group G
of the stabilizer code C. Then, the syndrome measurements can be defined
to be a sequence of multi-qubit Pauli measurements P1, . . . , Pn−k. Suppose
m1, . . . ,mn−k ∈ {0, 1} are the corresponding measurement outcomes and are
provided to the decoding algorithm.

Suppose now a Pauli error Q occurred on the data qubits. Note that if Q
commutes with Pi, then for any logical state |ψ⟩ ∈ C, we have

Q|ψ⟩ = QPi|ψ⟩ = PiQ|ψ⟩,

which meansQ|ψ⟩ is also in the +1 eigenvalue space of Pi. Thus the measurement
outcome of Pi on Q|ψ⟩ is 0 (by convention). In contrast, if Q anti-commutes with
Pi, then

Q|ψ⟩ = QPi|ψ⟩ = −PiQ|ψ⟩,

which means Q|ψ⟩ is in the −1 eigenvalue space of Pi. Thus the measurement
outcome of Pi on Q|ψ⟩ is 1.

The commutativity of Pauli operators can be computed with linear algebra
over the field GF(2). Specifically, let [x1, . . . , xn, z1, . . . , zn] be a vector of length
2n, where xi, zi ∈ {0, 1}, xi (or zi) represent whether a Pauli X (or Z) exists at
qubit i, and if both xi = zi = 1, then a Pauli Y exists at qubit i. For example,
the Pauli operator X⊗Z⊗Y corresponds to the vector [1, 0, 1, 0, 1, 1]. Let vector
v1, v2 represent two n-qubit Pauli operators P1, P2. Then, the value

cP1,P2
:= vT1 Λv2 ∈ {0, 1}

indicate whether P1 commutes with P2, where Λ is

Λ =

[
0 I
I 0

]
,

in which I is an identity matrix of size n× n. The weight of a Pauli operator P
can also be computed by its vector representation v:

wt(v) =
n∑

i=1

vi ∨ vn+i,

where ∨ is the logical-or and the summation is for integers but not GF(2).
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Let G be the (n−k)×2nmatrix with each row being the vector representation
of the stabilizer Pi, and q be the vector representation of the Pauli error Q. Then,
the i-th entry in the vector

GΛq

represents whetherQ commutes with Pi (0 for commute and 1 for anti-commute),
which is exactly the syndromes when the Pauli error Q occurred on the data
qubits. Recall that m = [m1,m2, . . . ,mn−k] be the detected syndromes. Sup-
pose the output of the decoding algorithm (i.e., the predicted error) is r =
[r1, . . . , rn, rn+1, . . . , r2n]. Our requirement for the decoding algorithm is

(∃v ∈ GF(2)2n,wt(v) ≤ t ∧GΛv = m) → wt(r) ≤ t ∧GΛr = m,

That is, when there exists a Pauli error with weight ≤ t that can reproduce the
syndrome, then the output by the decoding algorithm must output a Pauli error
with weight ≤ t that can reproduce the syndrome.

C Proof of Proposition 1

Proof. Suppose T is a transition tree. Note that each transition corresponds to
a quantum channel, e.g., the (UT) transition corresponds to a quantum channel
ρ 7→ UqρU

†
q . Since the composition of quantum channels is also a quantum

channel, each finite transition path in the tree corresponds to a quantum channel.
For any node v ∈ T , we use Ev to denote the quantum channel corresponding to
the path from the root to the node v.

Let Tt be the tree truncated from T to height t. Let At be the multi-set
consisting of leaf nodes of Tt that have terminated (i.e., the nodes of the form
⟨↓, σ, ρ⟩), and let Bt be the multi-set consisting of leaf nodes of Tt that have not
terminated. Then, it is easy to prove by induction on t that∑

v∈At

Ev +
∑
v∈Bt

Ev

is a trace preserving quantum channel. Let

Et =
∑
v∈At

Ev.

Then Et must also be a quantum channel (not necessarily trace preserving). Our
goal is to prove that limt→∞ Et exists and is a quantum channel.

Note that Et ⪯ Et+1 since At ⊆ At+1. Here, E1 ⪯ E2 means E2 − E1 is com-
pletely positive. Let CE be the Choi-Jamiołkowski state [14,29] of the quantum
channel E . It is well known that the linear map E : L(H0) → L(H1) is a quantum
channel if and only if CE is positive semi-definite and trH1

(CE) ⊑ IH0
, where

L(H0) and L(H1) are the space of linear operators on H0 and H1, respectively,
trH0 is the partial trace on H0 and ⊑ refers to the Loewner order. Then, it
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suffices to prove that the limit limt→∞ CEt
exists and is the Choi-Jamiołkowski

state of a quantum channel. Since Et ⪯ Et+1, we have

CEt
⊑ CEt+1

, and tr(CEt
) ≤ dH0

,

which is a constant upper bound. Therefore, by standard analysis on semi-
definite positive matrices, we can prove that the limit of {CEt

} exists and is
also a semi-definite positive matrix. On the other hand, since the partial trace
is continuous, we have

trH1
( lim
t→∞

CEt
) ⊑ IH0

,

which means the limit is the Choi-Jamiołkowski state of a quantum channel. ⊓⊔

D Some Notations and Preliminary Results

In this section, we introduce some notations and preliminary results that will be
used in our proof later.

D.1 Support of Density Operators

The following are useful characterizations about the support of positive semi-
definite operators.

Proposition 2. Suppose A and B are positive semi-definite operators, then

supp(A) ⊆ supp(B) ⇐⇒ ∃c > 0, A ⊑ cB.

By doing this, we can easily get the following results:

Proposition 3. Suppose Ai are positive semi-definite operators, then

∑
i

supp(Ai) = supp

(∑
i

Ai

)
,

where the first summation is on subspaces (the span of the union of subspaces).

Proposition 4. Suppose E is quantum channel and ρ1, ρ2 are positive semi-
definite operators. If supp(ρ1) ⊇ supp(ρ2), then supp(E(ρ1)) ⊇ supp(E(ρ2)).

Proposition 5. Suppose E : ρ 7→
∑

iEiρE
†
i is a quantum channel and ρ is a

quantum state. Then, for any operator E that is a linear combination of Ei (i.e.,
E =

∑
i aiEi), we have

supp(E(ρ)) ⊇ supp(EρE†).
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D.2 r-Error Corrector

For a positive integer r ≤ t, we define the r-error corrector as the quantum
recovery channel Fr such that it can correct and can only correct up to r errors.
In fact, we can explicitly construct the r-error corrector Fr by modifying the
full corrector (i.e., the t-error corrector):

Fr : ρ 7→
∑
i

RiCiρC†
iR

†
i ,

where Ci are orthogonal projectors of pairwise orthogonal syndrome subspaces
containing at most r errors, and Ri is the recovery operator corresponding to
the syndrome subspace Ci (for more details about the recovery channel, see,
e.g., [37]). Note that if there are more than r errors, then Fr is strictly trace-
decreasing. Specifically, we have the following result:

Proposition 6. For and quantum state ρ and any logical state |ψ⟩ ∈ C, we have

Fr(ρ) = |ψ⟩⟨ψ| ⇐⇒ supp(ρ) ⊆ Sr(|ψ⟩),

where Sr(|ψ⟩) is the r-error space surrounding |ψ⟩ as defined in Definition 1.

D.3 Weight of Quantum Channels

The weight of a quantum channel E : ρ 7→
∑

iEiρE
†
i is the smallest integer

r such that there exists a set of Kraus operators {Ei} for E , where each Ei is
a linear combination of Pauli operators with weight ≤ r (note that the Pauli
operators form a linear basis of the matrix space). Then we have the following
result

Proposition 7. Suppose E is a quantum channel of weight r, then we have

supp(E(|ψ⟩⟨ψ|)) ⊆ Sr(|ψ⟩).

There is also a similar result in another direction.

Proposition 8. There is a quantum channel E of weight r such that

supp(E(|ψ⟩⟨ψ|)) ⊇ Sr(|ψ⟩).

Proof. Define

E : ρ 7→ 1

N

∑
i:wt(Pi)≤r

PiρP
†
i ,

where the summation is over all Pauli operators Pi with weight ≤ r, and N is
the number of such Pauli operators. Then it is easy to see E satisfies the required
condition. ⊓⊔

We will also use the following result.
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Proposition 9. Suppose E : ρ 7→
∑

iEiρE
†
i is a quantum channel. If E(|ψ⟩⟨ψ|) =

|ϕ⟩⟨ϕ|, then for each i
Ei|ψ⟩ = ci|ϕ⟩,

for some complex number ci.

Proof. Using the fact that if the sum of positive semi-definite operators is |ϕ⟩⟨ϕ|,
then each positive semi-definite operator must be (positively) proportional to
|ϕ⟩⟨ϕ|. ⊓⊔

E Discretization of Input Space (Proof of Theorem 1)

In this section, we provide the proof of our result on the discretization of input
space (see Theorem 1).

Suppose C is a QECC with parameters [[n, k, d]]. Let t = ⌊d−1
2 ⌋ be the number

of correctable errors.

E.1 Proof of Theorem 1, First Part

Proof. The “only if” direction is trivial. We only focus on the “if” direction.
First, suppose S is a cq-prog implementing an error correction gadget. Let

|ψ⟩ be an arbitrary logical quantum state, and Er denote the quantum channel
defined in Proposition 8 with weight r, and T be an arbitrary transition tree of S
with s faults, such that s+ r ≤ t. Let ET be the quantum channel corresponding
to the tree T . We will first prove

Fr+s ◦ ET ◦ Er(|ψ⟩⟨ψ|) = |ψ⟩⟨ψ|,

where Fr+s is the (r + s)-error corrector defined in Proposition 6.
By Proposition 6, Proposition 7 and the assumption, we know that

Fr+s ◦ ET ◦ Er(|i⟩⟨i|) = |i⟩⟨i|, (10)

for any logical computational state |i⟩, and

Fr+s ◦ ET ◦ Er(|+⟩⟨+|) = |+⟩⟨+|, (11)

for |+⟩ =
∑2k−1

i=0 |i⟩/
√
2k.

Now, let {Ei} be a set of Kraus operators representing the quantum channel
Fr+s ◦ ET ◦ Er. Then, by Equation (10), it must hold that, for all i, j,

Ei|j⟩ = αi,j |j⟩, (12)

for some complex number αi,j . Similarly, by Equation (11), we have

Ei|+⟩ = βi|+⟩, (13)
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and
∑

i |βi|2 = 1. Combining Equation (12) and Equation (13), we have

2k−1∑
j=0

αi,j |j⟩ = βi

2k−1∑
j=0

|j⟩.

Therefore, αi,j = βi for any j.
Suppose |ψ⟩ =

∑
j xj |j⟩. Then

Ei|ψ⟩ = βi
∑
j

xj |j⟩ = βi|ψ⟩.

Since
∑

i |βi|2 = 1, we can conclude that

Fr+s ◦ ET ◦ Er(|ψ⟩⟨ψ|) = |ψ⟩⟨ψ|.

Now, let ρ be an arbitrary quantum state containing r errors w.r.t. |ψ⟩ (i.e.,
supp(ρ) ⊆ Sr(ψ)). Then, by Proposition 8, we have

supp(ρ) ⊆ supp(Er(|ψ⟩⟨ψ|)).

This means

supp(Fr+s ◦ ET (ρ)) ⊆ supp(Fr+s ◦ ET ◦ Er(|ψ⟩⟨ψ|)) = supp(|ψ⟩⟨ψ|),

and Fr+s◦ET is trace-preserving on ρ (since it is trace-preserving on Er(|ψ⟩⟨ψ|)).
Then we can conclude that

Fr+s ◦ ET (ρ) = |ψ⟩⟨ψ|.

The case that cq-prog S is a gate gadget can be proved similarly. ⊓⊔

E.2 Proof of Theorem 1, Second Part

Proof. The “only if” direction is trivial. We only focus on the “if” direction.
Let S be a cq-prog implementing a logical-Z basis measurement gadget. Let

|ψ⟩ be a logical quantum state, Er be the quantum channel of weight r given in
Proposition 8, and T be a transition tree of S with s faults, such that s+ r ≤ t.
Let Li be the set of leaf nodes of T such that the measurement outcome is i.
We define ET ,i to be

ET ,i =
∑
w∈Li

Ew,

where Ew is the quantum channel corresponding to the transition path from root
node to w.

By assumption, we know that

tr(ET ,i ◦ Er
(
|j⟩⟨j|)

)
= δi,j . (14)
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Let {Ei,j}j be a set of Kraus operators of the quantum channel ET ,i ◦ Er. This
means for any l ̸= i, we have

Ei,j |l⟩ = 0. (15)

Assume |ψ⟩ =
∑

i ai|i⟩. Then by Equation (15), we have

Ei,j |ψ⟩ = aiEi,j |i⟩,

which means

tr(ET ,i ◦ Er(|ψ⟩⟨ψ|)) = |ai|2 tr

∑
j

Ei,j |i⟩⟨i|E†
i,j


= |ai|2 tr(ET ,i ◦ Er(|i⟩⟨i|))
= |ai|2, (16)

where Equation (16) is by Equation (14). Therefore, we can see that the distri-
bution of the measurement outcome is correct for an arbitrary input |ψ⟩. ⊓⊔

F Discretization of Faults (Proof of Theorem 2)

In this section, we provide the proof of our result on the discretization of faults
(see Theorem 2). First, we introduce some notations and auxiliary lemmas that
will be used in our proof.

F.1 Tree Schema

Suppose S is a fixed cq-prog . Note that any faulty transition tree starting from S
has a fixed structure. That is, the classical control flow is fixed, though the faulty
transitions are not specified and can be arbitrary. We call this tree structure as
the tree schema of S. Then, any faulty transition tree of S can be viewed as
an instance of the tree schema of S. Suppose v is a node in the tree schema,
and T is a faulty transition tree, then we will use vT to denote the node in tree
T corresponding to v. We will use q(vT ) to denote the quantum state in the
classical-quantum configuration at node vT in tree T .

To further explain the tree schema, suppose v is a node in the tree schema of
S, T1 and T2 are faulty transition trees of S. Let the classical-quantum configu-
ration at vT1 be ⟨S1, σ1, ρ1⟩ and that at vT2 be ⟨S2, σ2, ρ2⟩. It is easy to see that
S1 = S2 and σ1 = σ2. That is, the cq-prog and classical state in a configuration
do not depend on a specific choice of the faulty transition tree and are fixed once
the initial cq-prog S (and thus the tree schema) is fixed.

F.2 Non-Terminating Probability

Suppose T is a transition tree, and ρ is a quantum state. The non-terminating
probability of a node v in the tree T (ρ) is defined as

tr(q(v))−
∑
w

tr(q(w)),
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where the summation is over all leaf nodes of the sub-tree starting at the node
v. A node v in the tree T (ρ) is called terminating if the non-terminating
probability is zero. Intuitively, a node is terminating if, starting from this node,
we can always get an output (i.e., with probability 1). A node is called non-
terminating if it is not terminating.

Then, we can easily see the following results.

Proposition 10. For a transition tree, if the root node is non-terminating, then
a sub-tree containing all non-terminating nodes exists with (faulty-) transitions
between them. This sub-tree is an infinite tree and does not have leaf nodes.

We will call this sub-tree the non-terminating sub-tree. The proof of Propo-
sition 10 is obvious if we notice the following property.

Proposition 11. For each node, its non-terminating probability equals the sum
of the non-terminating probabilities of its children.

Proof. This can be proved by checking all the (faulty)-transition rules. ⊓⊔

F.3 An Auxiliary Lemma

Lemma 1. For any node v in the tree schema of S, any transition tree T with
s faults, and any quantum state ρ, we have

supp(q(vT (ρ))) ⊆
∑
T ′

supp(q(vT ′(ρ))), (17)

where the summation is over all s-Pauli-fault transition trees T ′ such that the
locations of Pauli-fault transitions in T ′ are the same as the locations of fault
transitions in T .

Proof. We fix the quantum state ρ and the transition tree T and prove that
Equation (17) holds for any node v using the induction on the level of v.

We define the level of a node as the length of the path from it to the root
node. Equation (17) holds trivially for the level-0 node (the root note). Now
assume that Equation (17) holds for all nodes of level less than or equal to n.
Now suppose v is a node of level n+ 1 and the parent node of v is u. Then, the
induction hypothesis guarantees that

supp(q(uT (ρ))) ⊆
∑
T ′

supp(q(uT ′(ρ))). (18)

If u→ v (ideal transition), then it is quite straightforward that Equation (17)
holds for v. Let E be the quantum channel corresponding to the transition of
u→ v. We have

supp(q(vT (ρ))) = supp(E(q(uT (ρ))))

⊆
∑
T ′

supp(E(q(uT ′(ρ)))) (19)

=
∑
T ′

supp(q(vT ′(ρ))), (20)
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where Equation (19) is by combining Equation (18) with Proposition 3 and
Proposition 4, Equation (20) is because E is also the quantum channel corre-
sponding to the transition u→ v in Pauli-fault transition trees T ′.

If u⇝ v, let
E : ρ 7→

∑
i

EiρE
†
i

be the quantum channel corresponding to the transition u ⇝ v in the tree
T . First, assume that the program statement of this transition is the unitary
transform statement U(q). Then we can see that the quantum channel of u⇝ v
in a Pauli fault transition tree has the form

ρ 7→ PqUqρU
†
qPq,

and Pq can be arbitrary Pauli operator acting non-trivially on q. Therefore, we
have

supp(q(vT (ρ))) = supp(E(q(uT (ρ))))

=
∑
i

supp(Eiq(uT (ρ))E
†
i ) (21)

⊆ supp

∑
Pq

PqUqq(uT (ρ))U
†
qPq

 (22)

=
∑
T ′

supp(q(vT ′(ρ))), (23)

where Equation (21) is by Proposition 3, Equation (22) is by combining Propo-
sition 5 with the fact that each Ei acts non-trivially only on q and thus can
be written as a linear combination of the operators PqUq, Equation (23) is
again by Proposition 3. Other types of program statements can be handled
similarly. For example, if the program statement is the measurement statement
measure q, then we only need to note the fact that the operators Pq|0⟩q⟨0|Qq

(or Pq|0⟩q⟨0|Qq), where Pq and Qq can be arbitrary Pauli operators acting non-
trivially on q, span all the operators that act non-trivially only on q.

Therefore, the induction hypothesis also holds for all nodes of level n+1. We
can conclude that Equation (17) holds in general.

⊓⊔

F.4 Proof of Theorem 2

Now, we are ready to prove Theorem 2.

Proof. The “only if” direction is trivial. We only focus on the “if” direction.
Without loss of generality, we assume the gadget is an error correction gadget.
Other gadget types can be handled similarly.

Suppose |ψ⟩ is a logical quantum state. Let ρ be a density operator such that
supp(ρ) ⊆ Sr(|ψ⟩), which can be viewed as a noisy version of |ψ⟩ with r errors.
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Further, suppose T is a transition tree of S with s faults such that r + s ≤ t,
and v is a leaf node of the tree schema of S.

We will separate the proof into two parts: the first part proves that the
quantum state at any leaf node of T (ρ) is close to |ψ⟩; the second part proves
that the tree T (ρ) is almost surely terminating (the root node is terminating).

First part. We will first prove that

supp(q(vT (ρ))) ⊆ Ss(|ψ⟩),

where Ss(|ψ⟩) is the s-error space surrounding |ψ⟩. This can be proved by
Lemma 1. Specifically, by the assumption we have that the cq-prog S is fault-
tolerant under Pauli faults, then for any s-Pauli-fault transition tree T ′, its leaf
node vT ′(ρ) satisfies

supp(q(vT ′(ρ))) ⊆ Ss(|ψ⟩).

Then, by Lemma 1, we have

supp(q(vT (ρ))) ⊆
∑
T ′

supp(q(vT ′(ρ))) ⊆ Ss(|ψ⟩),

where the summation is over all s-Pauli-fault transition tree T ′. Therefore, we
can see that each output quantum state (the quantum state at a leaf node) of
the tree T (ρ) contains at most s errors.

Second part. Then, it remains to show that the probability of getting an
output state is 1, i.e., the root node of T (ρ) is terminating. Now, suppose the
root node is not terminating. Then by Proposition 10, there exists an infinite
sub-tree of T (ρ), called the non-terminating tree, such that all nodes in the sub-
tree are not terminating. Since the number of faults on each path is finite (i.e.,
≤ s), there exists a node vT (ρ) in the non-terminating sub-tree such that the
sub-tree of the non-terminating sub-tree below vT (ρ) does not contain any faulty
transitions. Let p = tr(q(vT (ρ))) and pnt be the non-terminating probability of
vT (ρ). Note that p ≥ pnt > 0. More generally, for any integer j ≥ 1, we define

Ej =
∑
w∈Nj

Ev:w,

where Nj is the set of non-terminating nodes that are the jth-level descendants
of vT (ρ) (e.g. the first-level descendants are the children of vT (ρ)), and Ev:w is
the quantum channel corresponding to the transition path from v to w. Then,
we have

tr
(
Ej(q(vT (ρ)))

)
= tr

 ∑
w∈Nj

q(w)


≥
∑
w∈Nj

pnt
w

= pnt,

(24)
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where pntw is the non-terminating probability of w and the last equality is by
Proposition 11. On the other hand, by Lemma 1, we can find a finite set of
s-Pauli-fault transition trees {T ′

1 , T ′
2 , . . . , T ′

l } such that

supp(q(vT (ρ))) ⊆
l∑

i=1

supp(q(vT ′
i (ρ)

)).

Then, by Proposition 2, there exists a positive number α such that

q(vT (ρ)) ⊑ α

l∑
i=1

q(vT ′
i (ρ)

).

Then, we have

tr(Ej(q(vT (ρ)))) ≤ α

l∑
i=1

tr(Ej(q(vT ′
i (ρ)

))),

for any j > 0. Note that the non-terminating sub-tree below vT (ρ) is fault-free.
Thus, its transitions are exactly the same as those in the Pauli-fault transition
trees T ′

i . Furthermore, by assumption (i.e., S is fault-tolerant with s Pauli faults
and thus is terminating), any node in any s-Pauli-fault transition tree of S has
zero non-terminating probability, which means any infinite sub-tree without leaf
nodes must have vanishing probability. Therefore, together with Equation (24),
we have

0 < pnt ≤ lim
j→∞

tr(Ej(q(vT (ρ)))) ≤ lim
j→∞

α

l∑
i=1

tr(Ej(q(vT ′
i (ρ)

))) = 0,

which is a contradiction. Therefore, the root node of T (ρ) is terminating. ⊓⊔

G Soundness and Completeness (Proof of Theorem 3)

In this section, we provide the proof of our result on the soundness and com-
pleteness of our fault-tolerance verification (see Theorem 3). We will make the
following adjustment.

Remark 1. We replace each of the initialization statements in a cq-prog S with
a Z-basis measurement followed by a classically controlled X gate. This adjust-
ment does not affect the overall semantics and fault-tolerance property and can
simplify our proof (since the ideal transitions without initialization preserve the
purity of quantum states). Furthermore, note that S remains a cq-prog (though
without initialization statements), our discretization theorems still apply.

Then, we introduce some notations and auxiliary lemmas that will be used
in our proof.
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G.1 Explanation of Conservative Repeat-Until-Success

Here, we explain the definition of conservative repeat-until-success (see Defini-
tion 12).

Let {repeat S until b} be a conservative repeat-until-success, with sub-
program S as its loop body. First note that, the classical variables of S are reset
at the beginning of each iteration. Therefore, in each iteration, the execution
of S is on the same transition tree (i.e., with the same classical control flow),
though the initial quantum state could be different.

Let T be the unique ideal (fault-free) transition tree of S. For a node v in the
transition tree, there is a unique path from the root node to v. We simply call it
the path to v. We use Ev to denote the quantum channel corresponding to this
transition path (the composition of quantum channels for every transitions on
this path). Since we do not include the initialization statement (see Remark 1),
Ev has the following form: Ev = Ev(·)E†

v, where Ev is a product of projectors
|0⟩⟨0| or |1⟩⟨1| (from (M0) or (M1)) and unitaries (from (UT)).

Now, we explain our definition of “the fault-free semantics of S is non-
adaptive and idempotent” in details. Since the quantum program only in-
cludes Clifford unitaries and Pauli projectors (i.e., I+Z

2 or I−Z
2 from measure-

ments), Ev has the following form:

Ev = Um+1 ·
I + Pm

2
· Ul · · ·

I + P2

2
· U2 ·

I + P1

2
· U1,

where Pi are Pauli operators and Ui are Clifford unitaries.
The non-adaptivity means that the operation to be performed does not

depend on the previous measurement outcomes. It thus ensures that all leaf
nodes share the same unitaries U1, . . . , Um and only the phases preceding Pi are
different. More specifically, there exists a set of Pauli operators P1, . . . , Pm and
a set of Clifford unitaries U1, . . . , Um+1 such that for any leaf node v, we have

Ev = Um+1 ·
I + βv

mPm

2
· Um · · · I + βv

2P2

2
· U2 ·

I + βv
1P1

2
· U1, (25)

where βv
i ∈ {−1, 1}. Moreover, since (βv

1 , . . . , β
v
m) encode all measurement out-

comes in the path to v, the leaf nodes v one-to-one corresponds to the sequences
(βv

1 , . . . , β
v
m).

The idempotency of the semantics of S means that each Ev is a projector,
i.e., EvEv = Ev. By this, we can further show that Ev must be a Hermitian
projector.

Proposition 12. Ev is a Hermitian projector.

Proof. We can commute all Clifford unitaries Ui in Equation (25) to the leftmost
position:

Ev = (Um+1 · · ·U1) ·
I + P ′

m

2
· · · I + P ′

1

2
,

for some Pauli operators P ′
1, . . . , P

′
m. Suppose Ev ̸= 0 (otherwise it is already

Hermitian). Since Ev is a projector, for any |ψ⟩ in the image subspace im(Ev) of
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Ev, we have Ev|ψ⟩ = |ψ⟩. Note that Um+1 · · ·U1 is a unitary and I+P ′
i

2 are projec-
tors, which means it must be the case that I+P ′

i

2 |ψ⟩ = |ψ⟩ and Um+1 · · ·U1|ψ⟩ =
|ψ⟩. This further means |ψ⟩ is in the +1 eigenspaces of every P ′

i . If there exists
i ̸= j such that P ′

i , P
′
j anti-commute, we have

|ψ⟩ = P ′
iP

′
j |ψ⟩ = −P ′

jP
′
i |ψ⟩ = −|ψ⟩,

which is impossible. Therefore, P ′
1, . . . , P

′
m pairwise commute. This means Π :=

I+P ′
1

2 · · · I+P ′
m

2 is a Hermitian projector and Um+1 · · ·U1 acts as identity on the
image subspace of im(Π). Therefore we have

Ev = Um+1 · · ·U1 ·Π = Π,

which is a Hermitian projector. ⊓⊔

Moreover, note that S always terminates, it is trace-preserving. We can see
that

I =
∑
v

E†
vEv =

∑
v

Ev =
∑

(βv
1 ,...,β

v
m)∈{−1,1}m

Ev

= Um+1 · Um · · ·U2 · U1. (26)

Then, in Equation (25), commuting all Clifford unitaries Ui to the rightmost
position, we can see the following fact:

Proposition 13. For any conservative loop body S, there exists a set of com-
muting Pauli operators P̂1, . . . , P̂m, such that for any leaf node v, Ev is a stabi-
lizer projector of the following form

Ev =
I + βv

1 P̂1

2
· · · I + βv

mP̂m

2
,

where βv
i ∈ {−1, 1}.

Proof. In Equation (25), we commute all Clifford unitary to the rightmost po-
sition, and we can obtain the desired form. It remains to show that P̂1 · · · P̂m

pairwise commute.
If Ev ̸= 0, we can prove P̂1, . . . , P̂m pairwise commute similar to the previous

proof.
For the general case, suppose without loss of generality that P̂1 anti-commutes

with P̂2. Then consider the sum:

∑
v:βv

1=βv
2=1

Ev =
∑

β3,...,βm∈{−1,1}m−2

I + P̂1

2

I + P̂2

2

I + β3P̂3

2
· · · I + βmP̂m

2
(27)

=
I + P̂1

2

I + P̂2

2
. (28)
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This means I+P̂1

2
I+P̂2

2 is also Hermitian. However, this is not possible since

((I + P̂1)(I + P̂2))
† − (I + P̂1)(I + P̂2) = P̂2P̂1 − P̂1P̂2 = 2P̂2P̂1 ̸= 0.

⊓⊔

Remark 2. Note that the error correction program is not strictly conservative,
this is because the cat state preparation used in syndrome measurement employs
an adaptive strategy (parity check and repetition). Nevertheless, we can inde-
pendently verify the cat state preparation as shown in Section 8.1 and treat the
cat state measurement as a black box, where one fault causes at most one error
on data qubit (possibly with bit-flip on measurement outcome). With this ab-
straction, the overall error correction program becomes effectively non-adaptive.

G.2 Explanation of Error Propagation

The requirement that the loop body S does not propagate errors means
that: for any state |ψ⟩, any execution of S with s ≤ t faults on |ψ⟩ will produce
a state in the subspace

Ss(Ev|ψ⟩) = span({QEv|ψ⟩ | Q is a Pauli operator of weight ≤ s}),

for some leaf node v.

G.3 Technical Lemma

We will also use the following result:

Lemma 2. For any conservative loop body S, let P̂1, . . . , P̂m be those Pauli op-
erators in Proposition 13. Then, for an arbitrary leaf node v, let E′

v be the Kraus
operator of an arbitrary faulty transition from the root node to node v. We have
that

E′
v = Q ·

(
I + (−1)γ1 P̂1

2

)
· · ·

(
I + (−1)γm P̂m

2

)
,

for some Pauli operator Q and γi ∈ {0, 1}.

Proof. Since the execution only contains Pauli faults, we can write E′
v based on

Equation (25), as the following interleaved product:

E′
v = Q2m+1Um+1Q2m

(
I + βv

mPm

2

)
Q2m−1Um · · ·Q3U2Q2

(
I + βv

1P1

2

)
Q1U1,

where Qi are Pauli operators. Then, we commute all Clifford unitaries Ui to the
rightmost position:

E′
v = Q2m+1Q

′
2m

(
I + βv

mP̂m

2

)
Q′

2m−1 · · ·Q′
2

(
I + βv

1 P̂1

2

)
Q′

1 · (Um+1 · · ·U1)

= Q2m+1Q
′
2m

(
I + βv

mP̂m

2

)
Q′

2m−1 · · ·Q′
2

(
I + βv

1 P̂1

2

)
Q′

1, (29)
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where the second equality is because Equation (26). Then, we commute all Pauli
operators Q′

i to the leftmost position:

E′
v = (Ql+1Q

′
l · · ·Q′

1) ·

(
I + β

′v
mP̂m

2

)
· · ·

(
I + β

′v
1 P̂1

2

)
.

This completes the proof. ⊓⊔

G.4 Valuation of Symbols

Let Symb be the alphabet set containing all possible symbols that can be used
in the symbolic execution. We define the valuation V as a function from the
set Symb to concrete values in {0, 1}.

Suppose ⟨S, σ̃, ρ̃, p, φ, F̃ ⟩ is a symbolic configuration, {s1, . . . , sm} is the set
containing all symbols occurring in σ̃, ρ̃, φ, F̃ . Let V be a valuation on symbols
{s1, . . . , sm}. Then, we define V (ρ̃) as the concrete quantum state by replacing
each symbols si in the phase of stabilizers of ρ̃ (see Definition 8). Similarly, we
define the V (σ̃), V (φ) and V (F̃ ) as the concrete classical state, truth value and
integer by replacing all symbols by their valuations. We say concrete quantum
states ρ is representable by a symbolic states ρ̃ if there exists a valuation V
such that V (ρ̃) ⊒ ρ.

G.5 Monotonicity

We show some monotonicity properties of our symbolic faulty transitions,
which can be easily checked. Suppose

⟨S, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S′, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩,

and V is any valuation, then we have the following results.

1. If V (φ′) = True, then V (φ) = True.
2. V (F̃ ′) ≥ V (F̃ ).
3. S′ is a sub-program of S.
4. p ≥ p′ > 0

G.6 Soundness and Completeness of Symbolic Faulty Transitions

In this subsection, we prove an auxiliary result: the soundness and completeness
of our symbolic execution with symbolic faulty transitions (note that this is NOT
equivalent to the soundness and completeness of our fault-tolerance verification),
provided that the loops are either 1) memory-less, 2) conservative and the loop
body does not propagate errors.

If ⟨S, σ, ρ⟩ and ⟨S′, σ′, ρ′⟩ are two concrete classical-quantum configurations,
we introduce the following notation:

⟨S, σ, ρ⟩ ⇒s ⟨S′, σ′, ρ′⟩.
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where ⇒s refers to the transition path consisting of arbitrary number of → and
at most s ⇝. We call ⇒ the mixed transition.

Then, we introduce the concepts of soundness and completeness of quantum
symbolic faulty execution.

Definition 17 (Soundness and Completeness of Symbolic Faulty Tran-
sitions 8).

– Soundness: If ⟨S, σ̃, ρ̃, p, φ, F̃ ⟩ ↠∗ ⟨↓, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩, then for any valua-
tion V such that V (φ′) = True, we have

⟨S, V (σ̃), pV (ρ̃)⟩ ⇒s ⟨↓, V (σ̃′), p′V (ρ̃′)⟩,

where s ≤ V (F̃ ′)− V (F̃ ).
– Completeness: Suppose s is a positive integer and

⟨S, σ, ρ⟩ ⇒s ⟨↓, σ′, ρ′⟩.

If ρ is representable by ρ̃, then, there exists a set of symbolic faulty transition
paths

{⟨S, σ̃, ρ̃, 1,True, 0⟩↠∗ ⟨↓, σ̃′
i, ρ̃

′
i, p

′
i, φ

′
i, F̃

′
i ⟩}i,

where σ̃ = σ (i.e., there are no symbols in σ̃), p′i > 0 and there exists a set of
valuations {Vi}i such that Vi(ρ̃) = ρ, Vi(σ̃′

i) = σ′, Vi(F̃ ′
i ) ≤ s, Vi(φ′

i) = True
and ∑

i

supp(Vi(ρ̃
′
i)) ⊇ supp(ρ′).

Soundness

Lemma 3. Our symbolic faulty transitions with rule (SF-RU′) are sound (see
Definition 17).

Proof. We use induction on the structure of program S. If S =↓, then the sound-
ness holds trivially. Now assume the soundness holds for all sub-programs in S.

Suppose

⟨S, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S′, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩↠∗ ⟨↓, σ̃′′, ρ̃′′, p′′, φ′′, F̃ ′′⟩. (30)

Due to the monotonicity, S′ is a sub-program of S. Therefore, by induction
hypothesis, for any valuations V such that V (φ′′) = True, we have

⟨S′, V (σ̃′), p′V (ρ̃′)⟩ ⇒s′ ⟨↓, V (σ̃′′), p′′V (ρ̃′′)⟩,

where s′ = V (F̃ ′′)− V (F̃ ′). Then it suffices to prove the following holds true

⟨S, V (σ̃), pV (ρ̃)⟩ ⇒s ⟨S′, V (σ̃′), p′V (ρ̃′)⟩, (31)
8 Note that this is NOT equivalent to the soundness and completeness of our fault-

tolerance verification given in Definition 13.



Verifying Fault-Tolerance of Quantum Error Correction Codes 43

where s = V (F̃ ′)− V (F̃ ).
Then, we check all the possible types of the first symbolic transition in Equa-

tion (30). For simplicity, here we check the unitary transform statement U(q)
with transition (SF-UT) and the repeat-until-success statement repeat S until b
with transition (SF-RU′), where the others can be treated similarly.

1) Assume the last symbolic transition is (SF-UT) corresponding to the
statement U(q). Then we have S = U(q);S′, σ̃′ = σ̃, p = p′, φ = φ′ and
F̃ + e = F̃ ′, where

(e, ρ̃′) = EI(q,UT(U, q, ρ̃)).

Now, if V (e) = 0, we know that s = 0. Thus we have

V (ρ̃′) = V (UT(U, q, ρ̃)) = UqV (ρ̃)U†
q ,

where the first equality is by the definition of EI and the second equality is by
the definition of UT. Obviously, we have

⟨U(q);S′, V (σ̃), pV (ρ̃)⟩ → ⟨S′, V (σ̃), pUqV (ρ̃)U†
q ⟩ = ⟨S′, V (σ̃′), p′V (ρ̃′)⟩,

therefore Equation (31) follows immediately.
If V (e) = 1, we know that s = 1. Thus we have

V (ρ̃′) = PqV (UT(U, q, ρ̃))Pq = PqUqV (ρ̃)U†
qPq,

where Pq is some Pauli operators acting on q, the first equality is by the definition
of EI and the second equality is by the definition of UT. Obviously, we have

⟨U(q);S′, V (σ̃), pV (ρ̃)⟩⇝ ⟨S′, V (σ̃), pPqUqV (ρ̃)U†
qPq⟩ = ⟨S′, V (σ̃′), p′V (ρ̃′)⟩,

therefore Equation (31) follows immediately.
2) Assume the first symbolic transition is (SF-RU′) corresponding to the

statement repeat S1 until b where S1 is a sub-program of S. Then,

S = repeat S1 until b;S′.

Suppose we have

⟨S1, σ̃, ρ̃, p, φ, F̃ ⟩↠∗ ⟨↓, σ̃1, ρ̃1, p1, φ1, F̃1⟩. (32)

Then, by the rule (SF-RU′), we have

⟨S, σ̃, ρ̃, p, φ, F̃ ⟩↠ ⟨S′, σ̃1, ρ̃1, p1, φ1 ∧ σ̃1(b), F̃1⟩.

Therefore, we know that σ̃′ = σ̃1, ρ̃′ = ρ̃1, p′ = p1, φ′ = φ1 ∧ σ̃1(b) and F̃ ′ = F̃1.
Note that V (φ′) = True. By the induction hypothesis applied on Equation (32)
(using the structural induction hypothesis on the sub-program S1), and the fact
that V (φ1) = True, we have

⟨S1, V (σ̃), pV (ρ̃)⟩ ⇒s ⟨↓, V (σ̃1), p1V (ρ̃1)⟩ = ⟨↓, V (σ̃′), p′V (ρ̃′)⟩ (33)
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where s = V (F̃1)−V (F̃ ) = V (F̃ ′)−V (F̃ ). Therefore, by the rule (RU), we have

⟨repeat S1 until b;S′, V (σ̃), pV (ρ̃)⟩
→ ⟨S1; if b then ↓ else {repeat S1 until b};S′, V (σ̃), pV (ρ̃)⟩ (34)
⇒s ⟨if b then ↓ else {repeat S1 until b};S′, V (σ̃′), p′V (ρ̃′)⟩ (35)
→ ⟨S′, V (σ̃′), p′V (ρ̃′)⟩ (36)

where Equation (34) is by the rule (RU), Equation (35) is by Equation (33),
Equation (36) is by the rule (CT) and the fact that V (σ̃′) |= b since V (φ′) =
V (φ1 ∧ σ̃1(b)) = True. This is exactly what we want (i.e., Equation (31)).

Therefore, by the structural induction, we conclude that the soundness holds
for any program S. ⊓⊔

Completeness. Now, we prove the completeness.
A mixed transition path is called non-repeated (and denoted by ⇒∗

nr) if
any (RU) rule is followed by an execution of loop body and then a (CT) rule,
i.e.,

⟨repeat S until b, σ, ρ⟩ → ⟨S; if b then ↓ else {repeat S until b}, σ, ρ⟩
⇒∗

nr ⟨if b then ↓ else {repeat S until b}, σ′, ρ′⟩
(37)

→ ⟨↓, σ′, ρ′⟩,

where the transition path in Equation (37) is also non-repeated. Formally, this
can be defined inductively on the structure of the starting program of the path.

We will use the following lemma.

Lemma 4. Suppose the loops are either 1) memory-less or 2) conservative, and
the loop body does not propagate errors. If

⟨S, σ, ρ⟩ ⇒s ⟨↓, σ′, ρ′⟩, (38)

then there exists a collection of non-repeated transition paths

{⟨S, σ, ρ⟩ ⇒s
nr ⟨↓, σ′, ρ′i⟩}i,

such that
∑

i supp(ρ
′
i) ⊇ supp(ρ′).

Proof. We use induction on the structure of S. For the case that S =↓, it holds
trivially. Now suppose it holds for all sub-programs of S.

If the first transition of Equation (38) is not the (RU) rule, we get a sub-
program after the first transition, and the existence of non-repeated path follows
immediately by the induction hypothesis on this sub-program. Now, suppose
Equation (38) is of the form

⟨repeat S1 until b;S2, σ, ρ⟩ ⇒s⟨↓, σ′, ρ′⟩. (39)
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First suppose S2 is not ↓. Then let

⟨repeat S1 until b;S2, σ, ρ⟩ ⇒s1 ⟨S2, σ
′′, ρ′′⟩ ⇒s−s1 ⟨↓, σ′, ρ′⟩.

Note that S = repeat S1 until b;S2, which is a concatenation of repeat S1 until b
and S2. Thus repeat S1 until b is also a sub-program, which, by the induction
hypothesis, has a collection of non-repeated paths

{⟨repeat S1 until b, σ, ρ⟩ ⇒s1
nr ⟨↓, σ′′, ρ′′i ⟩}i, (40)

such that
∑

i supp(ρ
′′
i ) ⊇ supp(ρ′′) and similarly S2 also has a collection of

non-repeated paths
{⟨S2, σ

′′, ρ′′⟩ ⇒s−s1
nr ⟨↓, σ′, ρ′i⟩}, (41)

such that
∑

i supp(ρ
′
i) ⊇ supp(ρ′). Then, obviously, the collection of transition

path

{⟨repeat S1 until b;S2, σ, ρ⟩ ⇒s1
nr ⟨S2, σ

′′, ρ′′i ⟩ ⇒s−s1
nr ⟨↓, σ′, ρ′i,j⟩}i,j (42)

satisfies
∑

i,j supp(ρi,j) ⊇ supp(ρ′), where ρ′i,j refers to the quantum state cor-
responding to the output of the transition path by concatenating the i-th path
in Equation (40) and j-th path in Equation (41).

Now suppose S2 =↓, and thus we consider the following case

⟨repeat S1 until b, σ, ρ⟩ ⇒s ⟨↓, σ′, ρ′⟩. (43)

Assume that in Equation (43), the loop body S1 is repeated for l times. This
means

⟨S1;S1; · · · ;S1︸ ︷︷ ︸
l

, σ0, ρ0⟩ ⇒s1 ⟨S1; · · · ;S1︸ ︷︷ ︸
l−1

, σ1, ρ1⟩ ⇒s2 · · · ⇒sl ⟨↓, σl, ρl⟩, (44)

where σ0 = σ, ρ0 = ρ, σl = σ′, ρl = ρ′ and s1+· · ·+sl = s. Note that S1 is a sub-
program of S. By the induction hypothesis, we know that each transition path
in Equation (44) can be covered by a collection of non-repeated paths. Then, we
can concatenate these paths (similar to that in Equation (42)) to obtain

{⟨S1;S1; · · · ;S1︸ ︷︷ ︸
l

, σ0, ρ0⟩ ⇒s1
nr ⟨S1; · · · ;S1︸ ︷︷ ︸

l−1

, σ1, ρ
′
1⟩ ⇒s2

nr · · · ⇒sl
nr ⟨↓, σl, ρ′l⟩}. (45)

such that
∑

supp(ρ′l) ⊇ supp(ρl).
1) If the loop body S1 is memory-less, the execution of S1 does not depend

on the input states. Combining with Equation (45), we immediately have

{⟨S1, σ0, ρ0⟩ ⇒sl
nr ⟨↓, σl, ρ′l⟩},

is a set of non-repeated paths such that
∑

supp(ρ′l) ⊇ supp(ρl). Note that sl ≤ s,
we have

{⟨repeat S1 until b, σ, ρ⟩ ⇒s
nr ⟨↓, σl, ρ′l⟩},
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such that
∑

supp(ρ′l) ⊇ supp(ρl), where S1 is executed only once (note that the
Boolean expression b can be satisfied by σl due to Equation (43)) and the fact
that σl = σ′.

2) Suppose the loop body S1 is conservative and does not propagate errors.
Let

⟨S1;S1; · · · ;S1︸ ︷︷ ︸
l

, σ0, ρ0⟩ ⇒s1
nr ⟨S1; · · · ;S1︸ ︷︷ ︸

l−1

, σ1, ρ
′
1⟩ ⇒s2

nr · · · ⇒sl
nr ⟨↓, σl, ρ′l⟩ (46)

be any transition path in Equation (45). It suffices to prove that the support of
ρ′l in Equation (46) can be covered by a collection of non-repeated paths such
that each of these paths 1) ends with classical state σl; 2) executes S1 only once;
3) contains at most s = s1 + · · ·+ sl faults.

Since the classical variables in S1 are reset in each iteration, the transition
paths starting with S1 do not depend on the classical state. Suppose NL is the
set of leaf nodes of the non-repeated transition paths starting with S1. Let

{Ev | v ∈ NL}

be the set of quantum channels such that each Ev corresponds to the ideal tran-
sition path to leaf node v. Therefore, the quantum channel corresponding to the
transition path in Equation (46) is of the form

Esl
vl

◦ · · · ◦ Es2
v2 ◦ Es1

v1 ,

where Esi
vi is a quantum channel corresponding to a faulty transition path with

at most si Pauli faults starting with S1 and ending at the leaf node vi.
Let ρ0 = |ψ0⟩⟨ψ0|, ρ′i = |ψ′

i⟩⟨ψ′
i|, Esi

vi
= Esi

vi (·)E
si†
vi . We can see that

Es1
v1 |ψ0⟩ = |ψ′

1⟩, Es2
v2 |ψ

′
1⟩ = |ψ′

2⟩, . . . , Esl
vl
|ψ′

l−1⟩ = |ψ′
l⟩.

Then, since errors do not propagate within the loop body, we have

|ψ′
i⟩ = Esi

vi |ψ
′
i−1⟩ = QiEv′

i
|ψ′

i−1⟩,

where v′i is some leaf node and Qi is some Pauli operator of weight at most si.
This means

|ψ′
l⟩ = Esl

vl
|ψ′

l−1⟩ = Esl
vl
·
[
(Ql−1Ev′

l−1
) · · · (Q1Ev′

1
)
]
|ψ0⟩

= Esl
vl
· (Fl−1 · · ·F1) · (Ql−1 · · ·Q1)|ψ0⟩, (47)

where Fi is a stabilizer projector obtained from Ev′
i

by Pauli conjugation. By
Proposition 13, we can see that operators {Fi}i is also of the form

Fi =

(
I + (−1)γ

i
1 P̂1

2

)
· · ·

(
I + (−1)γ

i
m P̂m

2

)
. (48)

Then, by Lemma 2, we can see that

Esl
vl

= QlFl,
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for some Pauli operator Ql and some stabilizer projector Fl that is also of the
form Equation (48), sharing the same Pauli stabilizers P̂1, . . . , P̂m while with
(possibly) different phases. This means FlFi is either 0 or Fl. Therefore,

Esl
vl
Fi = QlFlFi = ciQlFl = ciE

sl
vl
,

for some ci ∈ {0, 1}. Therefore, Equation (47) becomes

|ψ′
l⟩ = c1 · · · cl−1 · Esl

vl
· (Ql−1 · · ·Q1)|ψ0⟩.

Since the weight of Ql−1 · · ·Q1 is at most s1 + · · · + sl−1, we can see that the
faulty transition that first inserts Ql−1 · · ·Q1 to |ψ0⟩ and then applies the faulty
transition Esl

vl
suffices to produce a non-zero state that is proportional to |ψ′

l⟩
(provided that |ψ′

l⟩ is non-zero). Moreover, 1) since the transition ends in the
leaf node vl, it ends with the classical state σl, 2) the loop body S1 is executed
only once, 3) the number of faults is at most s1+· · ·+sl. Recalling Equation (46)
and the texts there, we can conclude that for the case that the loop body S1 is
conservative and does not propagate errors, the induction hypothesis also holds.

⊓⊔

Now, we prove the completeness of our symbolic execution.

Lemma 5. If loops in a cq-prog are either 1) memory-less or 2) conservative
and the loop body does not propagate errors, our symbolic faulty transitions with
rule (SF-RU′) are complete (see Definition 17).

Proof. Suppose s is a positive integer and

⟨S, σ, ρ⟩ ⇒s ⟨↓, σ′, ρ′⟩.

where ρ is representable by ρ̃.
Using Lemma 4, we can always find a set of collection of non-repeated tran-

sition paths
{⟨S, σ, ρ⟩ ⇒s

nr ⟨↓, σ′, ρ′i⟩}i,

such that
∑

i supp(ρ
′
i) ⊇ supp(ρ′).

Therefore, it suffices to show that for each non-repeated faulty transition
path

⟨S, σ, ρ⟩ ⇒s
nr ⟨↓, σ′, ρ′⟩, (49)

if ρ is representable by ρ̃, then there exists a symbolic faulty transition path

⟨S, σ̃, ρ̃, 1,True, 0⟩↠∗ ⟨↓, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩,

where σ̃ = σ (i.e., there are no symbols in σ̃), such that p′ > 0 and there
exists a valuation V such that V (ρ̃) = ρ, V (σ̃′) = σ′, supp(V (ρ̃′)) ⊇ supp(ρ′),
V (φ′) = True and V (F̃ ′) ≤ s.

We use induction on the structure of the cq-prog S. When S =↓, it holds
trivially. Now assume it holds for all the sub-programs of S.



48 K. Chen et al.

Then, we investigate the first transition in Equation (49). Here we only
demonstrate the case where the first transition is the rule (RU) for the repeat-
until-success statement. This is the most non-trivial case and will make use of
the non-repeatedness of the transition path in Equation (49). Other cases are
more straightforward and can be handled similarly.

Suppose S = repeat S1 until b;S2. If S2 ̸=↓, then both repeat S1 until b
and S2 are sub-programs. We can directly use the induction hypothesis on them
to obtain two symbolic transition paths. Then by concatenating these two paths
(with minor modifications), we obtain the desired symbolic transition path.

Therefore, suppose S = repeat S1 until b. We have

⟨repeat S1 until b, σ, ρ⟩ → ⟨S1; if b then ↓ else {repeat S1 until b}, σ, ρ⟩.

Since the transition path in Equation (49) is non-repeated, the S1 is only exe-
cuted once. Therefore, we can know that

⟨S1, σ, ρ⟩ ⇒s
nr ⟨↓, σ′, ρ′⟩,

and σ′ |= b. Since S1 is a sub-program of S, by induction hypothesis, there exists
a symbolic transition path

⟨S1, σ̃, ρ̃, 1,True, 0⟩↠∗ ⟨↓, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩,

where σ̃ = σ, such that p′ > 0 and there exists a valuation V such that V (ρ̃) = ρ,
V (σ̃′) = σ′, supp(V (ρ̃′)) ⊇ supp(ρ′), V (φ′) = True and V (F̃ ′) ≤ s. Using this,
we can obtain the following symbolic transition path using the rule (SF-RU′):

⟨repeat S1 until b, σ̃, ρ̃, 1,True, 0⟩↠ ⟨↓, σ̃′, ρ̃′, p′, φ′ ∧ σ̃′(b), F̃ ′⟩.

Note that V (σ̃′) = σ′ and σ′ |= b, which means V (φ′ ∧ σ̃′(b)) = True. Therefore,
the induction hypothesis also holds for S. ⊓⊔

G.7 Soundness and Completeness of Fault-Tolerance Verification
(Proof of Theorem 3)

Now, we are able to prove the soundness and completeness of our fault-tolerance
verification. We will first use our discretization theorems (i.e. Theorem 1 and
Theorem 2) to reduce the verification task on continuous spaces to the veri-
fication task on discrete sets. Then, roughly speaking, the soundness of fault-
tolerance verification will use the completeness of symbolic faulty transitions
(i.e., Lemma 5) and the completeness of fault-tolerance verification will use the
soundness of symbolic faulty transitions (i.e., Lemma 3).

Proof. By our discretization theorems Theorem 1 and Theorem 2, the sound-
ness and completeness of fault-tolerance verification is equivalent to that with
stabilizer state inputs and Pauli faults. As demonstrated in Section 6.4, our ver-
ification process uses symbolic stabilizer states to simulate all possible stabilizer
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state inputs that are needed for proving fault-tolerance. Then we use symbolic
faulty transitions to (partially) simulate Pauli faulty transitions on the symbolic
inputs. We claim the fault-tolerance based on whether the output symbolic states
satisfy the fault-tolerance condition (i.e., Equation (7)). More specifically, we as-
sume the loops are either memory-less or conservative, where for conservative
loops, we additionally perform a sub-verification for the error propagation prop-
erty on its loop body using our symbolic execution (this is performed recursively
if loops are nested) and claim “fault-tolerance” if both Equation (7) holds and
the sub-verification on the loop body passes.

Soundness. First, we use induction on the structure of the cq-prog to prove
that our sub-verification for the error propagation properties of the conservative
loops is sound. This can be easily check by calling Lemma 5. Since if the errors
propagate and increase in the loop body S, then there must exists a faulty
transition path witnessing the increasing of errors:

⟨S, σ, ρ⟩ ⇒s ⟨↓, σ′, ρ′e⟩, (50)

where the corresponding ideal transition path ending in the same leaf node is

⟨S, σ, ρ⟩ →∗ ⟨↓, σ′, ρ′⟩.

Here, ρ = |ψ⟩⟨ψ| is a stabilizer state, ρ′ = |ψ′⟩⟨ψ′| (all the ideal transitions
preserve purity, see Remark 1). Since Equation (50) witnesses the increasing of
errors, we have

supp(ρ′e) ̸⊆ Ss(|ψ′⟩), (51)

where Ss is the s-error space surrounding |ψ′⟩ (see Definition 1). Then, by
Lemma 5, there exists a set of symbolic faulty transition paths

{⟨S, σ̃, ρ̃, 1,True, 0⟩↠∗ ⟨↓, σ̃′
i, ρ̃

′
i, p

′
i, φ

′
i, F̃

′
i ⟩}i,

where σ̃ = σ (i.e., there are no symbols in σ̃), p′i > 0 and there exists a set of
valuations {Vi}i such that Vi(ρ̃) = ρ, Vi(σ̃′

i) = σ′, Vi(F̃ ′
i ) ≤ s, Vi(φ′

i) = True and∑
i

supp(Vi(ρ̃
′
i)) ⊇ supp(ρ′e). (52)

Combining Equation (51) with Equation (52), we know that there must exists
an index i such that

supp(Vi(ρ̃
′
i)) ̸⊆ Ss(|ψ′⟩).

Then, since the SMT solver logically traverses all possible valuations, the “bad”
faulty transition path will be found by comparing the faulty outputs (i.e., Vi(ρ̃′i))
with the ideal (fault-free) output state (i.e., |ψ′⟩) using a similar formula as that
in Equation (7).

Then, assume conversely that the gadget is not fault-tolerant but our verifica-
tion claims “fault-tolerance”. This means all sub-verifications of the loop bodies
of conservative loops pass and the final fault-tolerance condition holds. Since
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we have already proved that our sub-verification is sound, the only situation is
that there exists a faulty transition path that violates the final fault-tolerance
property (see Definition 6). However, again by Lemma 5, there exists a set of
symbolic faulty transition paths with a set of valuations that covers the sup-
port of the output quantum state violating the fault-tolerance condition. With
a similar proof as above, we can conclude that this will be detected by com-
paring the support of the faulty symbolic output state with the ideal output
state. Therefore, our verification tool will not claim “fault-tolerance”, which is a
contradiction.

Completeness. For the completeness, we only consider the cases that the
loops are memory-less 9.

Assume that the cq-prog S implements a gate gadget corresponding to the
logical gate U (other types of gadget can be handled similarly). Then, assume
conversely that S is fault-tolerant but our verification claims “non-fault-tolerant”
(note that our verification tool always terminates and returns either “fault-
tolerant” or “non-fault-tolerant”). This means there exists a symbolic faulty tran-
sition path

⟨S, ∅, ρ̃, 1,True, F̃ ⟩↠∗ ⟨↓, σ̃′, ρ̃′, p′, φ′, F̃ ′⟩,

where p′ > 0 and a valuation V such that V (F̃ ) = r, V (ρ̃) = |ψr⟩⟨ψr| (where |ψr⟩
is a noisy version a logical stabilizer state |ψ⟩ with r Pauli errors), V (F̃ ′) = r+s
(where r + s ≤ t), V (φ′) = True, and

supp(V (ρ̃′)) ̸⊆ Sr+s(U |ψ⟩⟨ψ|U†
), (53)

where Sr+s(U |ψ⟩⟨ψ|U†
) is the (r + s)-error space surrounding U |ψ⟩⟨ψ|U†

(see
Definition 1). Then, by Lemma 3, there must exists a concrete faulty transition

⟨S, ∅, V (ρ̃)⟩ ⇒s ⟨↓, V (σ̃′), p′V (ρ̃′)⟩.

However, since S is fault-tolerant (by assumption), we have

supp(V (ρ̃′)) ⊆ Sr+s(U |ψ⟩⟨ψ|U†
),

which contradicts Equation (53). ⊓⊔

H Verifying Magic State Distillation (Proof of
Theorem 4)

Proof. First, it is already known (see, e.g., [22]) that the magic distillation frame-
work introduced in Section 7, which uses the error correction process of distil-
lation code D with fault-tolerant stabilizer operations on a QECC C, is fault-
tolerant. Therefore, provided that a magic state distillation is implemented in
the two-party framework, it suffices to verify that
9 The reason that we cannot prove completeness for the cases for conservative loops is:

we currently cannot deny the possibility that the loop body propagates and increases
errors but the overall program is still fault-tolerant.
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1. any stabilizer operations on C are fault-tolerant,
2. the error correction process on D is ideal-case correct.

The soundness for the verification of the first part is directly guaranteed by
Theorem 3. Then, we consider the soundness of the verification of the second
part.

First, we prove a similar result as that in Theorem 1 to discretize the input
space to logical-Z basis with an additional state |+⟩ =

∑2k−1
i=0 |i⟩/

√
2k. Note that

the proof is essentially covered by that in Appendix E.1 by setting s = 0, and
therefore is omitted here.

After discretization, we use the completeness result (i.e., Lemma 5) of the
symbolic faulty transitions (note that this is not equivalent to the completeness
or soundness of verification). In particular, we only need to use the completeness
(see Definition 17) where the number of faults s during the execution is set to
0. Then, by a similar arguments as that in Appendix G.7, we can conclude that
the verification is sound (in fact, the proof in Appendix G.7 strictly covers the
proof of ideal-case correctness, as it is just a sub-case of fault-tolerance). ⊓⊔

I Additional Examples of Bug Finding

I.1 Bad Ordering of Syndrome Measurements.

Repeat:

Until 

Fig. 6: An example of bad syndrome measurement ordering of the color code [8],
where the Pauli measurements are implemented using cat states (see Figure 1b).
A fault is found by our verification tool to witness its non-fault-tolerance.

In fault-tolerant error correction, syndrome measurements are repeated mul-
tiple times to reliably extract the syndrome for further error correction. It is
worth noting that we must carefully design the ordering of syndrome measure-
ments in the repetition. Specifically, the fault-tolerant method is to perform the
full syndrome measurements for all stabilizers of the QEC and then repeat this
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process multiple times until we observe ⌊d/2⌋+1 consecutive, all-agree, full syn-
drome results. In contrast, if the syndrome measurement for different stabilizers
is performed sequentially — where the repetition is conducted separately for
the syndrome measurement of each stabilizer — then a fault occurring after all
repetitions of the syndrome measurement will be unnoticed in that syndrome
result. An example of bad syndrome measurement ordering of the [[7, 1, 3]] color
code [8,44] is shown in Figure 6, where our verification tool identified a fault that
will cause a mismatch between the detected syndrome and the true syndrome,
ultimately violating the fault-tolerance condition.

I.2 Lack of Repetition.

Consider the implementation of a fault-tolerant measurement gadget. Although
we can use cat state measurement to “transversally” perform the multi-qubit
Pauli measurement without propagating the errors, the measurement outcome
itself is susceptible to error, i.e., a single fault can flip the measurement outcome.
Therefore, to implement a fault-tolerant measurement, the cat state measure-
ment is performed multiple times, each followed by a fault-tolerant error cor-
rection process on the data qubits. To tolerate up to t faults, it is enough to
repeat it 2t + 1 times and compute the majority of the outcomes. In contrast,
we implement the logical-Z basis measurement of the [[25, 1, 5]] rotated surface
code [7,26] with only 2t = d− 1 = 4 repetitions. Using our verification tool, we
found that two bit-flip faults in the outcomes of the first and second logical-Z
measurements suffice to compromise the final measurement result, demonstrat-
ing its non-fault-tolerance.

J Verification of Hadamard and Phase Gates

The Hadamard and phase gates can be implemented via quantum teleportation
using the corresponding magic states |H⟩ and |S⟩ (see Theorem 13.2 in [22]).
The quantum teleportation procedure involves transversal Pauli gates and fault-
tolerant Pauli measurement (which is similar to the Z-measurement previously
verified in Table 1). Here, we provide the verification time of the fault-tolerant
state preparation gadgets of |H⟩ and |S⟩ in Table 2.

K Fault-Tolerant Gadgets of the [[7,1,3]] Color
Code [8,44]

Figure 7 shows the schema of the [[7,1,3]] color code. The generators are

⟨Z1Z2Z3Z4, X1X2X3X4, Z2Z3Z5Z6, X2X3X5X6, Z3Z4Z5Z7, X3X4X5X7⟩.

The logical Z operator is ZL = Z1Z2Z6.
Figure 8 shows all four fault-tolerant gadgets of the [[7,1,3]] color code studied

in Section 8. Here, t = ⌊d−1
2 ⌋ = 1, and all multi-Pauli measurements are per-

formed with the cat state measurement. Figure 8a only shows the preparation of



Verifying Fault-Tolerance of Quantum Error Correction Codes 53

Table 2: Verification time of state preparation gadgets of |H⟩ and |S⟩.

QECC [[n,k, d]]
Time (s)

Preparation of |H⟩ Preparation of |S⟩

Color Code [8,44] [[7,1,3]] 2.67 2.98
[[17,1,5]] 46.37 43.98

Rotated Surface Code [7,26] [[9,1,3]] 3.11 3.13
[[25,1,5]] 205.94 216.28

Toric Code [30] [[18,2,3]] 3.08 3.24
[[50,2,5]] 402.43 465.52

|0⟩. To prepare |1⟩, change the last measurement in each block (Z1Z2Z6 = ZL)
to −ZL.

3

4

5

7

2 61

Fig. 7: [[7,1,3]] color code schema
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... totally 
blocks

Repeat:

Until 

...        Minimum Weight Perfect Matching

(a) |0⟩ preparation gadget

(b) CNOT gadget

EC
Gadget

EC
Gadget

... repeat  times

......

Majority Output

(c) Measurement gadget

Until 

... totally  blocks

Repeat:

...        Minimum Weight Perfect Matching

(d) Error correction gadget

Fig. 8: Fault-Tolerant gadgets of the [[7,1,3]] color code
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